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SUMMARY: WASTE TANK STRESS ANALYSIS, TYPE 1, II AND 111’”’TANKS

INTRODUCTION
..

Results of stress analysis for the s eel containers of types I and 111 waste
tanks were reported in DPST-73-348(1J9 where detail stress variatitinwas
i.lhnst,iwitedfor regloinso; high stress with maximum stress components
prowided at locations abcsvethe toroidal knuckles in all cases. It was
also implied that the etresses M the knuckles are not excessfve though
calculations were not shown. Studies made by the Engineering Department(2)
at B later date indicated good sgreemen% OE magnitudes and locations of
maximum stn+?sses&bove the knuckles; however two sets of data were given
?regarciTng%he stresses at the $dnctioreof the knuckle and bottom plate.
One Calculation showed a b.%gh.erstress component than the maximum stresses
above the knucklsj and the others a lower value. As a consequence, the
data were considered inconclusive and further work on the state of stress
StiIC~Inthe batt~n ~uckle was recommender by the Eng%nec?ringDepartment.

This letter presents the findings!of stress magnitudes %n the bottom regions
-of the tor~idal Uuckle ~d detail description of the analy%ica~ appro~~h.
In.supplement to DPST-73-3489 results of stress emalysls for type 11 waste
tanks are also given. Thus the analys%s @ stress under hydrostatic loading
.af all three types d’ tank conflg.uration‘isconsidered “tobe complete.

(1) DPST-73-348> W. W. F. Yaut@A. J. Schwertferger, Stress Analysis of
T!ypeI and 111 Waste Tanks, May 239 197’3.

{2) J. H. Fanpel to J. G. Brewer, Analysis of Primary Steel Shells of
Waste Storage Tanks, September 173 1~~~.
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1. For all types of steel containers of waste tanks at SRP, the critical
locations of stress-maximum difference between circumferential and ●

meridional components-are all at a distance above the toroidal knuckles.
Locations and magnitudes of stress components due to full capacity
hydrostatic loading for the three types of steel containers are

Location Stresses inKSI (1*=1)
Tank (Inches above ~nside Surface
Type

Outside Swface
Tank Bottom] HOOP Merid%an HOOP Meridian

I I 26 +9.27 -2.07 +7.92 +2.83

I 11 56 +8.20 -0.83 +7.50 +1. 62

ill:;-),;,. ,., 46
>,

+8 068 -0.83 +8.03 +1.$0 -

2. At the junction of the circular base plate and the knuckle bottom,
stresses are purely due to bending moment arising from local char~e
of curvature of the meridian, commonly termed as lledgeeffectrr.
For all tanks, such stresses are ccmi.der’ed not critical, thei~
magnitudes are

Stresses in KSI (Y=l)
Tank 1~
Type

Outside Surface
Hoop Meridian Hoop Meridian

I -2.01 -7.17 +2.01 +T.17

111 -1.08 -3.%7 +1.08 +3.87

,.

3. In terms of deformation, edge effect at the bottom of the knuckle
p~wiuces an upllrt on the circuferent%al edge of the base plate,
coupled w%tn a rotation of the outward tangent toward ‘theaxis of
~yw’.metry~so that the flat base plate assumes the shape of a saucer
untierhydrostatic loading. For type II tanks, there is a series of
~md~ bracings (two Inches high) welded to the lower porkion of the
knlddde Forming a supportive ring. The “dlshfng”

L:’-

effect of the base
plate %$ sufficient to render the bracings Inerfectlve as structural

these bracings serve to provide rigidity In the

{
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m~rlodional direction and alleviate bending stresses in the lower
., portion of the knuckle to a small extent.

4. For loading of waste llquid with specif%c gravity (~) other than Unity,
* the numerical values for stress components summarized in the previous

tables can be linearly scaled with respect to specific gravfty. Thermal
stresses due to outward heat flow are tensile on the outside, and
compressive on the inside surface and their magnitudes, equal for both
hoop and meridional components, are at most 1.Z’5Ksi, based on the 10°F
differential temperature across wall thickness. Thermal stresses should
be superposed on those due to hydrostatic loading to obtain the overall
state of stress.

DISCUSSION

For type II waste tanks under full capacity loading, response of the
cylindrical poption of the wall is obtained by following the procedure
outlined in DPST-73-348. Results are calculated in Appendix A and the
stress variation in the region of high stress is shown in Figure 1.

‘ Stress analysls for regions surrounding the ~u.nctlonof the knuckle and
the base plate is shown in Appendices B, C, and D. Appendix B gives
response of the circula late in terms of general edge loading according

- to the theory of plates?3?. In Appendix C, the governing dlffe~entfal
equations are first der%ved in terms of the horizontal component of the
shear Force and rotation of the tangent to the merld~an according to
basic requirements of thin shell Then the method of solution

~~$h~i~~~roximation is applied. A.is described and Clarkis approach
%n Append%x B, the approximate solution is explicitly put in terms of
edge loading in general forms. Appendix D shows formulation of the
boundary value problem aceordlng to equilibrium and continuity, so the
Informaklon provided by Appendices B and C is used to determine the
stress state at the junction.

WWFY : M-d.

(3) Tlmoshenko, Wounowsky-Krieger, “Theory of Plates and Shells”,
pp. 308 M 309, McG~aw-Hill, 1959.

- (k) R. A. Clark, “Outer Theory of Thin Elastic Toroidal Shells”,
pp. 146-IT8, J. of Math. & Phys. 29 (1950).
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NOMENCLATURE

Flexural rigidity of plates or

Modulus of elasticity

Edge force per unit length

shells,

Hydraulic head above top of knuckle, or horizontal
force per unit length

Shell thickness

A constant slightly greater than 1

Second order linear operator

A constant, (1-Y*) = m2

Edge moment per unit length

Hydrostatic pressure on the base plate

Edge shear per unit length

Radial coordinate, or radius of the cylindrical portfon

Radius of base plate

IOnmkle radius

Hankel’s fupction

Displacement

Complex function ofd and
P

Distance from axis of symmetry

Dummy variables

Dimensionless horizontal force, m x H/(Eh2)

Rotational diopl%cement

Edge rotation

Ck2nstm.nts

Specific gravity

Vertical displacement

A constant; @,. Z@

Curvatn.me
/h~fa*

r. / R.

Poissonfs ratio

Density of water

Ci?xmnferenti.alcoordlnat.e

Meridional coordinate

Stress
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APPENDIX A
>.,

Type I Awk : Chunge of +hlcdness o} q, = 18 “ above knuckle .

~ = 324 “
?~

= 0.034/3 #/n’

.
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!, APPENDIX B

:EcE:y::ef?Yzer pressure f is
n for the transverse

,

+. ‘=+&( R&)v41.U= —
D’v

displacement

DPST-74-392

and its general solution in terms of radius R is

‘W =cl+c2[nR+c3R2+C4 K2~R+ =’
64D

‘iwhere . is the constant pressure. Referring to
Figure , let M. (positive counterclockwise), (3.
(positive clockwise), and Q (positive downward)
be the moment slope and she~r at the edge, R = Ro,
of the base plate respectively and at R = R ,
where the plate loses contact with the foun~ation,
the moment and slope should vanish and the shearing
force can be readily calculated by equilibrium
consideration of the sus~ended Dortion of the
plate, or R.Qc+~o(R:- i=’jtReQa=oe
With these five boundary conditions, elimination
of the Integration constants, R and Qc, obtains
following relationship at the e~ge,

w of the base

(Bl)

(B2)

Tlg. B

(B3)

provided that R. - Rc is small for R. > Rc, M. can be uniquely expressed
as

(B4)

Equat%on (B4) will be used in Appendix D to establish edge effects of
the knuckle.

For the waste tanks Q is approximately
?
Or. or the weight of the

waste above the knuck!e.

I

I

I ,.
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APPENDIX C

For a differential element of the knuckle between two meridional planes
and two horizontal planes as shown in Figure Cl, the equilibrium equations.
of the element under normal pressure ~ in toroidal coordinates (x, $) are

(cl)

(C2)

(C3)

Where H, V, and M@ are components of force and moment per unit length
on the horizontal section, and N@ and Me are force and moment per
unit length on the meridional section. rO is the knuckle radius, x is
the radius of the horizontal circle and the meridional ~ is
measured from the bottom of the
knuckle. All quantities are
shown in their positive direc-
tions.

Let UT and U* be the tangential
and normal components of the dis-
placement respectively, and f3 be
the rotational displacement of the
tangent at (x, 9), clockwise as
positive as shown in Figure C2, then

and
are

The

me
and

the two curvatures, by definition,

strain components become

(C5)

L.
(<6) I

Flg.cl

Constitutive equations can be.readily obtained from the stress-strain
moment- Curwca$urerelcltLons as
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(C9)

Where N~= Vxwl+,ticos+
thickne s of the knuckle.

Substituting M@ and Me into

, D= ~h%/[12(1-v2)3 , and h is the

eq. (C3), one of the governing equations is

( Clo )
x = fl. +t=slrl+

.,

‘ Where the prime symbol stands for the derivative with respect to @.

Ellminatlng N and Ne from eqs. (C2) and (C9) the other governing equation
- can be shown ~s

(x H)”+ ~’(x H)l-[($2+V $] (Xkl)

N
= . ~krb L“ _-p :’)(XVJ( ;“-7) $ (xv)

-+rd[(x*5n+)’+()+9) :(x~cnqol

Equation (Cl) can be directly in-
tegrated to obtain V, so only p and
H are ccmsi.deredas unknowns in
equations (CIO) and.(Cll). To
consider bending effects of the
knuckle zone only, we se(t~ = 0,
which is equivalent to excluding
the membrane effect due to ~ .
Eqs (C1O) and (C!ll) are further
simplified to the following

. dimensionless fOrIM:
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Where

Eqs. (C12) and (C13) are reducible to a single equation of four~h order for
either w or

?
, or a second order equation for a complex function W.

For the three types of tank materfal and geometry, ~ is less than 1/40, and
the value of c, between 39.9 and 79.8, is much larger than ~, so eq. (C14) -
can be approximated by I

The solution of eq. (C15) approaches
a.sympototically,

by introducing transformation on ~

(C15)

to that of the Hankel equation (5)

and Q. Let

c16)

(C17)

(5) G. N. Watson, “A TreatLse of the Theory of Bessel Functions”~ p. 97~
Cambridge University press, 1966.

, —
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Comparingeqs. (C15) and (C17),they differby the term (8’73) ~,~:++bq
is at leastone order smallerthan cA

{o~{ion of eq. (c16).s that of eq. (C17)foll~~h~ ~~p~~~~mation
scheme applied to eqs. (c14) and (c15). Relssner 6) firstIntroduced

\asymptoticintegrationmethodinto shellthemy (6 and Clarkmade estimates
of accuracy(4) for particulartoroidal shellsand foundthe errorwithin
4%. Comparingthe geometryparametersof the wastel@CS to clark’s
example,it is reasonableto expectgreateraccuracyfor the waste tank
stresseswithoutsolvingeq. (C14)exactly.

TWO independentsolutions(5,p.74)to eq. (c16)are

~~re H,,3 ‘i’ are Hankelfunctionsof 1/3 order,f’irst(i=l and second
(i=2)kind. Their seriesformsare

32”n”!f(of~ )

Theirvaluesof n, ~~ ~ ‘ at the originare

The generalsolutionto (C15) is

From the asymptoticformsof
-~<1+<>~$

~<<’k) = ~-~p
-1

U2 increases exponentially. For edge effects near the bottom of the knuckle
zone, the constants C and D must be small compared to A and B. For small ~,

m(+)+))k ~+omf’-ww ) (c18)

using the two boundary conditions at 0 = 0, i.e., % (0) = -Me> H(O) = -Ho,

we obtain
,g = 3.0753 ~+ > )-+0R.

6 = J>W3#& - ),>g>) _

‘/?at@=OisThe rotational displatemen Eb’

p, ‘ f+wl =),~>d+ g = ,,szx~fio’:.)y< ‘*F* (C19)
Y’=

(6) E. Reissner, “On the Theory of Thin ElasticShells”,ReissnerAnniversary
volume,pp. 231 - 247,Ann Arbor, Edwards(1949).

I
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APPENDIX D

Considering membrane effects at the junction of the base plate and
the knuckle, there is a tensile force at the junction

f=h L$/@ =f.~o .
So the radial displacement with respect to the base plate is

.2$ = ?“~”~“(1-p)

and with resDect to theEhtiucklest ~ = O

@ -*G)&>.~k ,= ,g( d+
j!+ (,.lP,

where 6?~~ and” &&g viere obtained from p. B3 of~PsT-73-348.
Since %b + &k .,..,themembrane effects alone would give rise to a
discontinuity of displacement.at the junction. So there must be edge
effects such that, for the knuckle

Substituting

H, = j. c (Dl)

+)0=}. < = 6?. into eqs. (B4) and (C19) we obtain

and the bending stress at the bottom of the knuckle is

where the plus and minus signs apply to outside and inside surfaces
respectively. The vertical deflection at @ = O is

(D5)

which means the base plate is lifted upward at the rim due to hydrostatic
loading.

For three types of
witlnunit specific
culation:

Type of
Tank
I
II
III

tank configuration, under full capacity loading of waste
gravity, the following table provides the stress cal-

‘1 (J’
~n. ) (;:.) CT (;si)
12 0.7704 7172
12 ?/8 0.9690
12

3950
1 1.0131 3950

—


