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SUMMARY: WASTE TANK STRESS ANALYSIS, TYPE I, II AND 111 TANKS

INTRODUCTION

Results of stress analysis for the sgteel containers of types I and III waste
tanks were reported in DPST-73-348(1), where detail stress variation was
1llustrated for reglons of high stress with maximum stress components
provided at locations above the toroidal knuckles in all cases. It was
also implied that the stresses 1in the knuckles are not excessive though
calceuiations were not shown, 8Studles made by the Engineering Department(Q)
at & iater date indicated geod agresment on magnitudes and locations of
maximum stresses above the knuckles; however two sets of data were glven
regerding the stresses abt the junetion of the knuckle and bottom plate.

One calculation showed & higher stress component than the meximum stresses
above the knuckle, and the other, & lower value., As a consequence, the

s 14 Yo I ] 1 4 . A 11 v " 1 4 +nt £ 4=
data were consldered Inconclusive and further work on the state of stress

within the bottom knuckle was recommended by the Engineering Department.

Thisg letter presents the findings of stress magnitudes in the bottom regions
of the toroidal knuckle and detall description of the analytical spproach.
In supplement to DPST-T73-348, results of stress analysis for type II waste
tanks are also given. Thus the analysis of stress under hydrostatic loading
of all three types of tank configuration is considered to be complete.

L]

(1) DPST-73=348, W. W. F. Yau to A. J. Schwertferger, Stress Analysis of
Type I and III Waste Tanks, May 23, 1973.

{2} J. H. Faupel to J, G. Brewer, Anslysis of Primary Steel Shells of
Wazste Storage Tanks, September 17, 1973.
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SUMMARY

For all types of steel containers of waste tanks at SRP, the critical
locations of stress-maximum difference between circumferential and v
meridional components-are all at a distance above the toroidal knuckles.
Locations and magnitudes of stress components due to full capacity

N e e Tt L T

hydrostatic loading for the three types of steel contaliners are

*
Location Stresses in KSI ( ¥=1)
Tank {Inches above Inslide Surface ODutside Surtace
Type Tank Bottom) Hoop Meridian Hoop Meridlian
I 26 +9.27 -2.07 +7.92 +2,83
1T 56 +8.20 ~0.83 +7.50 +1.62
Il .. = U6 +8.68 -0.83 +8.03 +1.50

I
I

At the junction of the circular base plate and the knuckle bottom,
stresses are purely due to bending moment arising from local change
of curvature of the meridian, commonly termed as "edge effect”.

For all tanks, such stresses are considered not critical, their
magnitudes are

Stresses in KSI (V= 1)

Tank Inside Surface Outside Surface
Type Hoop Meridian Hoop Meridian
I -2.01 =717 +2.,01 +7.17
IT =1.11 -3.95 +1.11 +3.95
113 -1.08 -3.87 +1,08 +3.87

In terms of deformation, edge effect 8t the bottom of the knuckle
produces an uplift on the circumferential edge of the base plate,
coupled with a rotation of the outward tangent toward the axis of -
symretry, so that the flat base plate assumes the shape of & saucer
under hydrostatic loading. For type II tanks, there is & series of
small bracings (two inches high)} welded to the lower portion of the
kmickle forming a supportive ring. The "dishing" effect of the base
plate is sufficient to render the bracings ineffective as structural
support; howsver, these bracings serve to provide rigidity in the

¥ Bpecific gravit
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- to the theory of plates

meriodicnal direction and alleviate bending stresses in the lower
portion of the knuckle to a small extent.

4, For loading of waste liquid with specific gravity (¥) other than unity,
the numerical values for stress components summarized in the previous
tables can be linearly scaled wilith respect to specific gravity. Thermal
stresses due to outward heat flow are tensile on the outside, and
compressive on the inside surface and theilr magnitudes, equal for both
hoop and meriodional components, are at most 1.25 Ksi, based on the 10°F
differential temperature across wall thickness. Thermal stresses should
be superposed on those due to hydrostatic loadlng to obtain the overall
state of stress.

DISCUSSION

For type II waste tanks under full capacity loading, response of the
cylindrical portion of the wall 1s obtained by following the procedure
outlined in DPST-73~348. Results are calculated in Appendix A and the
stress variation in the region of high stress is shown in Figure 1.

Stress analysis for regions surrounding the junction of the knuckle and
the base plate is shown in Appendices B, C, and D. Appendix B gives
response of the circulaf %late in terms of general edge loading according
3). 1In Appendix C, the governing differential
equations are first derived in terms of the horizontal component of the
shear force and rotation of the tangent to the meridian asccording to
basic requirements of thin shell ?ﬁﬁhanics, Then the method of solution
is described and Clark's approachl™) of aspproximation 1s gpplied. As
in Appendix B, the approximate solution is explicitly put in terms of
edge loading in general forms. Appendix D shows formulation of the
boundary value prcblem according to equilibrium and continuity, so the
information provided by Appendices B and C is used to determine the
stress state at the Junction.

WWFY:hhi

" (3) Timoshenko, Wouncwsky-Krieger, "Theory of Plates and Shells",

pp. 308 ~ 309, McGraw-Hill, 1959.
(43 R. A. Clark, "Outer Theory of Thin Elastic Toroidal Shells",
op. 146-178, J. of Math. & Phys. 29 (1950).
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NOMENCLATURE
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= Flexural rigidity of plates or shells,
= Modulus of elasticity
Edge force per unit length

= Hydraulic head above top of knuckle, or horizontal
force per unit length

= Shell thickness
A constant slightly greater than 1

o ric B s I o
o
i

Second order linear operator
= A constant, (lwy?) = m?
= Edge moment per unit length
= Hydrostatic pressure on the base plate
Edge shear per unit length

= Radial coordinate, or radius of the cylindrical portion
|
\
|
|
|
|
|

A= N o -

b o "
éw © 0 O
!

Radius of base plate

Knuckle radius

= Hankel's funpction

Displacement

= Complex function of o« and @

Distance from axis of symmetry

Dammy variables

= Dimensionless horizontal force, m x H/(Eha)
Rotational displacement

Edge rotation

Constants

H
o
i

= £ o
il

o
i

ek

\r

N
|

™ TnTe 8
>
I

Qreamntd 4 2 cwaerd +or
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v = Vertical displacement ./
2 —
A constant ; mf‘i(;-‘*"’4 )32
mir?
= Curvature 2
= Ty / Ro

Poisson's ratio

= Density of water

P T NS A f g RV el

Circumferential coordinate |

= Meridional coordinate
Stress
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APPENDIX A

Type I Fank : Change of thickness of &, = /8" above knuckle,

Y = 329” f)w = 0.034/3 #/,,3
2 é M

R = §/0 E = 30(s0) ps¢

r =s2° Y = 028

h, = Zg " /3, = g.0é/09

b, = 78" B 2.9S4ES

k = ).0/6923

For & <87 X =p2

- X
0}(9 (x) = 6523 {)~ 0.05054 X -~ 0. Sob¢d> e (CoSX 2 454525m-k)j

@4 (x) = éjsﬁ[a.ozsg\g *+ 0, )4 G“X(co\j,\* * £.99234 5.0 x )J

2,02, ) =009983" 2’2 ) < 000,254

ey PR

C¢ TOBIPS o, =)8508 — 5@?%.85" sf 1)

for 2 2,87 x =F48
) = _ + 0.223) - 2.820

2284 )~ 66593 =X,  -03829
'})3.}25(_ (GOS)(*ao{Dj\S/bx) j

]

L (x)
a1
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t APPENDIX B

The governing ?ggation for the transverse displacement w of the base
circular plate under pressure 4, 1is

4 L]
V W = j& ) V2 = %
D R o

4

zﬂQ-
[
»le
Nt
o
]

(R

and its general solution in terms of radius R 1s

4 -
w=c,+czlnR+Csﬁz+c4R21«nR+M (B2)
¢4 D
where ’bg is the constant pressure. Referring to Ro —4
Flgure B, let M, (positive counterclockwise), ! a
(positive clockwise), and Q. (positive downward) o
be the moment slope and shefr at the edge, R =R, " L)M,

of the base plate respectively and at R = . Sy .
where the plate loses contact with the founﬁation, L -8,
the moment and slope should vanish and the shearing |

force can be readily calculated by equilibrium . R
consideration of the suspended portion of the
plate, or R.Q.+p,(RX-R’) +R,Q,

With these five boundary conditions, elimination ;ug. B
of the integration constants, R, and Q_, obtains

following relationship at the efge, °©

R :
R, R, Ko
(MQB--'<|"‘V)FO.][MO_I':’"+('+y)Fa] +F‘,Qo? = (BB)

provided that R - R, 1s small for R, > R,, M  can be uniquely expressed

as
2 A
=[Fa(F‘_a°%)J2"’7}/jd (Bu-)

Equation (BU4) will be used in Appendix D to establish edge effects of
the knuckle.

For the waste tanks Q. is approximately P r, or the weight of the
waste above the knuckge
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APPENDIX C

For a differential element of the knuckle between two meridional planes
and two horizontal planes as shown in Figure Cl, the equilibrium equations,
of the element under normal pressure P in toroidal coordinates (x, @) are

fc_P(XV) = xra'})cosq) (Cc1)
ﬁ(XH)=NBf‘°+KrD'}?SIY‘I¢ (c2)
f??(xmq.):Msr‘aCuS(}iﬂ»xro(VCos¢-HS|ﬂ<P) (c3)

Where H, V, and Mg are components of force and moment per unit length

on the horizontal"section, and N, and Me are force and moment per

unit length on the meridional section, r,” 1s the knuckle radius, x 1s

the radius of the horizontal circle and the meridional ¢ is

measured from the bottom of the

knuckle. All quantities are

shown in thelr positive direc- .
tions.

Let W, and Uy be the tangential
and normal components of the dis-~
placement respectively, and f be
the rotational displacement of the
tangent at (x, @), clockwise as
positive as shown in Figure C2, then
[IS:— (l,_;_}-.c.!_l'_‘:_":'_.& ( 4

(7T 7, dé T,

and the two curvatures, by definitilon,

are N
|
K = - - (‘_5) W
¢ o d'¢ (A_ :
f}<0 = - .E_g_si‘ (Cé)
R,tr,SIng

Fig. C1
The strain components become
J du '
£, = = hild SN ¥} C7)
¢ =7 ¢ dé " ") ‘
UsCosp + UuSin
Ra+r.grnc1> -

The constitutive equations can be readily obtained from the stress-strain
and moment- curvature relations -as




MY SoswELL

-9 -

|
E€ge= Uye- U\5=L-(N¢-¢NB)

DPST-T4~392

= = L
rcas<‘>
My = - D( g+ VK -2 (9fy L= y8 )
$ ( ¢ 9) n( CP Rﬁ"‘os"‘q’ ,8
R R R R N Sy P
Mo 6 4 U Rarsme Jg')
Where N, = VSind +HcosP s D= Ehg/['z('-vz)] , and h ig the
thickneEs of the knuckle.
Substituting Mg and Me into eq. {C3), one of the governing equations is
WX gl ( x' 2 ( x") 1 o/ x" V)
+ — -l )Y F==" X H+x Vv
x(S % X b g (C10)

= Ra-e-f‘,,Smcf

* Where the prime symbol stands for the derivative with respect to #.

Eliminating Ng and N from egs.
s

can be shouwn

. ] 1 iz it
(xH)Q-%(xH)-[(id +7§-]fXH)

n " 1 U] }
=‘E”°§<'F -y L xv) -(%‘;-wj{-(xV)

)
-+r°]:(x’lb:sm4>)'+ (r+2) ;-(X?CO%#))]
4 P i X

(C2) and (C9) the other governing equation

Equation (Cl) can be directly in-
tegrated to obtain V, so only B2 and
H are considered as unknowns in
equations (C10) and (Clli). To
consider bending effects of the
knuckle zone only, we set 4= 0,
which is equivalent to excluding
the membrane effect due to 4
Eqs (C1l0)} and (Cll) are further
simplified to the following

+« dimensionless forms:

r
Lftfa)-yA{s+M>~~,;':oc=o (c12)

o
(X)) + P >y — = O
L PIY ~ - (5 (c13)

e —
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Where
A= 2 o« = mx}: mZ= ,20/-9%)
Ko’ Eh= 7 and

L is the second order linear differential operator,
s - /+)\3’”’75[a/2 L _Aces4 o [ esP Jdeos b ]
S/n¢ AT A /‘_}/‘SN‘)?A )

Egs. (Cl2) and (Cl3) are reducible to a single equation of fourth order for
either o or K3 , or a second order equation for a complex function W.

—[(cz--)ﬁy—ni ;S‘KAGDS¢)JW—O

/? /\3;/')?5 / y-).x‘/sqf (C]_}.j.)
Where W = ("*’\S”??'ﬁz):(/g*‘k‘*) k:(/‘::zf«z)z (,:)i)l‘
C ()— ‘f‘ )-2

For the three types of tank material and geometry, A 1s less than 1/40, and

the value of ¢, between 39.9 and 79.8, is much larger than i, so eq. (C1lk)
can be approximated by

1 . AS”
W -t‘¢c¢ ; A;'ff
+ 12

=2 (c15)

The solution of eq. (Cl5) approaches to that of the Hankel equation (5)
asympototically, ,

4D |
a’jé{-} 82 ) (016)

by introducing transformation on 77 and @. Let
W(#)=5(¢)U(»‘)/) /

yi#) = ( 2055, Wit = (3 «J)Z(f
WiP) = j(_S_f_zi_) 0;7,;

/A ASIAn
7]
ed. (C1l6) becomes
—~— ) N AY!W% b 4 ~
W -~ 1LC -
J +)\3/b7£ W ?‘;z w (017)

(5) G. N, Watson, "A Treatise of the Theory of Bessel Functions", p. 97,

Cambridge University Press, 1966.

gfifif ]
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Comparing eqs. (C15) and (C17), they differ by the term (J /3 WS 3220
z‘)’ is at least one order smaller than ¢ , hence accepting the
olution of eq. (C16) as that of eq. (C17) follows the same approximation
© scheme applied to eqs. (C1l4) and (C15). Relssner (6) first introduced

asymptotic integration method into shell theory (6) and Clark made estimates

of accuracy (l4) for particular toroidel shells and found the error within
L%. Comparing the geometry parameters of the waste tanks to Clark's
example, it is reasonable to expect greater accuracy for the waste tank
stresses without solving eq., (Cll4) exactly.

Two independent solutions (5, p.T4) to eq. (C16) are
) 3 v 2 '

. z > = ([,‘) 2z -— '
Tper=(52°5)° K, (3<%, ¢=2%

Where */,s’ are Hankel functions of 1/3 order, first (i=l) and second
(i=2) kind. Their series forms are

4 /] p E, 4 > . R B 3N
2 .4 YRS g _2 T, ~
. E 7. 3 Z 3 ¢ A
E/dk) ==X 3 ¢ 2 2n . < 3 & Z 2m -
ney 3 NI[(n?3) S 3Tnilenrg)
} L) ‘v 3y < - & T
< _ £ . N
T (x) = E&‘?‘é ¢ X +2saz T ¢ X
- z ‘Z 5 é 2), 2 > e Py -
nes S "’-’/ﬂ/’”\g) heo 3 D.‘f'/"?‘g‘)

I
Their values of //, awod 7  at the origin are
— ~ / o
Yle) = -)o7e2g ¢ | J(o) = 037:6( /3400
The general solution to (C15) is
W(E) = g(FI[ACBIT (iyrr (CiDIT (00 ]
From the asymptotic forms of U; and U, for large argument, N
JE | ) 5 .
SO+ ) X3 \ & TE O xR
) = < 3
; J,(ex) = x 7 e

Us increases exponentially. For edge effects near the bottom of the knuckle
zone, the constants C and D must be small compared to A and B. For small &,

T A

Ty =7

WD) 2 S vy ;
N S

Using the two boundary conditions at @ = 0, i.e., My (0) = -M,, H(O) = -Hg,

we obtain Mo P _
A = 30753 =75, 8 =/9%9=3C S0 ) sgsy Lo
The rotational displacemené at # = 0 is / » Fh
(gd - /??[W/a)] =) 0529 B = 4S5 C _2"_:3 -1.92 _}i“_f_‘. (€19)
. E -

(6) E. Reissner, "On the Theory of Thin Elastic Shells", Relssner Anniversary
Volume, pp. 231 ~ 247, Ann Arbor, Edwards (1949).

*—_ I3
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APPENDIX D

F;})0\¢¢(&) =}J ,\a

So the radisl displacement with respect to the base plate 1is

?drafeo (I'JJ)

Eh
and with respect to the knuckle a ¢ =

Since 2¢,

/Pa//\ A I\

. PLR

”k” ”¢¢ ’”aoJ =
where J\¢¢ and

* X

I PR A

J‘M were obtained from p. B3 of DPST-73-348,
..the membrane effects alone would give rise to a
discontlnuity of displacement at the Jjunction.

| PRRUNS P |

ESJ.J.(;'(.bb bu.(..ll LIl L J.UJI bllb‘ KNuckK.iLe

/7; :/7£’;

£h

Ead

DPST-T4-392

e /. ,_}aul
L7 4

Substituting 4/ ;/4,0/“ = &, into egs. (B4) and (Cl9) we obtain

/(5’; = /3 8>z ;—j)-— c =Y ()ra.225

), -

3 2
/\ -—§ r

2 2
- z -3 &4 .z
25—’.51275,/; c [()-»0.27) -}?C“‘

/F;Z C:{.Z . 3?,.)@_-!4 T, Y
7 J ()+2) S I'?C )J

) =77

>4

£
a

/

and the bending stress at the bottom of the knuckle is

7

= 47;zf

LAY A H S | A o LV e L

3
- LVELY e J.U.C Ve.[t.LL&_L QerLecy

CRpe
?e/\‘-‘

((

where the plus and minus 51gns apply to
‘gspect ion &

outsid
L ~
C ¥ =

~ )
Nea%

/:-?

e
~
v

2

170,255 £l )

_,\J7

effects at the junction of the base plate and
the knuckle, there is a tensile force at the junction

v

and inside surfaces
is

‘\ 0
oA 5 .y

S50 there must be edge

(p1)

2

(p2,D3)

(D4)

(D5)

which means the base plate is lifted upward at the rim due to hydrostatic

loadling.

For three
with unit
culation:

types of tank configuration, under full capacity loading of waste
specific gravity, the following table provides the stress cal-

Type of
Tank

T

IT

IiT

(in.)
438
498
498

To

(in,)

I

c

0.7
0.9
1.0

04
90
31

= O] W

o i
(Bst)
7172
3950
3950

~



