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ABSTRACT 

Tritium accountancy in the fusion fuel cycle is a significant concern for the operation of commercial devices. It is 

expected that a limit on the maximum amount of tritium inventory in the system will be implemented, meaning that 
accountancy of the tritium inventory in the fuel cycle will need to be as accurate as possible. This is difficult since not 

all locations along the fuel cycle can benefit from the implementation of a tritium accountancy sensor and 

measurements will inherently contain error. Commercial fusion plants will also operate continuously, challenging 

current accountancy techniques that rely on static processes in well-controlled environments. In this paper a simple 

fusion fuel cycle concept is defined and the tritium inventory over time of each component is modelled using the Euler 

Approximation of a series of differential Equations in Python. This information is then used to simulate sensor 

measurements at specific points on the fuel cycle and then passed through a Kalman Filter (KF) to improve the 

accuracy of the true measurement of the sensors.  

1. Introduction 

Tritium accountancy is the process of accurately  
measuring and reporting the amount of t ritium 

contained within a facility, including additions and 

losses [1].  This is done on a recurring basis to ensure 

that the facility is meeting environmental and safety  

regulations since t ritium is radioactive. Fusion power 

plants will require the handling of unprecedented  

amounts of tritium in extreme temperatures and 

environments and contain complex cooling, piping, 

and pumping systems [2].   The tritium inventory will  

be lost through burnup, implantation, and diffusion  

while simultaneously tritium inventory will be 

gained through breeding.  This constant gain-loss  

dynamic makes accurate accountancy difficult, but  

further  complications arise from the continuous  

operation of a fusion power plant . Continuous 

operation will challenge current accountancy 

techniques that rely on static processes in well -

controlled environments  [3].  
One way to account for the tritium in the fuel cycle 

is by strategically placing sensors  at the outlet of  

certain components. The sensors will record the 

tritium inventory of the component  as a function of  

time and allow for accounting of  the t ritium 

inventory. However, sensors  are noisy, especially  

placed within a system that could have high 

vibrations, potential ground loop issues, 

radiofrequency (RF) generating components, etc. The 

sensor information is also expected to accumulate 

system uncertainties as they continue to measure over 

time [4]. Thus, it is important to improve the 

reliability of data collected from continuous sensors  

if they are to serve as platforms for t ritium 

accountancy. This improvement can be made by 

applying techniques that minimize uncertainty and 
biases surrounding noisy data.  

2. Methods 

The Kalman Filter (KF), a s tate prediction  

algorithm, is a well -known method of taking noisy  

sensor data and its error and creating estimates of the 

true value and the true value error  [5]. This is a type 

of model-based data smoothing routine that is applied 

in many robotics applications [6, 7], radar [8],  water  

run-off [9], and autonomous vehicles [10, 11].   

However, its application toward tritium inventory 

accountancy has not been investigated. The KF has  

the potential to be a useful technique since tritium 

accountancy will depend on the sensor data during 
the continuous operation of a fusion device.  The KF,  

when paired with a model that represents the system, 

can take noisy sensor data and more accurately track  

tritium inventory.     

The use of  the KF for tritium inventory  

accountancy is investigated in  this paper.   Since the 

KF depends on an accurate model of the system, the 

development of  a Python-based tritium fuel  cycle 

model is described in Section 3 [2]. Section 4 

explains how the calculated inventory data is used to 

simulate sensor measurements at specific points 

along the fuel cycle by  applying a Gaussian or  

Normal distribution error. The assumption of normal  

error is made based on prior applications of sensors  

in Kalman Filter applications [12, 13]. The normal  

distribution also places the true value or model value 

at the mean. Section 5 describes in greater detail how 
the sensor measurements and their error are used to  

make estimates from a Kalman Filter. Finally, 
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Section 6 will discuss the application of  the KF for  

tritium accountancy in a fusion fuel cycle.  

3. Tritium Inventory Model 

The fuel cycle utilized herein to develop a model was  
described by M. A. Abdou et. al 1985.  A diag ram 

depicting each component and its inlet flow is shown 

in Figure 1. The fusion device has a tritium burn up 

rate, 𝑁̇− = 500 𝑔/𝑑𝑎𝑦, which equates  roughly to a 

3 𝐺𝑊[2, 14] fusion power plant, assuming 1 𝐺𝑊 per  

170  of burn up. It is worth noting that an  actual  

fusion fuel cycle may have components and 

additional complexities that will extend past the 

model described here. However, for the purpose of  

this initial paper the simple fuel  cycle model will be 

sufficient to show the benefits of applying the KF for  

tritium accountancy.  

3.1 Python Model  

The Python model imports information about the 

fuel cycle from a user written dictionary and creates  

the coefficient matrix, 𝑪𝒊𝒋, in Equation 1. 𝑪𝒊𝒋 has the 

shape c×c where c is the number of components  

modelled in the fuel cycle and contains the rel evant  

contributing flow and loss terms for each component.  

The matrix determines what component inventory  

flows into component i from component  j . The 

change in inventory in the i  component over time is 

then  

𝑑𝑰𝒊

𝑑𝑡
= 𝑪𝒊𝒋 ∗ 𝑰𝒋 + 𝑺𝒊                    Equation (1)  

I j is the inventory from all components that  

contribute or  reduce the inventory  to 𝑰𝒊, where 𝑗 is an  

integer value [1, 2, … , 𝑐] and S i is a vector containing 

the tritium source contribution from the plasma 

vessel and water detritiation. Only those components  

directly adjacent to the Plasma vessel (5, 6, 7, 8, and 

1) and water det ritiation (4) will have contribution 

from 𝑺𝒊. An example of how Equation (1) would look 

for Block 4 (FCIS) is provided by Equation (2):  

𝑑𝐼4

𝑑𝑡
= 𝑎4𝐼1 + 𝑏4𝐼2 + 𝑐4𝐼3 + 𝑑4𝐼4 + 𝑒4𝐼5 + 𝑓4𝐼6 + 𝑔4𝐼7 +

                           ℎ4𝐼8 + 𝑆4                         Equation (2)  

                          
Figure 1. Model of the fusion fuel cycle [2] 
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where 𝑎4 = 0, 𝑏4 =
1

𝑇2
, 𝑐4 =

1

𝑇3
, 𝑑4 =

(1−𝜀4)

𝑇4
+ 𝜆, 𝑒4 = 0, 

𝑓4 =
1

𝑇6
, 𝑔4 =

1

𝑇7
, ℎ4 =

1

𝑇8
, and 𝑆4 = 𝐼9̇. 𝐼𝑗 is the component  

j  inventory, 𝑇𝑖 is the mean residence time of tritium 

in component 𝑖, and 𝜀𝑖 is the nonradioactive tritium 

loss fraction of component 𝑖. The component 

contribution to 𝐼4 is from 𝐼2, 𝐼3, 𝐼6 , 𝐼7, 𝐼8, 𝑎𝑛𝑑 𝐼9, which is  

reflected in Equation (2) once the coeffic ient values  

are inserted.  

Once each of the component inventory equations  

are built, the Euler Method is used to solve for each 

component inventory over a period of time. The Euler  

Method uses the previous inventory to calculate the 

current  inventory using a time step, Δ𝑡. A Δ𝑡 =
0.05  𝑑𝑎𝑦𝑠  was  chosen for  the initial analyses of  the 

inventories. At 𝑡 = 0 all 𝐼𝑖[𝑡] = 0 except 𝐼5[0] =
35,500 𝑔𝑟𝑎𝑚𝑠, which is the initial inventory 

introduced to the fuel cycle.  

To test the model’s accuracy, figures were 

generated showing the inventory as a function of time 

for two of the cases in Abdou M. A. et. al 1985. These 

two figures were then compared to the original  

digitized data from the paper. Figure 2 shows the 

inventories as a function of time for Case 1 (a) and 

for Case 3 (b). In each case the final time was  

1 × 104 𝑑𝑎𝑦𝑠, and for Case 1 the initial inventory was 

35.5 kg and for Case 3 the initial inventory was 22.1  

kg. Both images displayed in this paper show a near -  

to equal comparison to the 1985 data .  

The comparison with Abdou M. A. et. al 1985 

demonstrates that the Python tritium inventory 

system model is a good representation of a fusion fuel  

cycle and is also sufficient to demonstrate the 

capabilities of the Kalman Filter, which incorporates  

the system model equations and sensor data to predict  

the inventory at the next time step.  

4. Simulated Senor Measurements 

Sensors provide a measurement of the inventory at  
a specifi c location, but the reported  results will differ  

from the actual true values due to the inherent errors  

in the detection mechanisms. To simulate a sensor,  

an error distribution is introduced to the true value,  

which is the model calculated inventory. This is done 

by choosing a location on the fuel cycle, as shown by 

the red  circles in  Figure 3,  and adding a Gaussian  

distribution (𝒩(𝜇, 𝜎2)) as noise to the calculated  

inventory as shown in Equation (3)  [10, 12]. In  

Equation (3), 𝜇 is the mean and equal to 0, 𝜎 is the 

variance from the mean, and 𝜎2 is the covariance.  

 
Figure 3. Location of the sensors (red) that are ‘measuring’ inventory in the 
fuel cycle 

  

a.)              b.)  

Figure 2. a.) Is Case 1 from   with 𝛽 = 0.05 and Λ = 1.08. b.) Case 3 from  with  𝛽 = 0.1 and Λ = 1.03. The solid lines are digitized data from the plots found in 

Abdou, et. al. and the dashed lines are from the Python fusion fuel cycle model in this paper [2]. 
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For this paper, the blanket inventory ( 𝐼1) and sensor 

measurement will be used to demonstrate th e benefits  
of the KF. However, Figure 4 shows the sensor 

measurements and inventories for plasma exhaust  

processing (𝐼6) and first wall coolant processing ( 𝐼8)  

as well. The Gaussian distribution of  the random 

noise is generated using python’s Numpy package.  

For the function input the mean ( 𝜇) is centered at 0  

and the sensor variance ( 𝜎𝑆𝑒𝑛) is equal to an  

arbitrarily large value, 𝜎𝑆𝑒𝑛 = 100. The required  
effect is to demonstrate a sensor with a large variance 

from the mean, simulating high noise.  

𝐼𝑠𝑒𝑛𝑠𝑜𝑟𝑖 ,𝑡 =  𝐼𝑖 + 𝒩(𝜇, 𝜎2)                𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 3 

Figure 4 is 𝐼𝑚𝑜𝑑𝑒𝑙1,𝑡 (blue),  𝐼𝑚𝑜𝑑𝑒𝑙6,𝑡 (red), and 

𝐼𝑚𝑜𝑑𝑒𝑙8,𝑡 (black) plotted against their simulated sensor 

measurements (dots) generated using Equation (3).  

𝐼𝑠𝑒𝑛𝑠𝑜𝑟𝑠1 ,𝑡 has a standard deviation of 𝜎𝑆𝑡𝐷𝑒𝑣 ≈ 411. The 

sensor measurements, as expected, appear as a 

normal distribution around the inventory values.  

5. The Kalman Filter 

The Kalman Filter or Linear Kalman Filter is a 

state estimation filter, meaning that given an initial  

state of a system and information about the physical  

equations of the system one can predict the state of  

the system over some time or space. The Kalman 

Filter can be broken down into four stages:  

Prediction, Kalman Gain (KG), Correction, and 

Update stage.  

The Prediction stage can be described using 

Equation (4) and Equation (5).  

𝑰𝑡𝑝
= 𝑨𝑡−1𝑰𝑡−1 + 𝑩𝑡−1𝑢𝑡−1       Equation (4)  

𝑷𝑡𝑝
= 𝑨𝑡−1𝑷𝑡−1𝑨𝑡−1

𝑇 + 𝑸𝑡        Equation (5)  

Equation (4) calculates the next  predicted  

inventory state ( 𝑰𝑡𝑝
) from the previous inventory  

state (𝑰𝑡−1) and any control inputs ( 𝑢𝑡−1).  The 

inventory state matrix is of the shape 𝑁 × 1, where N  

is the number of states to solve for. As an example, 

if the system of interest was a car  moving in a 2D 

plane the kinematic state matrix of the system would  

either be position (1×1) or  position and velocity  

(2×1). The control in this situation would be wh en 

the velocity is not  constant and there is some 

acceleration. This can become increasing complex 

when you add 3D position (x, y, z), which each have 

a velocity contribution ( 𝑥̇, 𝑦̇, 𝑧̇), and angular or  

rotational contribution (𝜃, 𝜑).  

For the fusion fuel cycle of interest, the state 

matrix is a 2 × 1 matrix where the first row is  

inventory and the second row is inventory flow or the 

tritium source term, 𝑆𝑖. The transformation matrix A  

has the shape 𝑁 × 𝑁 and contains information about  

the model. The transformation matrix  B  has the shape 

1 × 𝑁 and describes how the control, 𝑢𝑡−1, changes the 

state from 𝑡 − 1 to 𝑡. For this system the control is set 

to zero. Table 1  displays the values used to calculate 

the state prediction in Equation (4).  

Equation (5) calculates the next  predicted  

covariance (𝑷𝑡 𝑝
) from the previous covariance matrix  

(𝑷𝑡−1) and 𝑸𝑡, which is a covariance matrix that tells 

the Kalman Filter how reliable the predictions are.  

For example, if the noise on the sensor is large and 

𝑸𝑡 is low (high reliability in the prediction) then the 
Kalman Gain (KG) will converge quickly to zero,  

which implies the estimations are stable. This will  

cause the Kalman Filter to weight the predictions  

more heavily, resulting in an inaccurate filter  

calculation. This is because the estimations are not  

stable early in the filtering process; therefore, 𝑸𝑡 

must be adjusted accordingly to the expected error in  

the sensor  data.  Table  2 displays the missing values  

used to calculate the state prediction in Equation 5.  

The covariance, 𝜎𝐼
2, will be equal to  the square of th e 

error in the initial inventory.  

 
Figure 4. 𝐼4[𝑡] (red) and 𝐼5[𝑡] (blue) plotted against simulated sensor 

measurements (dots) using Equation 3.  

  

Table 1. Values used to calculate the covariance prediction 

 𝑃𝑡−1 𝑄𝑡 

𝑛 = 1 𝜎𝐼
2 0 30000 0 

𝑛 = 2 0 𝜎𝐼̇
2 0 30000 
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The KG stage is described using Equation (6).  

𝐾𝑡 = (𝑷𝑡𝑝
𝑯𝑡

𝑇) [𝑯𝑡𝑷𝑡𝑝
𝑯𝑡

𝑇 + 𝑅𝑡]
−1

    Equation (6)  

The KG (𝐾𝑡) is a value between 0 and 1  and i s  

calculated  using the predicted covariance matrix  

(𝑷𝑡𝑝
), the observation/measurement  matrix ( 𝑯𝑡), and 

the measurement covariance ( 𝑅𝑡). KG is a weight that  

tells the filter whether to trust the measurement or  

the prediction more. As KG approaches 0 the 

predictions become more stable, and the 
measurements are less accurate. The inverse is true 

as well. Table 3 displays the values used to calculate 

𝐾𝑡. 

The correction stage is described by Equations (7) 

and Equation (8).  

𝑰𝑡 = 𝑰𝑡𝑝
+ 𝐾𝑡 (𝑦𝑡 − 𝑯𝑡𝑰𝑡 𝑝

)   Equation (7)  

𝑷𝑡 = (𝑼 − 𝐾𝑡𝑯𝑡)𝑷𝑡            Equation (8)  

Equation (7) and (8) calculate the corrected  

intensity state matrix (𝑰𝑡) and the corrected coherence 

matrix (𝑷𝑡). Equation 7 uses the sensor measurement  

at time t (𝑦𝑡) and Equation (8) uses the identity matrix  

(𝑼). For the system of interest 𝑦𝑡 = 𝐼𝑠𝑒𝑛𝑠𝑜𝑟𝑖 ,𝑡. Figure 5 

is the corrected Kalman Filter intensity values (red) 

retrieved from row one of the intensity state matr ix  

plotted against the sensor measurement (cyan) and 

the model intensity calculation (blue).  

Finally, the update stage is performed and is  

described by Equations (9) and (10). This stage is  

focused on updating the values used in the prediction  

stage. Once the values are updated another iteration  

of the stages is performed.  

𝑰𝑡−1 = 𝑰𝑡                  Equation (9)  

𝑷𝑡−1 = 𝑷𝑡               Equation (10)  

 

5.1 Linearization 

In Figure (5) a discrepancy between the Kalman 
Filter prediction and the model calculated  value is  

visible early in the trace. This discrepancy is mainly  

caused by the non-linearity of the system. As the 

Kalman Filter predictions become more stable and 

the system becomes more linear the Kalman Filter  

values are more consistent with the model calculated  

values. This is demonstrated by the flatter, more -

linear portion near the end of the plot.  

One way of testing a curve or systems ’ linearity is  

to process it through a Gaussian. If the resulting  

curve is a Gaussian,  then the system is  linear.  On the 

other hand, if it is anything but a Gaussian, then the 

system is non-linear. Many systems found in the real  

world are non-linear. Consequently, there are 

modified filters such as the Extended Kalman Filter  

(EKG) [15] and the Unscented Kalman Filter (UKG) 

[16] that deal with this non-linearity. The EKG uses  
Taylor expansion Jacobians to linearize the system,  

which can be complex and difficult to implement. 

The UKG utilizes a random sampling technique from 

an arbitrary Gaussian distribution applied to the 

system to create a Gaussian output and is considered 

simpler to use than the EKG.  

For this paper a different approach will be taken to  

address the non-linearity of the system instead of  

applying an adjusted filter. Since  the calculated  

inventory from the model is continuous over a period,  

and controls would more than likely require the 

tritium to be checked after a couple days of  

Table 3. Values used to calculate the Kalman Gain 

 𝐻𝑡  𝑅𝑡 

𝑛 = 1 1 0 𝜎𝑠𝑡𝐷𝑒𝑣
2  

 

 
Figure 5. 𝐼𝑆𝑒𝑛𝑠𝑜 𝑟1 ,𝑡 (blue) or the Blanket component  plotted against its 

simulated sensor measurements (dots) generated using Equation 3. The 

Kalman Filter prediction calculations are show as a red dotted line.  

  

Table 2. Values used to calculate the inventory prediction 

 𝐼0 𝐼𝑡−1 𝐴𝑡−1 𝑢𝑡−1 𝐵𝑡−1 

𝑛 = 1 𝐼0 𝐼𝑡0
 ∑ 𝐶𝑖𝑗∆𝑡

𝑖=0

 ∆𝑡 
0 

0 

𝑛 = 2 𝑆𝑖 𝑆𝑖 0 1 1 
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operation, the data can be segmented. The idea is that 

if the data is segmented into three-day intervals these 

segmentations would be near to linear enough for the 

Kalman Filter.  

Figure 6 is a plot of the first three days for the 

modeled blanket  inventory (𝐼1) graphed against the 

sensor measurement inventory  ( 𝐼𝑠𝑒𝑛𝑠𝑜𝑟1
) and the 

Kalman Filter predictions for the data. As can be seen 

in the figure, the Kalman Filter predictions (red) are 

very near the model values. This is an indication that  

the segmentation will work for applying the Kalman 

Filter to this data set. Section 5.2 will describe the 

quantification of accuracy of the Kalman Filter.   

5.2 Accuracy using 𝜒2 and 𝜎𝐾𝐹  

Not explicitly stated in the beginning of Section 5 

is the measurement stage, which would occur prior to  

the correction stage. The measurement stage for the 

system of interest in this paper is defined by Equation  

(3). However,  Equation (11) is a more comprehensive 

way of addressing the measurement stage for m ultiple 

systems.  

𝑦𝑡 = 𝑯𝑰𝑡𝑝
+ 𝜈𝑡          Equation (11)  

Where 𝜈𝑡 = 𝒩(𝜇, 𝜎2) and is called the measurement  

noise. Depending on what is measured, the values 𝑦𝑡  

and 𝜈𝑡  can be matrices. For this system 𝑯𝑡 = [1, 0] 
because only the inventory is measured and not the 

inventory flow, implying 𝑯𝑡𝑰𝑡𝑝
= [1, 0] [

𝐼𝑡

𝐼𝑡̇

] = [𝐼𝑡].   

Thus, the inventory measurement, measurement  

noise, and measurement covariance are scalar  

quantities.  This is significant to understand when 

calculating the measurement -prediction covariance 

for 𝜒2 in Equation (12).  

𝜒2 = 𝜈𝑡 [𝑯𝑡𝑷𝑡𝑝
𝑯𝑡

𝑇 + 𝑅𝑡]
−1

𝜈𝑡
𝑇   Equation (12)  

The measurement-prediction covariance is the 

center bracketed portion in Equation (12) and is also  

the denominator in Equation (6). Figure 7 shows the 

𝜒2 value plotted against the traces from Figure 6. The 

𝜒2 quantity indicates how similar the Kalman 

Prediction is to the measurement. The lower the 𝜒2 

value the closer it is to the sensor measurement  

(cyan) and the larger it is the closer the Kalman Filter  

prediction is to the model calculation or  mean.   

There are two important values  for  determining an  

optimized Kalman Filter prediction shown in the 

figure. The fi rst value is the 𝜒2, which is shown as  a 

dashed grey line on the image and the second value 

is 𝜎𝐾𝐹 , which is shown in the title of the image and is  

the noise distribution of the Kalman Filter prediction. 

This, 𝜎𝐾𝐹 , describes  how far away the Kalman Filter  

prediction is from the mean or model values (blue).  

The goal is to minimize both the 𝜒2 and the 𝜎𝐾𝐹  values  

to optimize the Kalman Filter predictions. This can 

be done by adjusting the 𝑸𝒕 values in the Kalman 

Filter calculation. Figure 8 is a plot of the  𝜒2 and the 

𝜎𝐾𝐹  quantities as a function of a changing 𝑸𝒕. The 𝑅𝑡 

value used for the data in the figure is the standard  

deviation of the sensor measurements. The red l ine in 

Figure 8 is the point at  which the 𝜎𝐾𝐹  reaches a 

minimum. Even though the 𝜒2 value continues to  

decrease and does not reach a minimum at the same 

point this is considered optimal because it is the 

 
Figure 6. The segmented 3-day 𝐼𝑆𝑒𝑛𝑠𝑜 𝑟1 ,𝑡 (blue) or the Blanket component 

 plotted against its simulated sensor measurements (dots) generated using 

Equation 3. The Kalman Filter prediction calculations are show as a red dotted 

line. 

  

 
Figure 7. 𝐼𝑆𝑒𝑛𝑠𝑜 𝑟1 ,𝑡 (blue) or the Blanket component  plotted against its 

simulated sensor measurements (dots) generated using equation 3. The 

Kalman Filter prediction calculations are show as a red dotted line. . 𝜒2 is 

plotted on the secondary axis in grey. 
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minimum point where the Kalman Filter predictions  

is nearest the model calculation. Figure 6 and Figure 

7 are Kalman Filter predictions using the optimized 

𝑸𝒕.  

Early in the trace of Figure 8, 𝜎𝐾𝐹  is far away from 

the model calculation values and the 𝜒2 is at its 

highest. This means that the Kalman Filter  

predictions differ from the model calculations.  The 

red trace that represents the Kalman Filter  

predictions are far off from the true values as can be 

seen in Figure 9 graph (a.). At the point where 𝜎𝐾𝐹  

reaches a minimum (𝜎𝐾𝐹 = 26.57) is the point where 

the Kalman Filter predictions are nearest the model  

calculations. One can see that the Kalman Filter  

predictions are very near the model calculations in 

Figure 9 graph (b.).  

As the trace in Figure 8 continues to increase in Q 

value the 𝜎𝐾𝐹  begins to trend upwards toward the limit 

𝜎𝑆𝑒𝑛  and 𝜒2 reaches a near minimum. Figure 9 (c.) is 

an image demonstrating what the Kalman Filter 

predictions look like at the end of the trace in Figure 

8. The implication is that no matter how high you get  

in Q value the Kalman Filter predictions will not fit 

anything larger than the sensor measurement made.  

This makes sense if one looks at the Kalman Gain in  

Equation (6). If  𝑸𝒕 is considerably higher than 𝑅𝑡 then  

𝐾𝑡 will trend to one, which means that the 

measurements will be weighted heavier in the 

Kalman Filter predictions and the measurements are 

very stable. Hence, this is the reason why the Kalman 

Filter predictions fit more closely with the sensor 

measurements when Q is high. Similarly, when Q is 

low like in Figure 9 graph (a.) the Kalman Filter  

 
Figure 8. 𝜒2 and the 𝜎𝐾𝐹 as a function of the 𝑸𝒕  value. The red line is the 

optimized Q value and the blue line is the noise distribution sigma on the 

sensor 𝒩(0, 𝜎𝑆𝑒𝑛
2 ). 

 

(a.) 

 
 

 

(b.) 

 
 

 

(c.)

 
Figure 9. 𝐼𝑆𝑒𝑛𝑠𝑜 𝑟1 ,𝑡, model calculation, and Kalman Filter predictions for the 

early region (a.), mid region (b), and end region (c) of the trace from Figure 

8. 
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‘trusts’ the predictions more and the Kalman Filter  

predictions are unstable.  

5.3 Discretization 

The amount of sensor data or the frequency at  

which the sensor data is taken per day plays a large 

role in the Kalman Filter prediction performance as  

well. The sensor data displayed in the previous 

sections was created using a sampling frequency of  

𝑓𝑠 ≈ 983.33 
𝑠𝑎𝑚𝑝𝑙𝑒𝑠

𝑑𝑎𝑦
. If the sampling frequency is  

increased by a factor of ten, 𝑓𝑠 ≈ 9833.33 
𝑠𝑎𝑚𝑝𝑙𝑒𝑠

𝑑𝑎𝑦
, then 

a change in the Kalman Filter performance can be 

observed.  

Figure 10 is the Kalman Filter predictions plotted 

against the increased sensor data and the model  

calculations. When comparing this to Figure 7 the 

Kalman Filter predictions look much ‘tighter’ and 

more comparable to the model calculations. Further  

comparisons can be made when comparing their 𝜒2 

and the 𝜎𝐾𝐹  values in Figure 11. The higher sampling 

frequency approaches a minimum at an earlier Q 

value and starts off with a prediction closer to the 

actual model calculations. The minimum 𝜎𝐾𝐹  is also  

smaller for the higher frequency (𝜎𝐾𝐹 = 9.53),  

meaning that the noise spread from the actual value 

is lower. This leads to the ‘tighter’ looking Kalman 

Filter prediction.  

5.4 Percent Error Difference ( 𝐸%) 

The simulated sensor has an average percent error  

difference (𝐸%,𝐴𝑣𝑔) equal  to 64.37%, meaning that the 

simulated sensor data is far away from the true value 

calculated by the model. Using sensor data with  

large, visible error is better to demonstrate the KF’s  

capabilities since the KF is predicting what the true 

value is at each new time step using the noisy sensor 

measurement.  

Figure 12 is the model calculated values for  

inventory plotted against the KF predicted values and 

the percent error difference, 𝐸%, between the two data 

sets (green). 𝐸% gives a measurement of how near to  

the true values or the model values the KF predictions  

are over time. While the initial error  is high during 

very early times, by the end of the day the error is  

reduced to ≈ 0.633%.  By the end of the 3 days the 

KF predictions have an  𝐸% that is near 0.001%. These 

results show that an accurate model, combined with  

the KF, can reduce noisy measurement with error  

around 64% to less than the accountancy standard of  

1%.   

 
Figure 10. 𝐼𝑆𝑒𝑛𝑠𝑜 𝑟1 ,𝑡, model calculation, and Kalman Filter predictions for the 

optimized Q value at a sampling frequency of 9833.33 
𝑠𝑎𝑚𝑝𝑙𝑒𝑠

𝑑𝑎𝑦
. 

 

 
Figure 11. 𝜒2 and the 𝜎𝐾𝐹 as a function of the 𝑸𝒕  value for a sampling rate of 

983.33
𝑠𝑎𝑚𝑝𝑙𝑒𝑠

𝑑𝑎𝑦
 (black/grey) and 9833.33

𝑠𝑎𝑚𝑝𝑙𝑒𝑠

𝑑𝑎𝑦
 (green). The red line is the 

optimized Q value and the blue line is the noise distribution sigma on the 

sensor 𝒩(0, 𝜎𝑆𝑒𝑛
2 ). 

 

 
Figure 12. Model calculated values plotted against the KF predicted values, 

and the smoothed percent error difference, 𝐸% (𝑔𝑟𝑒𝑒𝑛). Early in time the 𝐸5 

is around 60%, but by the end of the first day it has dropped to around 0.663% 

and by the end of the 3rd day it is near 0.001%.  
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Since the KF predictions are essentially  

stabilizing, early in the process the predictions are 

unreliable, and the values are furthest away from the 

true model values. This is displayed by the large 

spike at the beginning of the trace. Early in the 

filtering process the filter is told that the predictions 

are not  reliable and so the measurement  or sensor 

data is weighted more heavily. As discussed, the 

sensor measurements have a 𝐸%,𝐴𝑣𝑔 = 64.37 %. This 

means that relying more heavily on the sensor 

measurements will not return reliable KF predictions.  

Therefore, as iterations of the KF continue the 

weighting between measurement and prediction  

begins to stabilize and the KF predictions become 

more accurate.  

The decreasing trend of the 𝐸% is a positive 

outcome, demonstrating quantitatively that the KF  

predictions are good estimates of the true values  

calculated by the model.  

5.5 Bias 

The Kalman Filter is essentially predicting the 

mean (model calculations) from the noisy sensor 

measurements and model information. Therefore,  if  

there is  any bias or  random error the Kalman Filter,  

as implemented up to this point, will be inaccurate.  

Figure 13 is an  image showing the Kalman Filter  

predictions for a measurement system that has an 

accumulating bias over the three-day period. The 

Kalman Filter accurately predicts the mean of the 

sensor measurement but has an increasingly large 

spread from the true value. This is not very useful 

since the values of interest are the model values or  

the true values of the system.  
Almost every system in the real  world will hav e 

some random error or some sort of bias that  

accompanies  the measurement. This would  

essentially make the Kalman Filter useless; however,  

it is used very successfully in tracking, forecasting,  

self-driving cars, groundwater, and others. This is 

because there are ways to either correct the 

measurements prior to applying the Kalman Filter or  

improve upon the Kalman Filter to estimate the 

different random errors and biases [17, 18]. The bias  

may be treated separately through a two-step Kalman 

Filter and can either be fed back into the model where 

it is used to update the biased state estimation, or it  

is not fed back into the model [19].  When the bias is  

constant or known, no-feedback is a common 

approach. In the feedback approach the sta te is  

corrected at each time point for the bias.  
The Bias-Aware Kalman Filter will not be outlined 

in this paper due to the need for a thorough 

investigation of the best approach for the fusion fuel  

cycle.  However, the ongoing investigation and 

findings will be reported in a follow-on paper.  

6. Discussion 

This paper has outlined that the Kalman Filter state 

prediction algorithm is potentially an option, with 

continued improvements, for accounting the true 

inventory of tritium in a dynamic fusion fuel cycle.  

Implementation of the KF with an accurate model has  

been shown to reduce noisy sensor data with around 

64% error to around 0.001%, which is less than the 

1% accountancy standard. Since sensors will be 

placed in an environment that does not grant ease of  

access and will need to  be online for  long periods of  

time, having an algorithm that can take the sensor 

data and more accurately estimate the t ritium 

inventory will be invaluable. The continuously 

increasing tritium inventory will need to be 

accurately monitored since it is highly likely that a 

regulated maximum tritium inventory will be put into 

place for commercial fusion power plants. Accurate 

measurements will allow for the proper regulation of  

the tritium inventory in the system, such as moving 
quantities to onsite storage when thresholds are near 

to being met.  

The sensor,  due to the environment  of the fusion 

fuel cycle, will have the potential to be exposed to  

high vibrations, ground loop issues, radiofrequency 

(RF) generating components, etc, in additio n to the 

intrinsic accuracy of the sensing device. This will  

cause the sensor information to accumulate 

uncertainties (system errors and biases) as they 

continue to measure over time. The implementation  

of the Kalman Filter in this paper cannot handle 

 
Figure 13. 𝐼𝑆𝑒𝑛𝑠𝑜 𝑟1 ,𝑡, model calculation with a 0.01 bias accumulated over time 

and Kalman Filter predictions for the optimized Q value at a sampling 

frequency of 9833.33 
𝑠𝑎𝑚𝑝𝑙𝑒𝑠

𝑑𝑎𝑦
. 
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accumulation of biases; however, ongoing 

investigations are being performed to implement a 

Bias-Aware Kalman Filter that accounts for the 

inherent biases and system errors.  These findings  

will be reported in a follow-on paper.  

Furthermore, designs for fusion fuel cycles have 

become more complex over the years since the 1985 

paper by Abdou, et. al. Increasing the complexity of  
the fusion fuel cycle model will be required to  

accurately report on  ongoing fusion fuel cycle 

research. Understanding the contribution and losses 

from the plasma vessel will be required to utilize the 

tritium accountancy Kalman Filter for commercial  

fusion power plants. Future work is being performed 

in both areas of research.  
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