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ABSTRACT

The theory for predicting anisotropic physical
properties that result from preferred grain orienta-
tion was generalized, in analogy to the theory of
linear homogeneous straln, to permit prediction of
physical properties in all directions of the material
from preferred orientation measurements in slx or
more directions. The theory 1s applicable to those
properties that can be described %o a first approxi-
mation by a second-order tensor, such as electrical
resistivity, thermal coefficient of linear expansion,
heat conductivity, thermal e.m.f., magnetic suscepti-
bility, and irradiaticn growth.
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TENSOR PROPERTIES OF ORIENTED METALS

INTRODUCTION

In previous communications‘l"s), a theory was developed
for predicting anisotroplc physical propertles that result
from preferred grain orientation in metals. The physical
properties that were studlied were thermal expansion coeffi-
cients{*! and irradiation growth(1s5/,

The equatlons that were develcoped for predicting the
physiceal properties were based on two assumptions:

(a) The properties of the polycrystalline aggregate
were average values of the properties of the individual
grains over all orientations. This assumption ignored inter-
actions between grains, lattice distortions at the grain
boundary, and any phenomena that occurred at the grain
boundaries. The assumption must have been reasonably good,
however, since the growth index, GN,(E) and the thermal
expansion coefficilent, GN,(4J which were derived by this
simple averaging process Indicated good agreement between
theory and experiment, as shown by the data reproduced in
Table I and Figure 1.

{b) The deformation was linear and homogeneols.

The grain orientation distribution, used in the equa-
tions for predicting physical properties, was expressed
mathematically as a function, P(u,¢), where P(u,¢) is the
number of grainsg whose crystallographic axes make angles
(u,¢) with the direction in which the physical property is
being predicted. The function P{u,9) was synthesized from
a set of measured relative diffraction intensities.{%!

The present report shows that the analogy to linear
homogeneous straln tensor theory can be carried a step
further; that is, one can develop a theory which will pre-
dict physical properties in all directions of a sample rather
than in a single direction as has been the case to date.

This information wag presented in abbreviated form at
the 21st Pittsburgh Diffraction Conference (November 6, 7,
8, 1963) and in detailed form at the X-Ray Preferred
Orientation Meeting held at the National Lead Company of
Ohic (December 5, 6, 1963).



TABLE T

Calculated(a) Versus Measured Thermal Expansion Cceffilcilent,
ay, for Alpha-Rolled Uranium Plate'!*!

(7]

Measured o Calculated ay

Direction (25 to 100°Cc) (25 to 100°¢)
Longitudinal 9.2 9.07
Transverse 19.9 19.12
Normal 21.0 20,63

(a) Celculations were made using equation 4, i.e.,

/=

P(u,¢) (1-u?)sin®odude

Q

I

Q
O
O3

1 wf/:z
+ a_ [ plu,e)(1-uB)cos?oduds
e c O

1m/2
+ a f P(u, ¢ udude
c [s BN o)

which assumes linear homogeneous deformation,

200
150
Irradiation
Tempergture,
270°C
100
35
o
§ 50 &
-
<]
#
&
o] 7
-50 // _
| mi2
P = ff Plu,#){1-u?) cos 24dud@
40
where P{u,¢] = grain orientotion
100 (t-u}? cos 24dud@ = tensor weighting factor
~0.1 =-.05 0 +.05 +0.1

F]

)

FIG. 1 GROWTH RATE, Gi‘ VERSUS G, FOR UNRESTRAINED URANIUM ROD(S
(lrradiated in NaK Capsules)
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SUMMARY

The theory for predicting anisotropy 1in physical proper-
ties due to grain orientation is generalized, in analogy to
the theory of homogeneous strain, to permit the prediction
of physical properties in all directions of the sample from
preferred orientation measurements in six or mere directions.
Assuming no prior knowledge of the preferred orientation, the
optimum six directions are those lying along the edges of an
equilateral tetrashedron.

It is shown that if oy represents the thermal expansicn
coefficient, for any direction N, then ay ls given by the
symmetric tensor

G-N = (a b C) Q11 Q12 Ais a
Qg1 Ozz Qzg3 b
QAa1 T%zz Qa3 c

where a, b, and ¢ are the direction cosines which the
direction N makes with a set of orthogconal axes.

If P(u,¢) is measured for six or more directions, then
ay can be calculated for the six directions and the o4y
determined by matrix inversgion from the above equation. A
parallel treatment is valid for the growth index Gy.

The theory was tested on a section of hot~rolled uranium
sheet on which preferred orientation measurements were made
to determine ay in 15 directions of the sheet. The oy for
six directions were used to determine the ajjy. The oy calcu-
lated for all 15 directions from these @4 were in good
agreement with the measured values of oy for the 15 directlons.
The o, s are also determined from a least-squares Tit of the
data for all 15 directions. These a3 4 glve oy which are in
better agreement with the measured Qy than the 24 determined
from six directlions.

An IBM-TO4 computer program was written which, beginning
with the oy and their corresponding direction cosines a, b,
and ¢, computes the ST the principal roots, the directicn
cosines of the princilpal axes, compares measured %y with
calculated oy, and calculates the determinant of the matrix
used to compute the “ij: the correlation coefficlent, and
the standard deviation of the least-squares flt used to
compute the oy 5.




DiSCUSSION

DEVELOPMENT OF A GENERAL TENSOR FOR CALCULATING IRRADIATION
GROWTH AND THERMAL EXPANSION COEFFICIENTS IN URANIUM

For the case of linear homogeneous elastic strain, the
strain in any direction, N, can be represented by an equa~-
tion for a surface of second degree, ‘2! i.e.,

€ = €118° + €250 + €550% + 2€,,ab + 2€;,5ac + 2€p5bc (1)

where a, b, and ¢ are the direction cosines of direction I;
€12, €55, and €z are the ncormal straing; and €., €15, and
€245 are the sghear strains, Since there are only six strain
ccefficients, a knowledge of €y in six directions wlll permit
solution of equation 1 for the €45 and thereby permit calecu-
laticon of € in any direction, A convenient form for
expressing equation 'l is the symmetric tensor (1i,e.,
€13 = €31)-
e = (a b c) fey; €10 €13\ fa
€21 €22 €23 || Db (2)

€31 €3z €as c

If the assumption 1s made that the nature of oy and Gy
is such that they can be described by an equation of the type
employed to describe linear homogeneous deformaticn, i.e.,
equation 2, then

oy = (a b 0) Q13 QA3p Uya a
Oz1 Czz %23 b (3)

Uz Fzp Usg c

a; .82 + apsb? + agac® + 20..ab + 20,38¢ + 2apgbe ()

or C‘«'-N =

and G’N = (a b C) Gll G12 G_'LB a _
Gz1 G2z Gos b (5)
Gay Gaz Gas c

or Gy = Gy18% + Gzzb® + Ggac® + 20 80 + 2G138C + 2Gzgac (6)

As in the case of the strain tensor, the wvalues of o3 3
and Gij may be determined in a straightforward fashion if
six (or more) values of @y and Gy are known. A $iven value
of ay or Gy is calculated from the equations(®s?




1 7T/2 ‘
= |2 gig P(u, ¢) (1-u®)sin®oqude

+ ay [ [ P{u,¢)(1-u®)ecos®odude (7)
$ d

17T/ 1 7/2
+ acofJ P(u, ¢)u®dud ¢ +Of of P(u, ¢)dude

lTT/Z 1 'TT/E
and Gy = |f [ P(u,¢)(1-u®)cos2¢dude| + [ [ P(u,¢)dude (8}
loo o 0o

where for each sample direction, N, a set of relative d4if-
fractlion intensitlies are measured and these are used to
syntheslize a grain orientation distribution function P(u,¢).

Once the o; ; or Gy ; are determined from six of the
meagured directions then ay and Gy can be calculated directly
from equations 3 and 5 for any desired direction.  Regarding
the selection of the six directions for messurement, they
mist be so chosen that the determinant of the coefflcients
of the o4: is not equal to zero (for instance, no more than
three directlons may be coplanar). If no prior knowledge of
the preferred orientation is assumed, the optimum six
directions are those lying along the edges of an equilateral
tetrahedron (Figure 2).

Normal Direction

Y

Transverse Direction

Equilateral Tetrahedron

FIG. 2 DIRECTIONS FOR PREFERRED ORIENTATION MEASUREMENTS
IN ROLLED URANIUM SHEET
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It is well known that a set of coordinate axes can
always be found in which the crogs terms in a, b, and ¢ of
equation 1 will vanish, i.e.,

€y = €118% + €u,b% + €557 ' (9)

We call these strains the principal strains (or principal
roots) and the axes the principal axes. Similarly, for ay

and Gy -

¢, 182 + 0z5b2 + Ugmc? (10)

Gy
and Gy

If the principal directions are known a priori, then
dy Or Gy need be measured only along these principal direc-
tions to determine ay or Gy in all directions.

L]

Glla:E + G‘22b2 + G33C2 (ll)

COMPUTER PROGRAM FOR DETERMINING ¢ij OR Gij, AND FOR
DETERMINING THE PRINCIPAL AXES

An IBM~704 computer program was already avallablef2)
for computing ay or Gy and these values along with the
directicon cosines provide the input data for the new IBM-TOU
computer pregram, The computer program employs matrix
inversion to determine @jj. If more than six oy are fed
in as data then a least-squares method is used to determine
% - Having determined aid, the computer then determines
the principal axes and the principal roots. The format con-
sists of input data, Gyqs calculated versus measured ¢y, the
correlation coefficient of the least-squares fit, the standard
devliation, the value of the determinant of the matrix used
in the computation of ajj, the principal roots and the
direction cosines of the principal roots. A typical format
is shown as Table IV. The computer program is available at
the Savannah River Laboratory.

EXPERIMENTAL PROCEDURE

The materlial selected for the experimental verification
of the above treatment was a section of alpha-rolled uranium
sheet. Samples were prepared &s described 1n Reference 1
for 15 directions of the plate. To get the most uniform
distribution for the first six directions, they were machined

R



along directions corresponding to the edges of an equilateral
tetrahedron as illustrated in Figure 3. The cther nlne
directions were chosen so as to require a minimum amount of
additional machining. The techniques used to machine the
samples are illustrated in Pigure 3.

(cos Bz)
w = arg tan

cos By

) . {Transvefse
F_?olllr)g Direction
Direction

Plastic Mount

X-Ray Beam Areg

Normal
Direction
X

X-ray Specimen made from a
stack of paratlel specimens
machined as shown.

Y{Tronsverse
Direction

B

Rolling
Direction J

FIG. 3 METHOD OF MACHINING SPECIMENS

Prior to preparing the samples, 50 runs were made at 'fj
different depths in the normal direction of the plate. The R
data showed a 0.005-inch texture gradient on the outer
surfaces of the plate; these surfaces were ground off to
remove the texture gradient before the samples were prepared
for the final measurements,

The integrated diffraction intensities for 20 planes
(hkl) of uranium were measured for each direction with an
automated Norelco diffractometer and a scintillation detector.
The planes used are given 1n Reference 2. Fifteen runs were
made on each sample, at 15 different depths with mechanical
and electreopolishing at each depth. The 15 runs assured a
sufficient statistical population of gralns and care was
taken to remove all cold work by electropolishing before
each run. The 95% confidence interval of the mean of the
measured values for each gample is given in Table ITI.

- 10 -




EXPERIMENTAL PROOF FOR THE GENERAL TENSOR

The valldity of the assumption that oy and Gy can be
represented by a tensor of the game form ag that used for
linear homogeneous deformation was demonstrated by comparing
the values of ay and Gy obtained from the preferred orienta~
tion meagurements using equations 7 and 8 with those calculated
from equations 3 and 5. First, ay and Gy were calculated from
the P(u,¢) for each of the 15 directions. These are called
measured ay and Gy since each P(u,¢) is determined from a
gset of measured diffraction intensities from a particular
direction in the sample. Six of the measured ay and Gy were
uged to determine A3 and Gij (by matrix inversion). These
values of Gj4 and Gi4 were then used to calculate ay and Gy
for the other nine directions using equations 3 and 5. The
calculated and measured Gy and oy are compared in Table II.

TABLE IT
Calculated Versus Measured Gy and Oy
__for Alpha-Rolled Uranium Plate

($ix directions chosen along edges
of egquilateral tetrahedron)

Gy Oy

Direction Cosines Calecu-~ Calcu=

8 b _ c Measured lated Messured lated
1,0Q000 0O 0 -0.260| -0.,260 18.50 18,50
-0.50000 -~0.86603 0 -0.114% | -0.,114 19.07 15.07
0.50000 ~0.86603 © ~-0,118 | -0.118 19,37 19.37
o} 0.57738 =-0.81649 0.145 0.145 13.46 13.47
0,50000 -Q.28866 -0,81649 0.157 0.157 12.14 12,14
-0,50000 =-0.28866 -0.81649 0,150 0.150 12.21 12.21
o] 0 1.00000 0.332 0.308 8,91 9.42
0 1.00000 O -0.064  -0.0868 19.40 19.46
0 -0.81649 -0.57738 0.065 0.005 16.32 15.41
0 0.94%284 -0.33326  -0.034 -0.051 18.71 18.81
0 0.3326 0.94284 0.271 0,291 10,48 10,07
-0.50000 O -0.86603 0.176 0.162 . 11.54 11.78
-0.50000 O 0,86603 0.182 0.235 11.3% 11.60
~0.50000 =0.86603 o] -0,116 ~0.049 19.35 19.07
-0.50000 O =0,86603 0,195 0.227 11.16 11,78

Range of deviation 0.004 to ©.067 0.06 to 0.91

Average deviatlon C.017 .23

NOTE: The "boxed" data were used to calculate the o33 and Gyqy.
The Gy and Gy data listed under "Calculated" were calculated grom
these %34 and Gy 5 using equations 3 and 5. The term "Measured Oy
and Gy" means oy and Gy calculated from equations 7 and 8 using
the measured P{u,¢) distribution function.

- 11 -
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The agreement between theory and experiment is good, As a
further refinement all 15 directions were used tc determine,
by least-squares fitting, the best set of %4 4 and Gij- The
measured and calculated ay and Gy for these ay4 and Gy 5 are
shown in Table ITI, The agreement is excellen

TABLE IIT
Calculated Versus Measured Oy and ay
for Alpha-Rolled Uranium Plate

(Flfteen directions, includes the
8ix directions employed in Table II)

Oy Oy
Direction Cosines Calcu~ Calcu-
g b C Meagured lated Measured lated
1.00000 O 0 ~C.260 -0.252 18,50 18.32
~0.50000 =~0.86603 © «0,11%  -0,117 19.07 19.27
0.50000 =~0.86603 © ~0,118 -0.118 19.37 19,44
0 0.57738 -0.81649 0,145 0.170 13.47 12.97
0.50000 =0,28866 -0.81649 0,157 C.151 12,14 12.26
-~0.50000 =0.28866 ~0.81649 0,150 0,154 12,21 12.20
¢ 0 1.00000 0,331 0,318 8.01 g.21
0 1.00000 0 -0,064 -0,072 19,40 19.70
0 -C,.81649 ~0,57738 0.065 0,076 16.32 15.94
o] 0.94284F  ~0,33326 -0.034%  ~0.041 18,71 18.71
0 0.33326  0.94284 0.271 0,287 10.48 10.21
-0,50000 v -0, 86603 0.176 Q.177 11,54 11.49
~-0,5000¢ O 0.86603 0.182 0,17k 11.34 11.49
-0,50000 =-0,86603 0O -0,116 =0,117 19.35 19.27
-0.50000 O© -0, 86603 0.195 0.177 11,16 11.49
Average deviation 0.009 Q.20
Range of deviation 0 to 0,025 0 to 0.50

Average $5% confidence

limit of measured values 0,009 0.13

NOTE: The "Measured oy and Gy" were computed from equations 7 and

8 using the measured P(u,¢). The "Caleculsted ay and Gy" were
computed from equations 3 and 5, The a1y and G4 used 1n equatlone
3 and 5 were determined by least squares from ali 15 measured oy

and GOy.

Hence, @y and Gy have been shown to have a tensor form
which can be described by an equation of the second degree,
Although measurements in only an arbitrary six directions
are needed to determine the coefflclents, aij and Gy 4, OFf
the equations, compariscn of Tables IT and II1 showe that the
more directions one measured the greater the precision of

- 12 -
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GEOMETRICAL DESCRIPTION OF THE THERMAL EXPANSION
COEFFICIENT TENSOR FOR ALPHA-ROLLED PLATE

If the coordinate axes are taken in the direction of
the principal axes, then equation 4 reduces to equation 10
and ‘

X = ap.8, ¥ = 02, and Z = 0gsC

where x, y, and z are the principal axes and %;,, @z, and
Gag are the principal roots, '

Putting these values for a, b, and ¢ into the identity
relation for the direction cosgines, a2 + b% + ¢ = 1, we
cbtain

X.2

¥ (12)
+ + = 1 12
ars” Qt'222 Lzs® '

which is the equation of an ellipsoid when @33, dpp, and
gz are all positive, The principal roots t;,;, Ozp, &and
Qasy for alpha-rolled plate, given in Table IV, are all
positive. For this condition, the surface is an elllpsold
as ghown in Figure 4. The principal directions are nearly
coincident with the fabrication directions. The thermal
expansion coefficient for any direction in the plate may be
obtained from Figure 4 by constructing a vector from the
origin, in the given directlon, to the surface of the ellip-
soid. The length of the vector is the thermal expansion
coefficient ay. For the plate studied, the Sy 1s minimum
in the rclling direction and about equal in the transverse
and normal directions.

- 13 -




TABLE IV

Computer Format Used for Calculatling the Genersl Tensor

Input Date
a Dlirection Cosines o .
18.50000  1.00000 O. 0. @1y 0,18317377E 02 :
19.07000 =-0.50000 =0.86603 0. azz  0.19699620E 02 :
19.37000  0.50000 =-0.86603 © ass  0.92141126E 01 @

13.47000 O. 0.57738 =0.81649 a1, -0.10021067E-00
12,14000 0,50000 =0,28866 -0.81649 a5 -0.22868335E-02
12.21000 =0,50000 ~0.28866 -0.81649 qne =0.276111T4E-QO

8.91000 o0, 0. 1.00000
19,40000 O. 1.00000 O. Statistics

16.32000  ©. -0.81649 ~0,57738 Observations 15

18,71000 O, 0.94284% -0.33326 Cor, Coeff. 0.99987408
10.48000 0. 0.33326  0,94284% Stand. Dev. 0,33200252E~11
11.54000 -0.50000 0. -0.86603 Determinant 0.55349638E 03
11.34000 -0.50000 0. 0.86603

15.35000 =0.50000 =0.86603 0.

11.16000 «0,50000 O, -0.86603

Respectlvely Actual and Fitted Values

18.50000 18.31738 19,07000 19.26T43 19.37000 19.44100
13.47000 12.97019 12,14000 12.26409 12,21000 12.20250
8.G1000 9,21411 19.40000 19.69962 16.32000 15.94422
18.71000 18,70878 10,48000 10.20523 11,54000 11.48802
11.34000 11,49198 19.35000 19.26T43 11.16000 11.48802 |

Principal Roots . Direction Cosines for Princlpal Axes
1 0,18310224E 02 Root (1) =-0.99744 ~0,07146 0,00242
2 0,92068437E 01 Root {2) 0.00064 0.02631 0.99965

3 0.19714042E 02 Roat (3) 0.07129 =-0.99711 ©0.02621

- 14 -




+

NORMAL

\ DIRECTION

FIG. 4 STRAIN TENSOR FOR THERMAL EXPANSION COEFFICIENT
OF ALPHA-ROLLED URANIUM PLATE -
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