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ABSTRACT

The behavior of the safety mechanisms of a nuclear
reactor is modeled, and the probabilities of each
incident whose consequences are of safety concern are
calculated by either of two computer programs. The
model accounts for scheduled inepection and maintenance
of all mechanical devices.
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INTRODUCTION

The rlsks of operating nuclear reactors are difficult to
assess because, fortunately, there 1s little experience wlth the
incildents whose consequences are of major concern. However, the
methods known generally as rellsbllity analysils can be applled to
quantify these risks and thus to remove scme of the subjectlvity
often associated with the assessment. The objective of this
report 1s to propose models that represent the safety features of
nuclear reactors and to develop mathematical methods for a
quantitative analysls of the safety models of the reactors. It 1s
inherent in these methods that the answers are always stated as
probabllities, very few of which are found to be zero with complete
agsurance. In spite of these inherent uncertaintles In the final
results, good models and good analyses will provide the proper
relative rankings of the risks. Also, a major beneflt of these
methods is the pin-pointing of the weaknesses in a glven sysfem
and the 1ndication of those areas 1n which a glven effort will
produce the greatest improvement in safety.

SUMMARY

A general model was developed to represent the safety aspects
of the behavior of a nuclear reactor, and two computer programs
were wrltten to caleculate the probabilities of incidents of concern
during reactor operation. These incidents, generally, have s
Polsson distributlion so that each can be characterized by a mean
time between occurrences. This feature in conJunction with a
measure of the consequences of the incident provides a relatilve
measure of the risks associated with each postulated incldent.
This form of safety analysls 1ndlcates the sources of the greatest
risks and the areas in whiech improvement programs will be most
effective.

In the model, each incildent whose consequences are of Interest
ia assumed to be preceded by a sequence of events starting at some
initiating event. At each member in the postulated sequence there
may be functions, such as safety trips and personnel operations,
that effectlvely stocp the sequence priocr to any incident of
significant consequences. Thus, any lncident in a sequence 1s
the result of an iniltilating event and the fallure of all arresting
functions at 1lntervening steps. When mechanlcal devices fail, they
are assumed to remain Inoperative until repalred. The model
accounts for scheduled inspectlon and malntenance of all equipment
1n the system.
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The computer program. INTEG. calculates the probabllitiles
of each sequence of events under the assumption that the fallure
of each of the safety mechanisms in that sequence 1s 1ndependent
of all others. The advantage of this program 18 its capabllity
to analyze large systems, viz. 20-50 members in the sequence with
safety devices at each member.

The computer program INSPEC produces the same results as
INTEG but 1s limited %o systems wlth nc more than seven safety
devices. However, INSPEC can analyze these smaller systems or
subsystems without the limitation of independence of individual
events. Thus, the effects of any desired Intercorrelation between
failures of safety mechanisms and personnel actions may be
incorporated into the calculatlons. Thls program 1is baged on the
gimulation of reactor operation as a Markov process.

Formulag and tables are provided to estimate the frequenciles
of rare events at several confidence levels.
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DISCUSSION

BASIC ASSUMPTIONS

The first step in the quantitative analysis of the safety of
a nuclear reactor is the formulaticn of a mathematical model that
accounts for all the pertinent features and parameters of the
real system. The model must describe adequately the behavior of
the system.

The model that 1s requlired for an analysls of safety 1s cone
that describes the abnormal behavior of the reactor because
safety 1g always assured as long as the reactor follows expected
patterns. The safety of the reactor is dependent upon the
operation of corrective action systems such as safety systems,
procedures, and personnel actlons to counteract potential
perturbations that would produce deviations from the expected
behavior. Thus, the model that 1s applicable in safety analysis
1s the one that represents the interaction between the corrective
actlon systems and the potential perturbations.

The model must necessarlly represent a stochastlc process,
1.e., a process by which a system assumes alternative conditions
throughout time 1in accordance with probabllistlc laws. Random
walk processes of the following type are often cited to 1llustrate
stochastic processes. At time zero, a counter is positioned at
the origin on a linear axis. At each unlt of time, a fair coln
is tossed and if heads appears the counter 18 moved one unit to
the right and if talls appears the counter is moved one unit to
the left. Whenever the counter reaches a position three units
either to the right or to the left of the origin, 1t thereafter
remains fixed. Thus, the position of the counter 1s altered
throughout time in accordance with probabllistic laws and the
procesg of alteration is a stochastic process.

With only this description of the process, the position of
the counter after n time units cannot be specified wilth certainty.
However, the probabllity of the counter belng in a specifiled
position after n units of time can be calculated. Certaln general
characteristics of the problem can be recognized. The sum of the
probabilities of finding the counter in each of the seven
alternative positions i1s invarlant in time and is always equal to
unity. Sooner or later the counter can reasonably be expected to
end at one of the extreme positions and must necessarily remain
fixed thereafter. Thus, the probability of each extreme positicn
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approaches 1/2 as n approaches infinity. If an experiment were
conducted in accordance with the above deseription, the number
of time units for the counter to reach an extreme position could
be counted. Conceptually, there 1s a mean time to go from the
origin to an extreme positlon and 1t 1s merely the arlthmetic
average of the times for all possible experiments. 1In a reactor
system, the mean time to the occurrence of an event of concern
is a convenient quantltative statement of safety.

GENERAL MODEL

The model postulated here to repregent the reactor system is
shown schematically in Figure 1. Events are shown in boxes and
labeled E4. Events are divided into two categories, Initlating
and complex. Those which have no connecticng from below; e.g.,
E,, Ez, Eg, Eg, and E, are initlating events. All other events
are complex. An inltiating event, Eq, is assumed to be a random
event having a Poisson dilstribution in time and characterized
by an average frequency Ay. The time intervals between occurrences
of events have an exponentlal distributlon characterlzed by a mean
time, 1/xi, between occurrences. Complex events are the result
off the occcurrence of an initilating event plus the exlstence of
certaln qualifying conditions shown in the dlagram as Qij- In a
reactor, these gualifying conditions are the nonfunctioning of
safety circults and procedural actions. For example, the neutron
flux wlll exceed the prescribed limlts, if a conftrel rod drives
out and none of the High Level Flux Meniltors function. Thus, in
the diagram, events and a set of qualifylng conditions are always
connected by an "and" symbol () which leads to a complex event.
The "or" gymbol (1) 1s used tc permlt the representatlon of
alternate segquences of events.

The essentials of a dlagram such as that shown in Figure 1
always exist in some expllcit or impliclt form during the design
of a reactor's safety system. There 1s always a set of postulated
initiating events because these are just the occurrences for which
safety cirecults are designed. The presumption that certain safety
circults may fall leads to the recognition that subsequent events
in the sequence may occur and that additional safety clrcults are
desirable to terminate the sequence at the earllest possible
member.




EI’ Ez

FIG.

1 LOGIC DIAGRAM FOR SEQUENCE OF EVENTS



MATHEMATICAL ANALYSIS — |

Two alternative methods of quantitative evaluation of reactor
safety are presented. The first has the capablility of treating
large systems of the form shown 1n Figure 1 but with certain
restrictions on the postulates applicable to the qualifying
conditions. The second method can treat systems having several
qualifying condlitions and can deal with a varlety of assumptlons
concerning the time behavier of the qualifying conditions.

The first method is designated the "integration method" and
the applicable computer program 1s called INTEG because the major
portion of the computer program 1s a numerical integratiocn
routine. As mentioned above, the initiating events, Ei, are agsumed
to be random events with average frequencles, A1. Any qualifying
gcondition, Qij' i1g considered to exist from the time of cccurrence
of a failure in that qualifier until it is repaired and returned to
operability. The fallure of a qualifier is alsoc assumed to be a
random event having a Poisson distrlbution with a fallure frequency
of Ag. A gpecified complex event initlated by a speclfied
initiating event occurs whenever the initiating event occurs at a
time when all the applicable qualifying condltlons exist. The
qualifiers are assumed to be subject to an inspection and
maintenance procedure that prevents the ctherwige gradual but
certain deterioration of the qualifier system.

The probabilistic analysis of the time behavior of such a
gystem 1s considered in the following manner. Time, beglnning at
an arbltrary epoch of concern, 1s considered to be divided into
intervals whose end points are the epochs at which one or more
qualifiers are 1nspected, maintained, and known to be in the
operative conditlon. During each time interval, the behavior of
the system 1s completely probablllistlc put at the end of each
interval the system is subjected tc a deterministic modifilcatlion.
Thus, each time lnterval may be consldered an independent trial
in the same sense that the successlve tosses of four coins would
be 1ndependent trials in the determination of the probabllity of
the appearance of four heads.

The probability of a specifled complex event durlng a time
from zero tc Tp where

n
T = > AT
n 121 i
is given by
n
P (T ) =1 - iI_Il (1 - p (aTy)] (1)




where

Pe(ATi) = probabllity of the complex event during the ith
time interval

The expression 1 - Pc(AT4) 1s the probability that the complex

event did not occur durlng AT4, and the product of the probabllities
of all these independent trilals 1s the probabllity that the complex
event did not occur in any AT4. Consequently, unlty minus this
product 1s the probabllity that the complex event occurred at least
once durlng the interval zero to Tnh.

The bulk of the effort in evaluating equation (1) 1s the
calculation of all of the Pc(ATy). The baslc equation that is
applicable to the model is

dPe( t)
G [alt) - Pe(t)] A (2)
where
Q(t) = probabllity that the qualifying conditions exilst

at time t, including the probabllity that the
complex event has also occurred by time t

P {t) = probability that the complex event has occurred
during time zeroc to t

and RX = frequency of the lnitlating event

Both @(t) and P (%) are cumulative distribution functions and,

thus, they are monotonically increaslng with tlme and have values
dap {t)

between zero and unity. The incremental increase, ~ar * in

P.(t) between t and t + 4t 1s just the probabllity that the complex
event happens for the first time durlng t to t + dt. Because

@(t) includes the probabllity, Pe(t), that the complex event has
already occurred, the probability, P.(t), must be subtracted from
Q(t) before belng multiplied by Ay bto obtain the incremental
increase in Pc(t).

The appllcability of equation (2) 1s illustrated in a simple
case In the folleowing example. What is the probabllity that in
n successive rolls of a dle a Bix will appear after an ace? In
analogy to the reactor model, the appearance of an ace produces
the gqualifying conditicn and the appearance of a slx 1s the
initiating event. In this example, time corresponds to successilve
rolls of the die and so increases by discrete steps rather than
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continuously. The form of equation (2) that is applicable to this
example 1s

APe(n) = [@(n-1) - Pe(n—l)] P,

The probability, py, of the initiating event 1s Just the prob-
ability of a six on any roll and thus 1is a constant equal to

1/6. Q(n-1) 1is the probability of an ace on some roll prior to
the nth and 1s equal to 1 - (5/6)01-1. From these numerical values,
the successive values of P¢(n) can be constructed as shown in the
following tabular form.

n Px  glp-1) Pe(nul) APe(n) Pe(n)
1

1 z 0 0 0 0
1 1 1 1

S 6 0 36 3%

5 1 11 1 _10 _16
6 36 36 216 216

" 1 91 16 75 171
6 216 216 1296 1296

In each instance, Pe(n) ig the probabllity that a six will follow
an ace at least once in n successive rolls and APc(n) 1is the
probabllity that a six follows an ace for the first time on the
nth ro11.

The differentlal equation (2) can be converted to an Integral
equation, which is the form utilized in the computer program. The
equation

dPE(t}.

el falt) - Pe(t)] AL

is a first order, linear differential equation and thus can be

integrated by the usual methods to give

T A (T-t)
PT) = [T a(t) nate T (3)
0

- 12 =




For a probabllity to be equal to an integral, or a summation
in a discrete case, the integrand must be the probability of a
member of a set of mutually exclusive and exhaustlive outcomes
covering the domaln of the integration. Therefore, an examlnation
of the integrand 1s Instructive for the comprehension of the
computational scheme. Q(t) 1is the probability that the qualifying
conditions exist at time ¢, and A3t 1s the probability that the
initlating event occurs between t and t + dt. Thus, the product
of these factors is the probability that the complex event occurs

—Ax(T-t)

during t to t + dt. The factor e is the probability that
the initlating event does not occur again between t and T. Thils
last probability is necessary to make the set of outcomes mutually
exclusive because otherwise multiple occurrences of the initiating
event after the qualifying conditilons exist would be counted
multiple times when in fact the complex event has occurred only
once. The scheme of equation {3) postpones the counting until
the last occurrence of the initiating event during the time interval

zero to T.

An extension of the earlier example of dice roliing in terms
corresponding to equation (3) is

i
5\1-1f 1 . {5\-1
PM = 2 [(6) ]6 ?)
1=1
eo. L . (3yV .1, (3y,2 1 5,29 1
=03 (6)+6'6 (6)+36 € 5tze 6 1
_ 171
T 1296

which is identical with the result in the earlier calculatlon.

During any interval ATy = T4 - T4.j where Ty.3 1s an epoch
at which some qualifler was examined and found to be operative
- 80 that Q{Ti-1) = 0

1-1

In this fashion, the quantities indicated in equation (1) are
caleculated.

- 13 -



An expliclt expresslion for Q(t) 1s required to permit
numerical calculations. @Q(t) 1s the probability that all of the
applicable gualifiers are inoperative at time t. If the fallures
of the qualifiers are all independent, the probabillty that all
are inoperative 1s the product of the probabilities of individual
fallures. For random fallures with Polsson distributilons, the
probabliity of incperabillty 1s

—hi(t - Tik)
l1-e
where
Ki = gverage frequency of fallure
= time
and
T = time of previous inspection when the gqualifier
1k
was known to be operative
Thus,
m A (= 1, )
1 1k
Q) = I[1 11 -e (4)
i=1

When all of these factors are combined in the appropriate
manner, equation (1) 1is

n T )
P(T) =1 - 1. (% 1 -¢ 3 J¥ 5 at x 1
E( n) j££_ J;i . J} © X ©

The computer program INTEG calculates the value of equatilon (5) as
a function of Tp.. The required input 1s

Ax = frequency of the initiating event

hj = frequency of fallure for the jth qualifier

ATj = interval between inspections of the Jth qualifier
and th

Tjo = tlme of the initilal inspection of the ] gqualifier
The Tik are then given by

Tjk = TjO + kATJJ k=20, 1, 2, 3,
- 14 -
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In the computer program, all of the T4, are arranged in order by
magnitude and to each distinct value 1n the set is assigned a Ti,
also in order of magnitude. The indicated integration 1s performed
by summing rectangles whose heilghts are the values of the integrand
at the midpoints of the tntervals. The number of intervals per
unit of time 1s gspecified in the program input. The program output
1ncludes Tp, Pe(Th), and ~inl1 - P.(T,) /Ty, for selected values

of T, up to a deslgnated maximum T,. The program ig explsined

in more detall 1in Appendix A.

The cumulative distribution function Pe(Ty) is of a complicated
form not included among the simpler forms covered 1n texts on prob-
ability. The function over 1imited ranges such as the times between
inspections of qualilflers is a modified gamma type. However, when
P(Tn) 1is considered over long periods of time, 1ts characteristics
are similar to that of a simple expenential distributicon. This is
demeonstrated in numerilcal ecaleulations by the fact that
-n[1l - Pe(Tn)1/Tn approaches a constant as T, becomes large.

This constant, Ae, 18 the average frequency of the complex event
and 1/A¢ 18 the mean time to the occurrence of the complex event.
These relaticnships are shown by setting

[l - Pe(TR) 1/Tn = Pe

and rearranging to the readlly recognized form of the exponentlal
distribution,

p(r)=1-¢ 7 (8)

Tablie I 1s an 1lliustration of the application of the computer
program to an example having the exact form of Figure 1. The
. input data are shown in Table II.

An examination of the results of Table I shows that event
Eg hazs nearly as high a frequency as Eg and thus that the safety
circult or qualifiler Qe; 18 not very effective. If Eg 1s of
appreclably greater consequences than Eg, then the aystem hag a
decided weakness at Qgas Otherwise, the system 18 rather well
bzlanced with no initiating event contributing excessively to any
total frequency. Although Es 1s shown as an initlating event,
there are no gualifiers between 1t and Eg so that in essence Ea
1s really the spontaneous occurrence of Eg. If this ig truly the
interpretation intended in the model, then the contribution from
Eg can be decreased only by improving the smafety circults on Eg
and Eg. Modifications at these levels will improve the overall
safety of the system put does not lessen the fractional contri-
pution of Eg as compared to E,, Ep, and Eg.

- 15 -
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TABLE I

Example of Reactor Safety Calculation by
Computer Program INTEG

Event Frequency Resultlng from Initlating Event Frggzzicy
E; Eg Eg E, E,
E; 1.0 x 107% - - - - 1.00 x 10-2
Ea - 1.2 x 302 - - - 1.20 x 107%
Eg - - 4.0 x 107¢ - - L,00 x 107%
Es - - - 5.0 x 1078 - 5.00 x 10-°
Es 6.80 x 10°% 7.99 x 10°% 4,00 x 10-%* 7.82 x 107% 6.26 x 10°*
Eg 8.56 x 10-% 1.01 x 10-% 4.78 x 10™% 05.98 x 10"°® - 7.64 x 107%
E, - - - - - 1.00 x 10~* 1.00 x 10-*
Eg 5.00 x 10-® 5.91 x 10® 2.70 x 10”5 5.97 x 10"% 5,058 x 10"% 14.39 x 10°°
TABLE IT
Input Data for Problem of Table T
Frequency
Initiating Event hj
E, 1.0 x 1072
Ea 1.2 x 1072
Es L.0 x 107%
E, 5,0 x 10~
Eq 1.0 x 107*
Interval Between Time of First
Frequency of Fallure Inspections Inspection
qualifier My 814 1o
Q11 5 x 10°%8 100 0
Qiz 5 x 10-2 100 75
Qs 5 x 10-% 100 50
Qe 4 x 107° 75 0
Qaz 4 x 207° 75 50
Qs1 6 x 10°° 150 75
Qs 6 x 10°® 150 100
’Qel 1 x 1072 200 Y
Q7s 1x 10°¢ 50 0
Qvz 1 x 10°° 50 25

- 16 =
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The implilcation of equation (6) that the complex events have
an average behavior in time that can be described by a simple
exponential distribution is 1llustrated in Filgure 2 where the
probability of event 8 initiated by event 2, as described in
Figure 1, is plotted as a function of time. Individual polnts
do deviate from the straight llne relationship expressed in
equation (6), but the deviations do not increase with time so
that the long-term behavior is adequately expressed by the
equation (6). The pattern in this instance repeats each 600 time
unlts because this is the least common multiple of all the
intervals between inspections of the applicable qualiflers, viz.,
100, 150, and 200.

In the 1llustrative example, the characteristiles of the
gqualifiers have been stated In the expllclt gquantitative parameters
of fallure rate and maintenance schedule. If 1n scme cases, the
qualifiers cannct be deseribed in these terms, then thelr behavior
is incorporated in the model in a modified form. For example,
an operatbtor 1s not adequately represented as a mechanism with a
fallure rate and a maintenance schedule. However, a probability
that an operator will fall to take the prescribed actlons should

1600 ——————————————

1400 — Fe(T) = 1- -
he = 5.91 x 1078 .

1200 — . ]

1000 [ . : -

o [1- Pem] x 105

400 |- —

200 — -

oW e e L
0 500 1000 1500 2000

Time Increments

FIG., 2 PROBABILITY OF COMPLEX EVENT AS A FUNCTION OF TIME
{Data from Table II for event 8 initiated by event 2)
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be incorporated intoc the analysls. This feature can be included

in the formal framework of the model by including a term for

the operator qualifier in the usual form (1 - e~Mt). An appropriate
» and T are chosen so that

where f equals the fraction of the time that the operator falls.
When the integration indicated in egquation {7) 1 performed,

AT

1 -
)\T(l-e ) =1 - 1°F {(8)
For example, 1f AT = 0.5,
£ = 0.213

or the qualifying condition would exist about 21% of the time on
the average. Inclusion of the qualifier in this form will not
produce exactly the 21% factor except when T = 0. Thus, in
general, T should be taken as small as possible without unduly
lengthening the computation.

There may be some events whose qualifiers cannot be degcribed
in the specific forms implied 1n the above description of the
model but yet judgment would indicate the exlstence of some
qualification. For example, the melting of a fuel element might
be expected to terminate at some stated fraction without the
operation of specific mechanical devices. To account for such
circumstanceg, the successive fractional meltings can be described
as a sequence of events and the desired qualifications incorporated
in the computation in the form of equatlon (7).

MATHEMATICAL ANALYSIS — Il

The second method of analysis 1s based upon the representation
of the time behavior of the model as a Markov process and employs
the computer program, INSPEC. Thls method does not require the
independence of the failures of the qualifiers and does not require
the recovery of the operabllity of a qualifier to occur at a
scheduled time. This latter feature permits the repregsentation
of gqualifiers, such as personnel actlons, to be a purely random

- 18 -



conditicn, alterable at each unit of time. However, this more
elaborate representation 1s limited to systems or subsystems that
contaln nc more than seven qualifiers. Thils limitation 1s purely
computational. The solution by this method requires multiplication
of {27 + 1) by (21 + 1) matrices, where n 1s the number of
qualifiers. Thus, the system that contalns seven qualiflers
involves matrices that are 129 x 129. Larger problems lnvolve
matrices that are inconvenlently large.

The example, cilted earlier, of a stochastic process in which
a counter moves from an original position at the origin in
successive steps wilth probabllity 1/2 to positions between -3 and
+3 i3 also a Markov process. The Markov property 1s ascribed to
the process because the position of the counter after a transition
is dependent only on the position lmmediately prior tc the
transition. For example, i1f the counter were known toc be in
position (+1) then after the next transitlon the counter has
probabllities of 1/2 of belng in elther of the positions,
0 and +2. Xnowledge that the counter was in position (-2) five
transitions earlier 1s completely 1lrrelevant because such knowledge
adds nothing to what 1ls known when the immedilately prior position
is speclfied.

The complete description of this Markov process 1s glven by
the Following set of equations, one for each of the seven possible
positions that are generally designated as states.

meg (D + 1) == mo(n} + m_g(n)

T (n+1) =2 m,(n)

m-y (n + 1) = 5 mp(n) + % - 2{n)

o (n+1) =2 7my(n) + 3 mpy(n) (9)

T4+ (n+ l) =

T+ 2 (n + 1) =

OV TR V) IS VS TSI VY TSR Y R Y e S 1

Mo (n+ 1) =% ma(n) + mpg(n)

where w:{1) 1is the probability of the j%0 state after the 1th
transition. When these seven equations are added together, the
sum of the probabilities for the seven states before a transition

- 19 -




equals the sum after a transition. This 1s an obvlous characteristic
¢f any system because The probabilltles of all possible states must
total to unity. Customarily, the set of equatlions 18 written as

one matrix equatlion as follows:

mn + 1) =n(n) - P (10)
where m without a subscript stands for the row vector,
""T(i) = [W—a(i): 'v'T-a(i): Tr—l(i)s ﬂo(i): 7T+1(1): 7T'+2(‘1)J 7T+3(i)]
and P stands for the matrilx,

State -3 -2 -1 G +1 +2 +3

3 [1 o o o 0 0]
-2 % 0 é- o o 0o 0
-1 0 % 0 —é— o o o0
P = 0 o o Z o £ o0 o0
+1 o o o z 0o = 0
+2 o o0 0 o % 0 %
#3 lo o o o 0o o0 1]

The matrlx, P, 1ls termed a stochastlc transitlion matrix.
Since all of 1its elements are constants that do not change with
time, the whole matrix 1s a constant. The individual elements
are the conditional probabllities of speciflc transitlons. They
are each the probabllity of a transitlion to the atate corresponding
to the 1th column given that the system 1s 1n the state corresponding
to the Jth row. For example, glven that the counter ls at position
{+2) corresponding to the sixth row, the probabllity of a transiticn
to position (+1) corresponding to the fifth column equals 1/2.
The sum of the elements in any row must equal unlty because glven
that the system 1s 1n a specifled state, the system must wilth
certainty be in some state affer the transition.

The varlable part of the prcblem is contained in the probability
vector, w(1), each of whose elements represents the prchabillty of
a specified state after the 1th transition. The sum of the elements
of this vector always equals unlty because the system must wlth
certalnty be 1n some state.
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All that 1s necessary to determine the dynamle behavior of
the system is to wrilte down the P matrlx and specify a starting
value for the w(1) vector. Oftentimes the starting condition of
the system 18 presumed known exactly and some one state 1s assligned
a probabllity of unity. In the above example, the counter started
at the orlgin so the probabllity vector 1s

'JT(O) = [O: 0) Or 1: 0’ O, O]

The solution 1s then carrled cut by successive multiplications
of the probabllity vector by the P matrix.

m{1) =x(0) - P
m{2) =m(1l) «+ P
m{ 3) =m(2) - P
mn+ 1) =w(n) - P

Also, successive substitutions 1n the previous set of equatlons

yleld

wn) = w{0) « P (11)

The following numerlcal results illustrate the results of
carrying out the solutlon procedure on the 1llustrative exXample.

Probabilltles of States

Transition 7M.z TM.2 Moz T T4, T+a T4n

o o o oo 1 o o o
1 oo-é—o%oo
2 o § © 3 o ¢ o
3 %o%o%o%
S N I
5-3%052-03—203%
8%%0%0%%
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The general characteristics referred to above are apparent in the
table. The sumg of the rows are always equal to unity. Also, the
probabillities, w.g and 7y, are monotonically inereasing and are
approaching 1/2.

This example is a finite Markov chailn because there is only
a finite set of possible states and the transition probabilities
are constants. There are two kinds of states 1n this problem,
viz., transient and absorbing. States (-2), (-1), (0), (+1), and
(42) form a transient set. By proper transitions, 1t is possible
to go from one state to any other state in this translent set.
However, when a transition out of the transient set takes place,
the set 1s nmever re-entered. The two states (-3), and (+3) are
absorbing states because once they are entered they are never left.

If our only interest in this problem 1s how long it takes to
reach an absorbing state, the numerical work can be reduced
considerably. The reduction consists of ecombining all the states
1 the transient set into one state so that the result 1s cnly a
three-state system. Also, because of the fact that states (-3} and
{+3) can be entered only on odd-numbered transitions, the number
of transitions can be reduced to one half. Thus, the solution 1s
now given by the equation

[’n_a(n + 1), moln + 1), mpqaln + 1)]=[7T_3(n), Toln) s w+3(n]

o o~ B
o oy ©
-+ o= O

The numerical tabulation of the results is then,

Probabilities of States

Transitlon -n =~ T-g Mg Tis (Mg ¥t Tia)

0 0 1 0 0

1 103 1 1

8 I 8 I

o 7 18 1 14

32 32 32 32

3 37 54 37 T4

128 128 128 128

4 175 162 175 350

512 512 Bl2 512



The number of transltions taken to go from the origin to an
absorbing state in any partlcular instance 1s a random varlable.
A random variable is a function, in the mathematlcal sense, whose
domain is all the possible ocutcomes of an experiment subject to
probabilistic fluctuations and whose range 1s the real numbers.
In this example, the cutcome of each experiment in which the
counter starts at the coriglin and eventually ends in an absorbing
state deflnes a real number which 1s the number of transitions
required 1n the experiment. Here, the range of the random varlable
18 the sget of all pogitive integers.

Random varlables are always characterized by cumulatlve
digtribution functions and denslty functlons. The last column
headed (7m.s + Twa) in the above table is the cumulative distri-
bution functlon of the random varlable described above. The
cumulative distribution function is merely the prcbability that
the random varlable wlll be equal to or less than a stated value.
Thils 18 expressed as

F(n) = Pr (N g n) (12)

The density function of a random varlable 1s the probabllity
that the random variable wlll have a particular value. Thls 1s
expressed as

f(n) = Pr (N = n) (13)

The relationship between the cumulative distribution functlon
and the density functlon 1s

n
F(n) = 2 £(1) (14)
1=1

When the random variable 1s a continucus function, the

summation is an integral and 1n general the range is assumed to
be from minus to plus infinity. Thus,

X
F(x) =f f(y) dy (15)

For the continuocus case, f(y) 1s the probabllity that the value
of the random variable will fall bhetween y and y + dy.

The expected value, also known as the mean or average value
of a random variable, is given by

E(X) =f vy £(y) ay (16)
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This 18 exactly equivalent to the common concept of arithmetic
averaging. Each possible value y of the random variable X is
weighted in accordance with 1ts probabllity and summed.

The density function for the random varlable described above
can be constructed as in the following table.

Transltion - n F(n) f(n)

0] 0 -
1 1

3 I F
5 1% 3
32 16

T4 2

7 128 &4
9 350 21
hl2 256

The true number of transitions are listed in thils table rather
than that in the condensed system given in the preceding table.

By induecticn,
L. (3) 2
f{n) = m (1+)

where

n=3,57"7 ...

The sum of all values of f{n) for all permissible values of
n 1s equal to unlty as expected since the summatlon 1s over all
possible values of the random variable. Then the expected or
mean value of the random variable, N, 18

n~3

1 3)2
N) = = .12
E( N) §n4 (4
where n=3, 5,7,

The series is

2

E(N} 3'1]:+5'%+7"64+
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Thus, on the average, the counter starting at the origin will be
in one of the absorblng states at the end of nine transitions.

This denslty functlon has a property that 1s quite ccmmon
to denslty functions of random varlables that are times to
occurrence of events that are sald to occur at random. It has a
maximum at the smallest value of n and decreases by a constant
factor for each unit Iincrease In n. Thus, the successive values
£(3), f(5), ... form a geometric series. If the random varlable
were a contlnuous functilon, say of time, then fthe same property
would appear as an exponential density functlon

£(t) = re " (17)

where A > O and £t » 0. As required

-]
f Ae'M" dt = 1
)

Alsc, the cumulative distributlon function is

T

PFlr) = f 7\e-7\t dt = 1 - e M (18)
0

The expected value of the random variable T 1s

E(T) =f & 2~ at =% (19)

Thls evaluation of the expected value counted time from the

epoch zerc. However, this density function has the property that
the expected value of the random varilable 1s 1/A regardless of
the starting epoch. This 1s shown by the equation

* A
f (t - T) e g
T

f re ME dt
T

This means that when a process conslsgts of events that are

randomly distributed, 1.e., they have an exponential density
function, the mean time to the occurrence cof an event is the
same regardless of the epcch at which the concern commences.

E(T) (20)

>
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The introduction of an addltlonal feature in the example
glven above 1llustrates another type of problem that 1s of interest
in later discussion. Suppose that after the firat three transitions
the system 18 examined and if the counter 1s not 1n one of the
absorbing states it 1s placed in position zerc. The transitlons
then continue 1In accordance with the probablilistic rules for
another flve transltlons. Agaln, the counter 1s placed in pesltlon
zero 1f 1% 1s not 1in an absorbing state. The process of Inspection
and return of the counter to posltlon zero 1ls repeated indefinlitely
with the pattern 3, 5, 3, 5, 3, 5, etc. The following table
illustrates the results of thils altered process.

Probabilities of States

Tranglition Mg _ T o L T T Ma Ta Mg + Tg
o 0 0 0 1 0

1 0 0 3 0 0
2 0 I 0 2 0
3 '% o] -% 0 %
Readjust -é- 0 o} -2— 'l-lf
4 %- 0 % O Table is %

symmetrlcal.

5 : 2 o 3 i
6 5= ° 5 0 L
; T 9 5 2 I
32 64 32 16

st o m  ° o
Readjust E%% 0 0 éz %%
9 o ° 1w &
11 = 0 E% 0 23
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Probabilities of States

Transition T-s Tz M2 Mo My Tg Ts st s
115 81 a5

Readjust 512 o] 0 556 256
175 81 15

12 512 ° =3 0 256
s In &, & 175
512 1024 512 256

781 243 781

14 2048 0 2048 © 1024

15 781 24 o 243 781
2048 %096 5048 1024

3367 729 3367

16 192 ° B9z ° 4006

The cumulative distributlon functlon and density function
of the random varisble, i.e., number cf transitions to an absorblng
state, can be written down as follows:

Transition - n F(n) f£(n)
0 o -
1 11
3 3 T T
6 L 3_.1.3
16 16~ 4 4
37 9.1, (3¥
8 64 64 4 (4)
175 27 1 . (3V
11 256 256 4 (4)
781 81 1 3\
14 1024 102F — 4 ° (4)
]
16 %1@1 &=i.(§)
096 4096 4 4

This f(n) is similar to the density function found in the earlier
example except that specific values of f(n) are assoclated with

a3
larger values of n. For example, above f(1ll) = % . (%) while in

3
the earlier example f(9) = %-- (%} . This 1s surely in accordance

wlth expectation because the mean number of transitlons to reach
an absorbilng state must necessarlly be longer. 1In fact, the mean
transition to an absorbing state is now 11.03 as compared to 9
previously.
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This latter problem can be approached in a somewhat different
manner In which the loglc 18 possibly somewhat more stralghtforward.
After the third transition, the assumptlon 1s made that the system
is not in an absorbing state, and the prccess 1s begun again
wilth the probability of state zero as unity. After the elghth
transition, five more trangitions in addltlon to the previocus
three, the assumption 18 again made that the system is not 1n an
absorbing state and the process 1s begun once more wlth the
probabllity of the state zero equal to unity. The quantity that
is calculated in each increment of thls process 1ia the condlitional
probability of no absorption during the lncrement given that there
was no absorbing event during a previous inerement, viz.,

Pr(Ei[Ei_l cE;, e El) (21)
where fi represents the nonoccurrence of an absorbing event during
the 1%l increment.

Then, the unconditional probability of no absorblng event
during any number of successive increments 1is glven by

5% .E, 8- ee(m) (e, lm) - ome(EE, - E)
Pr(Ei By g Ey Ei) Pr(Ei) r(EQIEi) (B8, - E)
Pr(Ei|Ei_1 B, o - B (22)
The advantage of this latter formula is that for this specifilc
example there are only two different quantities on the right-hand
side, viz., the probability of no absorption in three transitions

and in five transitions, respectively. From the numerical tables,

these values are % and E%' Thus, the probabllity of no absorption

in % 1ncrements of length three and m increments of length five 1is
' k m
9 -3 - ()
Pe(D) = (3 16
Finally, the probabllity of an absorption is unity minus P(E) or
m
(%)
16

From this formula, the cumulative distribution function of number
of transitions to an absorption can be calculated in tabular form
as follows where n = 3k + 5m.
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I=
=]
s
3
3
=

1 0 3 %
1 1 8 g—%
2 1 11 %
2 2 16 %

Comparison with the previous table confirms that the results are
identical.

When k = m = j, the prcbabllity of an absorption may be

written 5
Pr(E) =1 (EI)J

B =L - \BL
or since 8j =n n
[

- EZ)

Pr() = 1 - (gf

This last formula can be transformed to give 1t the appearance of
the cumulative distribution function of a continucus varlable, viz.,

p(E) =1.e_(%£n%)n

This formula obviously 1s correct whenever' n is a multiple of
elght, but is only approximate zt other values. On the other hand
it gives the correct long-term behavier of the system.

This latter process can be generallzed gquite readily and
aprplied to very complex systems that consist of a serles of finite
Markov processes separated by epocha at which information 1s galned
by deterministic means such as inspections and maintenance. The
conditicnal probabllity cf the nonoccurrence of an absorption is
calculated for each separate Markov process under the assumption
that no abscrptions have occurred durlng any previous process.

The product of all these conditional probabilitles 1s the
unconditional or total probabllity of no absorptions durlng the
whole series of processes. Unity minus the probability of no
absorptions equals the probability of an absorptlion durlng the
whole serles. It is readily apparent that this value 1s calculated
much more sasily by subtracting its complement from unity rather
than considering the cecmplex situation of one or more absorptlons
and theilr possible distributions throughout the series of Markov
processes.
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If and when the pattern of inspections and malntenance repeats
itself, the product of the conditicnal probabilities repeats and
the form of the equatlon for the probabllity of an absorption 1s

Pr(E) = 1 - K9 (23)

where K 1s a constant and j is the number of perlods of the
repeating pattern. If the length of the repeating pattern is T,
then

Pr(E) = 1 - /T (24)

where n now 1s the actual number of transltions. Thls equatlon

may be written
Pr(E) =1 - e (25)

The numerical results of the program INSPEC approximate the
results of INTEG to the extent that the continuous process can be
represented by the discrete Markov process. The discrete process
always underestimates the probabillty of the complex event but the
approximation 1s better the smaller the interval in the dlscrete
representation. The 1nput data for the continuous process as
calculated by INTEG are, Ay, the frequencies of events and thus
can have any real positive value. However, 1in the dlscrete
process, as calculated by INSPEC, the input are probablilities
which always lle in the range zero to unity. The relationship

between the two 1s

~A, At
p=1-e *

where At 1s the time interval of the dlscrete procesa. The
following table shows a compariscn of results of the two
computational methods. The lnput data are:

4 gualifiers, each with failure frequency = 0.005
Initiating event with frequency = 0.01
Probabllity of Complex Event
INSPEC
T INTEG At =1 At = 0,1

50 0.239 x 10"® 0.201 x 10-% 0.235 x 10°°®
100 0.474 x 10=2%  0.4%2 x 102  0.471 x 10™%
200 0.610 x 10! 0.596 x 10-' 0,609 x 10°1
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REACTOR MODEL

The time behavior of a safety system such as shown in
Figure 1 may be considered as a Markov process. The condition
of the system at any time prior to an iniltiating event, Eij, may
be degeribed by an assignment to a state, Si, which is defilned
by a listing of which qualifiers are operative and which are

lnoperative. There 18 one additlonal state In the set, viz.,
the complex event E, whilch consists of all gualifiers 1lnoperative

and the occurrence of an initiating event. TFor a system with a
set of N qualifiers, there are (2N + 1) states. The 2N states
represent all combinations of cperative and inoperative qualifiers.
For example, when N equals two, there are five states as fcocllows,
where O = operative and I = inoperative.

Qualifiers
State QU Qs Perturbatilon
1 0 0
2 I 0
3 0 I
4 I I
5 T I Eq

As seen 1in the earlier discusslion, all that 1s needed to
describe the behavior of this system are the probabllities of the
fallures of the qualifiers and the frequency cof occurrence of the
initiating event E;. The result of the calculations 1s the mean
time to state 5 or equivalently, how often, on the average, state
5 will occur.

Inspectlons and maintenance of the qualiflers during the

‘operating period provide specifilc knowledge of the operability of

the qualifiers and necessarily alter the probabllities of the

"several states. For example, in the above 1llustraticn an

inspection that verifiled the operability of gualifler Q,, would
imply that the probabilities of states 2, 4, and 5 are zero.
The effect of such knowledge at specified epochs 1s accounted for
in the solution by setting the probabillities of the affected states
in the probabllity vector to zero and normalizing =211 of the
remalning probabllitles to unlty. The following table shows an
example of how the state probabilitiles are adjusted to account for
an inspectlon.

State Probabilities

m T2 Ts Ty s

Before Inspection 0.3 ©€.2 0.2 0.2 0.1

After Inspection
of Qualifier @, 0.6 O C.4 0 0
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This form of adjustment 1is justified by Bayes' theorem. After an
inspection verifies the operabllity of one or more gqualifiers, the
states may be divided into two categories: A, those which are
possible and B, those which are impossible or have Zero probabllity.
Bayes' thecrem may pe expressed as

Pr(a,) Pr(C|A,)

Pr(AiIC) = (26)
S er(cla,) - Pr(a,) + S er(c|B,) - Pr(B)
1 1 1 3 J J
where
Pr(Ai), Pr(EB) = probability of state Ay or B prior to
knowledge galned from inspection
Pr(A1|C) _ probability of state Ay given the knowledge

gained from inspection

Pr(C[Ai), Pr(CIEj) = probability that the knowledge gained from
inspection 1s true given that the systems
were in state Ay OF Eh

py the definition of A3 and By, pr(c|ay) =1 and pr(c|By} = O.
Thug after each inspection of one or mcre actions, the glements
of the w probabillty vector are pecalculated as

(a, lc) %

pr(a, |C) =

B! 3 Pr(a,)
7

Pr{A
(27)

L compuber program, INSPEC, has beén written to calculate the
time pehavior of gafety systems. The program 1s described in '
detail in Appendix B.

The program solves the problem of the mean time to a complex
event, E, gilven the probabilities of failure of the qualiflers,
the probability of the initiating event, and the ingpection and
maintenance schedule for ghe qualifiers. The first item that the
program computes 1s the description of all (2N + 1) states. This
consists of a listing of all the integers from zeroc to (2N + 1)
in binary form, where "o (gzero) represents operative and myt
(one) represents inoperative. This list looks, in part, as follows:
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NS
mowrorol®
corr ool
rrooool

OOOOOC)[I;‘o

Next, the program makes up the P matrix from all the failure
probablilitleg. Thils mabrix, as initially formed, contains the two
assumptions: (1) that all failures are independent and (2) that
when a qualifier once fails, it remalns falled until 1ts scheduled
inspection and maintenance. Additlonal input data can be specified
to medify the P matrix to override elther of these two assumptions.
Whenever an operator performance l1ls one of the qualifiers, the
second assumption 1s not a good one. An operator might fail to
regpond satisfactorlly in a parficular instance and yet wlthout
any apparent intervention could be expected to function properly
a short time later. Therefore, the P matrix must always contaln
probabilities for transitions from zll states that include
ineffective operators to corresponding states in which the operators
function satisfactorlly. On the other hand, falled mechanlcal
devices are not likely to functlon properly until inspected and
repaired. There may well be cases in which the fallures of
mechanical devices are not independent. A set of similar devices
may all fall simultaneously from a common cause as for example,
failure of a common power supply. Also, the failure of cne device
in a set may be symptomatic of a general deterloration of the
system and additional devices may subsequently fail wilth increased
frequency. The computer program makes up the P matrix to incorporate
all of the additionally specilfiled requirements.

The 7 vector of state probabllities is initially set to the

value
m=1[1, 0, O, C, ...]

which corresponds to certainty that all qualifilers are operative.
The choilce of this iniltial wvalue is not critical because the
progressing solution soon takes on the character of a Polsson
process. This means that the epochs of the complex event E

are randcmly distributed in time and the mean time toc the
occurrence of the complex event, E, 1ls the same regardless of
the epoch at which the observation of the process starts.
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Once the P matrlx and the 7 vector are made up, the solutlon
proceeds by successive multlplication of the vector by the matrix.
At the epochs of scheduled inspections and maintenance, the m vector
is readjusted to reflect the information gained during the
inspection. This readjustment 1s made as descrlbed above. The
results printed out at each inspection epoch are: (1) time,

(2) probabllity of complex event durlng time since last inspection,
(3) probabllity of nonoccurrence of complex event since time
zero, (4) -4n(l - Pe(T)), and (5) qualifiers inspected.

Although the situation in which the computer program 1is most
usefully applied are complex, the results can be expressed in the
form of equation (6) written here as

Pr(E) = 1 - oot (28)

where 1/a is the mean time to occurrence of event E. Thus, one
parameter characterlzes the complex behavior of a set of events,

a set of gqualiflers, an Inspectlon and maintenance schedule, and
correlations between fallures of qualifiers. In other words,

« is some Funection of all of these quantities and characteristics.

The characterization of a safety system by a minimum set of
parameters independent of the propertles of the events seems
desirable. This problem is analyzed in the following manner.

Any system, no matter how complex, that has a time behavior of

the form of equation (28) 1s equivalent to a three-state system.
By equivalent 1s meant that the a's for the two processes are the
same function of the probabllity of the inltiating event X when
thisg latter probability is the only varlable in the processes.
Later discussion and examples clarify this meaning of equlvalence.
The three-state system is shown in the following dlagram.

State 3
State 1 _1‘12__-. ’ State 2 ) Bvent E
r

1 tonst one 2 quentriers |70 AL suticiene
qua er 18 r are lnoperative.
cperative.  — ] :ndnin:.l :zat ing

ve

cecurred.

The ry4 are the rates or frequencles of the transfer between the
three states because the system 1s now to be consldered continucus
rather than discrete. States 2 and 3 in the three-state system

are identical in all respects to the last two states in the

complex system and rog is the frequency of the initiating event
identical with that in the complex system. All of the complexitles
of the first 2N - 1 states in the complete system and of the
inspection and maintenance schedule have been condenged into a
single state and the two parameters r;, and rpz,. Thus, the
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objective of finding a minimum set of characterizing parameters

has bheen formally satisfied by showlng that any safety system and
its assoclated operating procedures are descrilbed by the parameters
ris and ry;.

The calculatlon of r;p, and ry; in a speclfic case where o
hag been determined by the computer program regquires the functicnal
relation between a.and r, sy rz;s, and ryz. This relation is
obtained by starting wilith the followilng set of equations.

d,
at = =~ 2T, + I'p,72
dmo
gt T12M1 = Taifz - TasTs
(29)
ams
ag = Tz

1T1+7T2+7T3=1

This set of equabtions 1s similar to set (9) except they represent

a contlnuous Markov process rather than a dlscrete process. These
equations wlll be reccgnized as the usual equations for first-crder
reactions. If r;, were gero, they would descrlbe a radioactive
decay chaln A+ B—= (.

The 1tem of concern in this system 1s ma(t) which 1s the
probabllity that the system has arrived at state 3 sometime
pricr to time t. It is the cumulative distribution funeticon of
the random variable, whilch is the time to occurrence of state 3.
Ag will be geen, ws(t) inereases monotonically from a value of
zero at £ = 0 to unity as t = e, ‘

The solutlon of the set of equations (29) 1s

Be-at ae-ﬂt
ma(t) =1 - '5-a (30)
where
a = 2r pTon
Tio + Ipy + Tpg + -\/(rl2 - Paa) B4 rp® 4 2r il + 2Ps,Tay

and (31)

8 = Ty olagn

o

The detalls of the solution are omitted here, but substitution of
equationg (30) and (31) into set (29) verifies that they are
indeed soluticns.
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The fact that equation (30) does not match exactly the form
of equation (28) 1s the result of an initial transient condition
introduced into the solutlons of equations (29) by assuming that
7,(0) = 1.0 and mx(0) = mgx(0) = O. However, B 1ls always much
larger than a in systems of interest sc that the second exponential
rapidly becomes negligible compared to the first exponentlal.
This relationship is similar to equation (6) and a plot of sample
data, a8 shown Iin Flgure 3, 1z linear with a slope of a. That 1s

B
-mﬂl—PJtH --h1&a+<n (32)
Equation (32) shows that the straight line does not necessarily
pass through the origin. Since the primary concern 1s with the
long-term behavior of systems, the effects of the inltial
conditions are always disregarded and all characterizatlons are
derived from the one parameter, a.

The cumulative distribution function wg(t) has the density
function

dra{t)  _aB ( -at -t
at  p-o (e - ® ) (33)
The failure rate, which 13 sometimes used to describe systems,
is
ang(t)/at _ ap (1 - & (P-Y) (38)
1= ms(8) ~ o (B

The expected time to the occcurrence of state 3 1s the item
of greatest concern. This guantlty 1s deflned as

EB(T) = 2 (35)

The results of the indicated integration ylelds
- aae"'( ﬁ—‘l) t
j ae-(ﬁ—a)t)

2

E(T) = (36)

Gﬂ(ﬁ

This expected interval 1s (B + a)/ap and 1/a for & = 0 and t = =,
respectively. The difference between these two values is only a
reflection of the initial translent, and the approach fo the value
1/a 1s very rapld for systems of interest. In all that follows,
1/a will always be used as representatlve of the process.
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The following numerlcal examples 1llustrate how data on

models that simulate realistic reactor systems are converted to

equivalent three-state systems.

The safebty system conslsts of

three gqualifiers, each of which becomes 1noperative,
once every 500 time units.
schedule were consldered as follows:

Schedule Degceription

A Each qualifier was lnspected on a random
schedule wilth an average frequency of once
each 100 time unlts.

B Each qualifier was inspected simultaneously
every 100 time units.

c Bach qualifier was Ilnspected every 100 {time
uriits but with a phase shift of 33 time
unlts between each device, i.e.,

Qualifier 1 - 33, 133, 233, ...
Qualifier 2 - 67, 167, 267, ...
Qualifier 3 - 100, 200, 300, ...

D All qualifilers were lnspected, on the
average, once every 100 time units
according to the followlng schedule:

Qualifier 1 - 097, 194, 291, ...
Qualifier 2 ~ 100, 200, 300, ...
Qualifier 3 - 103, 206, 309, ...

- 3T -
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The following table lists the results of the calculatlons.

Characteristics of Safety System

Constants of Equivalent

Inspection Frequency, Tas of Mean Time Three-State System
Schedule  Initilating Event  to Complex Event 1/o Tio T,
A 2 x 1078 1.16 x 1079
3 0.62 1.28 x 10-+ 2.76 x 10~
6 C. 44
B 2 3.47
1.80 0.73 4,85
B 6 1.25
c 2 g.70
4 4,93 0.59 11.3
¢ 6 3.35
D 2 6.81
4 3.50 0.54 7.13
D & 2.40

The r;», and 'y, are derived from the a's ealculated by the
computer program by use of the relation shown in equation (31) .

In systems that provlde adequate protection, Tiz 1g small compared
to rz; and possibly to ras. This assumption permlts r,. to be
neglected in the denominator of equation (31) and a to be written
ag approximately

T, oF '
a x —2-28— (37)
Y rgy t Tzs 3

This eguation can be rearranged to

}.=(£aJ._L)+_.1_ (38)
a T'y2 Tes iz

Thus, for a safety system in which Tza 1s the only varlable, 1/a
is a linear function of 1/raa. Further, when 1/a is plotted
against, 1/Tzs»
1
(39)

Tiz = ‘Tntercept
and

_ 3icpe
T21 = Intercept (40)
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The data for the four systems shown in the preceding table
are plotted in Flgure 4 4o show that the expected linear relation
does indeed hold. The constants for the equilvalent three-state
systems were obtalned from these linear relations. Because there
are only two parameters, r,, and rp; tc be determined, only two
pairs of values for a and rpmz are requlred.

[
SCHEDULE
a—
D
o
=
x —
-l
B
——————— 4 -
o | | | | | |
o] 1 2 3 4 5 8 T
i -2
Fz % 10

FIG. 4 PLOT OF FUNCTION
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FREQUENCIES OF RARE EVENTS

A thorcugh and satisfactory analysls of the safety of any
complex system by these probabilistic methods will require some
inputs that are frequencles of rare events. The occurrence of
these rare events may lead to severe consequences go that this
possibility should not be lgnored. Since by definltion rare
events occur infrequently, the number assigned to the frequency
of such an event 1s based on very little data and 1is consequently
subject to appreciable uncertalnty. For example, what frequency
1s to be asslgned to a postulated event that has never been
observed to occur?

The following procedures constltute a method for aessigning
frequencies to rare events on a conslstent and statistically
valid bagis. The intervals between occurrences of events are
assumed to have an exponential distribution. The number of events
in unit time thus has a Polsson distribution. This assumption
1s generally regarded as valid for fallures of mechanlcal equipment
provided that the equipment 1s run-in or tested to correct obvious
manufacturing defects and 1ls replaced, maintalned, or repailred
prior to the onset of excessive wear. From an observation of
the number, C, of events, in this case, mechanical fallures, in
a time T, the probability that the true number of events is less
than or equal to r ls given by,

rC o -a
P(A £ r|C) wj; E-—--e;-------doa (41)

Equatlon (41) 1s derived by the use of Bayes' theorem with the
assumption that the process of concern is drawn from a population

of Poisson processes that have a uniform distribution of frequencies.
This assumption is the equivalent of no preconception of the llkely
fallure rate pricr to making the observatlon. For example, suppose
that 10 items of equlpment were each operated for filve years without
a fallure, what 1s 1t reasonable to assume concerning the true
failure rate? In this instance, C equals zero and

P(A < r]0) =f e ® da
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If the confidence level concerning the assertlon wilth respect
to A 1s set at 90%, then

and
r = 2.302

Therefore, the probability 1s 0.90 that the true number of events
i1g equal tc or less than 2.302 or the fallure rate is equal to or
less than 2.303/50 = 0.046 per unit-year. The following table is
a short example of confldence limits on the true number of events
glven various observed values, C.

Upper Confidence Limits for True Number
of Events 1nh a Polsson Process

Chserved Number Confidence Level
of Events, C 0.90 0.95 0.97hH 0.99

2,302 2.996 3.685 4,605
3.800 4.744 K.R72  6.638
5.322 6.296 T7.223 B8.406
6£.681 7.754 B.767 10.045
7.964 9.154% 10.242 11.605

FFwmn - O

0

The integral in equation (%41) 1s the xZ integral and thus
can be found already tabulated in collections of statistical tables;
e.2., Pearson and Hartley, Blometrlka Tables for Statisticilans,
Vol. I. The degrees of freedom, v, in the x¥2 distribution is equal
to v = 2(C + 1) and X2, the value of the parameter, equals x% = 2r.
Thus, the value of r can be read from the tables for any tabulated
values of P and C.
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APPENDIX A

Computer Program INTEG

This version of the computer program was written by

Jeffrey L. Plech, an employee in the Appllied Mathematles Divislion
at the Savannah River Laboratory during the summer of 1967.

This program calculates, as a function of time, the proba-

bility of a complex event that 1s the occurrence of an lnitilating
event at a time when all safety qualifiers are inoperative. The
program can analyze a system consisting of many qualifiers; e.g.,
50-100. The effect of inspecticn and maintenance schedules 1s
accounted for, but all failures of the qualiflers are Independent.

Programming Notes

The program works in the following order:

Reads the number of problems to be calculated and does the
following for each Job.

Reads number of safety qualifiers, the number of integration
steps per unit of time, total time for problem, freguency of
inltiating event, time interval for printout of results, and
an option to allow starting integration at a time other than
an Inspection epoch.

For each safety qualifier, reads failure frequency, time
between inspectlon, time of first inspection.

Sets up schedule for Ingpectlions of all safety qualifiers and
begins numerical 1ntegration. -

At each inspection polnt the result of the Iintegration 1s the
probabllity of the complex event during the tlme interval

since previocus inspection. If this prcbabillty 18 less than
10-1%, the integration i1s continued untll the sum of the
probabilitles in successilve Intervals exceeds 10='%. When
this condition 1g met, the sum 1s subtracted from unity to
give the probabllity of the nonoccurrence of the complex event
over the group of intervals. The product of the nonoccurrence
ig accumulated, and when the probabllity of occurrence of the
complex event 1s required the product is subtracted from unity.
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Prints out results which consist of the following:

e Identity of qualifiers inspected during each time inferval

selected for printout of resultis

Time selected for printout of results

Value of Integrand in equation (36)

'
e Cumulative probabllity of complex event
e -im[1 - P(T)]/T

This latter quantity 1s the frequency of the equivalent
Polsson process.

Card

Input Data Format

Type Column Format Description Comment
A 1-5 I5 Number of problems 1in set
B 1-10 110 Number of quelifiers
11-20 T10 Number of integratlon steps Accuracy
per time unit increases
with lncrease
in number of
steps
21-35 D15.0 Total time units of problem
36-50 D15.0 Frequency of initiating
event
51-65 D15.0 Intervals at which
results are prilnted
66-70 15 1, 1f the initial
Inspection of any
gualifier occurs at
timg prior to T = Oj;
otherwlse, 0
o] 1-15 D15,0 Failure frequency of One card of
quallfiler Type C for
each
qualifier
16-30 D15.0 Time between inspections
of qualifier
31-45 D15,¢ Time of first Inspection
of qualifier
46-60 D15.0 If option 1 was used on

Card B in column 66-T0,
then a negatlve number may
he used to 1ndlcate an
inspection prior to T =0
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REAL*8 LAMBDA{100}),TIME(100),CURNTT(130},PREVIML100),PROD,CUMPRU,
lLMBDA,FTIME:DIVPT;T'STPSIE X:YuPPROoSUM:PPROTvTNEKT:TPUT,TDELTA;TR
IJUET»TPUTL 4PRODL s TLAST, TMPSUM S SUM, DLCU MP
DIMENSION INDEX (100}
CALL EFTM{40)

INTEGRATIONINTEGRATIONINTEGRAT IONINTEGRATIONINTEGRATIGNENTEGRATIONINTEGRATION

PROGRAM PERFORMS INTEGRATION OF PROBABILITY ODENSETY FUNCTEONS TO DETERMINE
THE PROBABILITY OF AN EVENT IN A GIVEN TIME PERIOD. THE DENSITY FUNCTION
IS TYPICALLY A NORMALIZED PRODUCT OF DENSITY FUNCTIONSy EACH OF WHICH 1S
USUALLY DISCONTINUOUS. THE INTEGRATION IS ROUGHLY DONE 8Y THE
TRAPEZOIDAL RULE BETWEEN DISCONTINUITIES OF THE DENSITY FUNCTION. THE
PRODUCT OF £ACH OF THESE INTEGRATIONS IS THE DESIRED PRUOBABILITY.

INPUT VARIABLES

NJOB - NUMBER 0OF JOBS Td BE RUN
NFACTR - NUMBER OF PROBABILITY DENSITY FUNCTIONS TO BE READ IN
ISTEP - NUMBER OF INTERVALS EACH UNIT J3F TIME IS TO BE DIVIDED INTO . IN
GENERALy THE LARGER ISTEP, THE MORE ACCURATE THE RESULT.
HOWEVER, MAKING ISTEP TOO LARGE GREATLY INCREASES RUNNING
TIME AND COULD CAUSE UNDERFLOW.
FTIME = FINAL TIME. FUNCTION I35 INTEGRATED FROM ZERO TO FTIME.

LMBOA - PROBABILITY OF ORIGINAL EVENT HAPPENING
TPUT - INTERVALS ON TIME AXIS AT wWHICH PROBABILITIES ARE OUTPUTTED
IOPT - OPTION WHICH ALLOWS STARTING INTEGRATIUN AT SOME OTHER POINT THAN

A DISCONTINUITY. (SEE PREVTMI)

FOR EACH J40B THERE ARE NFACTR CARDS, EACH WITH THE FOLLOWING

LAMBDA(IL) - FAILURE RATE FOR THE I*TH CIRCUIT
TIMELT) - TIME BETWEEN INSPECTIONS a9F I*TH CIRCUIT
CURNTT(I) - TIME OF FIRST INSPECTION OF I*TH CIRCUIT. (5HOULDO BE LESS
THAN TIME{I)s IF CURNTTUI} = 0, THEN FIRST INSPECTION
OCCURS AT TIME{(!).)
PREVIMiI) - USED IF IOPT = 1. NEGATIVE NUMBER INDICATING WHEN LAST
. INSPECTION TOUOK PLACE, GIVEN T = 0 AS STARTING TIME.

INTEGRATIONINTEGRAT JONINTEGRAT IONINTEGRATIONINTEGRATIONINTEGRATIONINTEGRATION
READ (5,4001) NJOB

400 FORMAT ({15}
DO 19 NUM = 1, NJOB
WRITE (6,401) NUM

401 FORMAT {* JOB NUMBER',15,////7)

- READ (54500} NFACTR.ISTEP FTIMEsLMBDA, TPUT, I0PT

500 FORMAT (2I110,3D15.0,15}
WRITE (6,7C01}

700 FORMAT (26X.*INPUT DATA*)
WRITE {(6,7C1)

TOL FORMAT {///7 NUMBER OF STEPS / UNIT TIME's9X,*FINAL TIME"®,9X,*LAMB
1DAY }
WRITE (6,6C0) ISTEP, FTIME, LMBDA

600 FORMAT (15XI5,16XD17.10,2XD17.100
WRITE (6,702)
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702

703
T04
501
601

9
705

106

11
10

18

20
41

13

12

FORMAT (///% SAFETY CIRCUIT FAILURE®)
WRITE (64703) .
FORMAT (3X, " RATE! 214X, TINE BETWEEN {NSPECTIONS®+5%s ¢ TINE OF FIRST
1 INSPECTION®)

WRITE (6¢704)

FORMAT (/)

D0 9 1 = l» NFACTR

READ (55501) LAMBDALL)s TIME(T)s CURNTTL1 )y PREVTNLI)

FORMAT (4D15.0)

HRITE (65601) LAMBDALILD. TIMELT)s CURNTTLI)

FORMAT (1X010.3, TXD1743412XD17.3}

GONTINUE

‘WRITE (6,705)

FORMAT{'1")

WRITE (64706}

FORMAT (llx.'TiHE'.13x,'DENSlTY'FUNCTIUN VALUES 12X+ * CUMULATIVE PR

1OBABILITY (-LNII—PlTlllIT'I
pPRO = 1.D0
TLAST O

olvPT = ISTEP
STPSIE = 1.00/7D1VPT
T = ~STPSLE/2.00
TDELTA = T

TPUTL = TPUT

pg 10 L = 1s NFACTR
1 {10PT-1) 49544
pREVIMLIY = 0.
INDEX{I1) = O
IF (CURNTT{I) - 10.E~10) 11411,10
CURNTTII) = TIMELE)

CONTLINUE

T = STPSZE + T

SUH = 0.

SSUM = Q.

TNEXT = CURNTTLL)

IF‘NFACTR-EQ-l' GO TO 41

po 20 L = 2» NFACTR

TNEXT = DMINI(TNEXT.CURNTT‘II)
INDEED = 0

po 12 1 = 1y NFACTR

IF (CURNTTLL) - INEXT =.1) 13,13,12
INDEED = INDEED + 1 )

INDEX( INDEED} = i

CONTINUE

INEXT = TNEXT -~ TLAST + .0Q05

IEND = INEXT*ISTEP

po 14 I = 1 I1END

pROD = 1.00

oo 15 J = Ll NFACTR

X = LAHBDA(J)*!PREVTH‘J’ - T

v = DEXP{X)

PRODL = PROD*E1.00 - Yl
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15

22

32
33

503
21

14
ot

3l

30

17

- 19

CONTINUE
PROD = PROD*LMBDA

X = LMBDA*(T ~ TNEXT)

Y = DEXP{X)

PROD = PROD*Y®STPSZE

SUM = SUM + PROD

TRUET = T + TDELTA

IF (TRUET-TPUTL+.00001} 21,22,22

TPUTL = TPUTL + TPUT

PRGD1 = PROD/STPSIE

TMPSUM = SSUM + SUM#DEXP{LMBDA*({ TNEXT-TRUET)})
PPROT = PPRO*(l. — FTMPSUM)

CUMPRO = 1.-PPROT

IF {CUMPRO - 1.D-14) 32,33,33

CUMPRO = TMPSUM

CONTINUE

DLCUMP = -DLOG(1.D0 — GUMPRO)/TRUET

WRITE (6,503) TRUET,PROD1,CUMPRO,DLCUMP
FORMAT (5XD13.5,12XD20.13,11XD20,13,17XD20.13)
CONTINUE

T =T + STPSZE

CONTINUE

WRITE (6,707) (INDEX{I)y I = 1, INDEED)
FORMAT (* FACTORS INSPECTED ARE ', 1215}
SSUM = SSUM + SUM

IF {SSUM = 1.0~14) 30,31,31

PPRO = PPRO*(1.D0 = SSUM)

SSUM = 0,

SUM = 0.

TLAST = TNEXT

DO 17 I = 1, INDEED

PREVTM{ INDEX(L}) = TNEXT

CURNTT{INDEX(I)) = TNEXT + TIMELINDEX{I))
CONTINUE

IF [TNEXT-FTIME) 18,19,19

CONTINUE

STOP

END
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APPENDIX B

Computer Program INSPEC

This version of the computer program was wrltten by
James E. Huneycutt, an employee in Appliled Mathematlcs Division
at the Savannah River Laboratory during the summer of 1966.

This program caleculates, as g function of time, the proba-
bility of the complex event which 1s the cccurrence of a potentilal
perturbation at a time when all applicable safety qualiflers are
inoperative. The program can ahalyze a system consisting of as
many as seven safety qualiflers and all of the perturbations
agalinst which the safety qualiflers provide protection. The
effect of inspection and maintenance schedules and possible
correlations between failures of actlons are accounted for in
the computation. During the time intervals between Inspections,
the operatlon of the system 18 simulafted by a Markov process.

At inspection times, the probabllitles of all the possilble states
are adjusted 1In accordance with Bayes' theorem.

Programming Notes

Comments are given at the beginning of the program for the
use of the meore important varlables. The program works in the
followlng order:

1. Reads the number of probhlems toc be run, and does the following
for each problem.

+ 2. Reads the number of safety qualifiers (NFACT), the total
number of time increments tc be consldered, and the state to
be analyzed. (The state to be analyzed is usually left blank;
the blank sets the value to (2NFACT 4+ 1) which is the complex

event.)
3. Reads the following for each safety qualifler 1n the system:

(a) The length of the interval at which the unit 1is
inspected, K. (e.g., every 100 time increments).

(b) The lag, L, such that: ¢time to first inspection = K-L.

4, Creates the 1lst of all possible states for the system. (The
procedure gives (2NFACT + 1) states.)

5. Reads the probabilility of fallure per time increment for each
qualifier.
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10.

11.

12.

13.

. ool Lo TR e

Creates the transition (probability) matrix under the
assumptlon that all unilts are independent and non-self-
correctling.

Reads the probabllity per time increment of occurrence of
the inltiating event.

Reads in additions and/or corrections to the transition
matrix. {Interdependence of units and self-correction are
incorporated here.)

Reads whether a printout of the transition matrix is deslred;
if not, a blank card is sufficient. (Not recommended if
NFACT 1s larger than 3 since the matrix 1s (2NFACT + 1)
{2NFACT + 1).)

Prints out the time intervals and lags for inspectlon and
fallure probabillities for all safety qualifiers along wlth
the probabillity of occurrence of the iniltlating event. The
transition matrix 1s printed out if called for in (9).

Reads a card to determine whether the quantity (P, = o/Tpa)
is desired. If not, a blank card is sufficlent.

Sets initial probabillities of all allowed states. These
probabilities correspond to all qualifiers operative.

Begins computation and does the following for each time
inerement:

(a) Determines probabilities of all allowed states at the
beginning of the increment.

(b) Determines which qualifier (1f any) are inspected at
this increment.

(¢) Prints out results when any qualifiers are inspected.
(d) Readjusts values of the probabillities of all allowed
states 1f there 1s an inspectlon.

The results consist of:

e The number of the time lncrement

e Probabllity of complex event during interval since last
inspection

e Probability of nonoccurrence of complex event since t = o]

® Qualifiers Inspected
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Card
Type Column
A 1-5
B 1-5
6-10
11-15
C 1-5
6-10
D 1-10
11-20
E 1-10
F 1-80
1-10
16-20
G 1-5
6-10
11-20
H 1-80
I 1-80

or

Input Data Format

Format Description Comment
I5 Number of problems to be run
I5 Number of qualiflers to be
inspected £7
15 Number of time increments in
problem
15 State to be analyzed Usually blank
I5 Interval bhetween inspections
of qualifier One for each
15 Lag qualilfier
D10.5 Probabllity per time
Increment of fallure of
qualifier 1
D10.% Probablility per time
Increment of failure of
qualifier 2
D10.5 Probabllity per time
increment of occurrence
initiating event
n 1"
A4 NO ADDITIONS Piok one
Don't use
n u
Ak "ADDITIONS" ADDITIONS O
15 Number of addltions
15 Index T Include this
only if
15 Index J " ADDITIONS"
D10.5 Precbhabllity of going from card 1s used
State I to State J above,
A4 "FRINT QUT MATRIX" or "DO
NOT PRINT OUT MATRIX" Pick one
A4 "PRINT OUT P12" or "DO NOT
PRINT OUT P12" Pick one
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101
102
103
104
105
106
107
201

202
203
204
205
206
207

208

404

INSPECL

P(l1,d) IS PROUBABILITY OF GUING FROM STATE I TG STATE 4

A(L) IS PROBABILITY OF BEING IN STATE i

KK{IoJ) DEFENES THE STATES (1), KKI{I,J) IS5 O IF UNIT g IS
DOPERATIVE AND 1 IF UNIT J IS INGPERATIVE

B{I) IS WORK MATRIX ASSOCIATED WITH A

PPL1) IS PROBABILITY OF UNIT 1 BEING INOPERATIVE

K{IJ IS INTERVAL AT WHICH UNIT 1 IS INSPECTED

LI{I} [S LAG TFTIME FOR UNIT I

FOR EACH TIME INTERVAL
DCI) IS O IF UNIT I IS INSPECTED AND 1,1IF NOT
E{I) I5 A WORK MATRIX DETERMINING HOW STATE I IS EFFECTED
¢ IS THE DENOMINATOR [N BAYESY THEQREM

REAL*8 P{150s1500+A(150),B(150),PP(10)+AB{L150)+CyLCsBA,VAL,OLCUP
COMMON PsAsBsPPsABeCoCCoBA+VAL 4D(10)+DDILO) 4ELL50)+KK(L150210),L110

1) K{10)4ML(10)

DATA TEST/Z'ADDIY/,PRINT/YPRINYS

FORMAT (315}

FORMAT (215)

FORMAT (8D10.5}

FORMAT { A4,11X,15)

FORMAT (215,010.5)

FORMAT (A4)

FORMAT (10F10.6) R

FORMAT {1H1l,10X422HSCEDULE FOR INSPECTION//Z15Xy 4HUNIT.16X,
1 BHINTERVAL 12X y3HLAG» 20X, *PROBABILIYY OGF FAILURE'/)
FORMAT (12X +I5418XyI5411X315,25X4F10.5}

FORMAT (76X ,F1Q.8//7774/)

FORMAT (4X,110,206X4014.8) 48XyD14.8,10X,1012)

FORMAT (1HL 30X, "ANALYSIS OF STATE',10I13)

FORMAT [//77719X,* PROBABILITY OF*",7X, *PROBABILITY OF')

FORMAT (6X, °'TIME PERIOD OCCURRENCE NON=DCCURRENCE" 4

1 T *—=LN{L-P(T}) TYPE OF INSPECTION®/)
FORMAT (1H+,114X,F15.13)
READ (5,102) MMMM
DG 999 LLLL = 1.MMMM
cC =1
READ (5,101} NFACT o NNNN,JJ
00 5 1 = 14NFACT
READ {5,102) K{IL),L (I}
HWRITE (6,201}
N = 2%&NFACT
NP1 = N+1
IF {JJ .EQ. 0O )} JJ = NP1
DO 404 1 = 1,.,NP1
DO 404 J = L1.NP}
P{l,Jd) =0
CREATE STATES
DO 1 I = 1,N
M=1-1
DO 1 J = 1,NFACT
KK{lsd) = HOD‘H:Z’
M= M2
DO 4 J = 1,NFACT
KKiINPLsJd) = O
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CREATE PROBABILITY MATRIX
ABINPL) = O
READ (5,103) (PPLJ)sd = LeNFACT)
00 300 I = 14N
irl =1 + 1
AB(I) =0
DO 301 J = IP1.N
AM = 0
BA =0
DO 302 LL = laNFACT
MA = KK{JoLL) — KKEI LL)
IF {MALEQ.1)1BA = PPILL)
302 AM = AM +1ABS{MA)
IF (AMaNE.l.) BA = O
ABII) = ABILI) + BA
301 P(I,J} =BA
300 CONTINUE
NML = N=l
DO 304 4
304 PLJsNPL)
READ (5,103) PI(NsNP1)
DO 7 I = 1+NFACT
T WRITE (6:202) [+K(I),L{T}.PPLID
WRITE (6,203) PIN(NPL}
ABIN) = PI{NyNP1)
DG 305 J = 1,N
305 PI{NPl,J) = O
READ (5,104) TSETNOM
IF { TSET .NE. TEST 1 GO 7O 401
DO 402 I = 1,NOM
READ {5,105)MsJdVAL
ABILM) = ABIM) + VAL - PI{M,J)
402 PUM,J) = VAL
401 CONTINUE
00 306 I = 1,NPL
306 PlIsI) = 1. - ABL(I)
READ (5,1006) TSET
IF t TSET JNE. PRINT )} GD TO 503
! DO 303 [ = 1,.,NP1
303 WRITE (6,107} [PlIsJd)sJd=1,NPL)
403 CONTINUE
READ [5,106) TSET

1,NM1
0

I n

All) = 1
DO 3 1 = 2,nNP1
3 AlL) =0

WRITE (632053 (KK{JJed)sd = LsNFACT)
WRITE {6,206}
WRITE (64207)
BEGIN TIME INTERVALS
00 999 KKK = 1,NNNN
DETERMINE NEW PROUBABILITIES
00 6 1 1,NP1

J L+ NP1
6 BUI) = BUI) + ACJI*PlJY,I)
DETERMINE WHICH UNITS ARE INSPECTED
DO 29 1 = 1,NFACT
D{Iy = 1
MP = KKK + ©{I)

¢)
B
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29

28

20

333

16

19

17

18
998

999

IF TMOD(MPK{1)).EQ.O) DL(L) = 0
I1 =9

D0 28 J=1¢NFACT

Il = 11 + DL}
IF (II .EQ. NFACT ) GO TO 998
1 = I
CC = CC #% {l. - BLJJ) }
OLCUP=-DLOGI(CC)
DO 20 J = 1.NFACT
MLIJ) = DLJ}
PRINT OUT RESULTS
WRITE (6920%) KKKsBUlJJ}+CCoDLCUP¢(MLIJ) 2 J=])yNFACT)
IF { TSET .NE. PRINT ) GO TO 333 '
BA = DLOGICCI/{KKK®P{NyNPL) )
WRITE (6,208) BA
CONTINUE i : .
DETERMINE HOW EACH STATE IS EFFECTED
00 16 J= 14N
EltJ) = 0
DO 16 Il = 1.NFACT
E(J) = E(J) + (l.-D(IINI*{DIIN) - KK{JoLl1}D)**2
DO 19 J = 14N
IF {E{J)NE.0.)DDLJ)
IF {E(J).£Q.0.)00(J)
CONTINUE
DDINPL) = O
CREATE DENOMINATOR FOR BAYES® THEOQREM
C=0
00 17 J= LsNP]
¢ = C + DDGJI*BLI}
IF (C.EQ.0.) GO TO 998
DO 18 J = 14NP]
CREATE PROBABILITIES DETERMINED BY INSPECTIUN

0
1

Hou

A{J) = DDLJI*BLII/C
60 TO 999

DO 30 M=1,NP1l

AtM) = BIM)
CONTINUE

sTOP

END
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