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ABSTRACT

A sub-routine is gilven for the IBM 650 to
calculate the following functions: 1n x,
Yp(x) and Kn(x) for n = 0, 1, 2, and 3.
The circular and hyperbolic sines and
cosines, and the Bessel functions Jn(x)
and Ip(x) for n =0, 1, 2, and 3 are also
available from this routine.
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IBM SUB-ROUTINES IT
Irregular Bessel Functlons

INTRODUCTION

The Bessel functions Yh(x) and Kn(x) are frequently needed

in the caliculation of physical prcblems. If the range of the argument
is too larzge, it is less convenient tc use the table loock-up feature
of the IBM Magnetic Drum Calculator (650) than to calculate these
functiong by means of their series expansions. 'In the calculation of
these Bessel functions the natural logarithm of x i1is needed. This
report describes the programming to obtain 1n x, Yn(x), and Kn(x).

SUMMARY

A program was written for the IBM 650 to compute 1ln x, and
the irregular Bessel functions Yn(x) and Kn{x) forn =0, 1, 2, and 3.

The argument for these functiong is loaded into storage in fixed decl-
mal form but the function is avalilable in fixed or floating decimal
form. This program utilizes a sub-routine devised by W. V. Baxter!?l)
to compute the regular Bessel functions Jn(x) and In(x). These

functions are independently available from the program. Cilircular and
hyperbolic sines and cosines are alsc avalilable from the present sub-
routine.{1) The routine uses 449 storage locations.

DISCUSSICN
The following series expansions for Y. (x) and K _(x) were
used: (2) n n
n-1 -n+42r
X n-r-13)! ,x
Y (x) = 20y + 10 %) g_(x) - z eIl %
r=0
2r
@ (-1)" L 1 1 1
- 2 s () - A S-S e
n-1 r -n+2r
n+l 1 -1 n-r-1)! ,x
Kn(x) = (-1) (v +In3z) I (x) +5 = ( )—£1 ) (éj
r=0
ni1l 1 x\ el 12 11,1 1
(T E 2 owmrmeyr (B TRt st TR A TG Y

where vy 1s Euler's constant. A routine was develcped to calculate
Yn(x) and Kn(x) from these expanslions. Whenever any term of the

infinite sum becomes less than 107% the subsequent terms are neg-
lected.
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The series expansions for Yh(x) and K_(x) require the natu-
ral logarithm of %, J,(x), and In(x). The natural logarithm of x was
calculated from the following expansion:

In x = 2 (U + s +-% U° +...) where U = %i%. This routine is valid

for 0.0086 < x < 100. Jn(x) and In(x) are calculated by a sub-routine

(hereafter called WB-1) developed at the Savannzh River Laboratory.(l)
The functions calculated by WB-1 are also available with the present
routine.

The routine to cbtain Yn(x) and Kn(x) contains 449 orders

and normally occupies storages 0000 through O448. It may be trans-
lated m positions to locations m through (O448 + m). To use the
routine:

1. The argument of the function must be in the form
XX XXXXX¥XXX 1n storage (0004 + m).

2. A value of n must be in the form 000000000n in storage
(0033 + m).

3. An exit instruction must be placed in storage 1971.
The fixed decimal answer will be found in the lower
accumulator in the form xx.xxxxxxxx and the floating
decimal answer in the upper accumulator in the form
YYX . XAAXXKX .

5. The following functions may be calculated by means of
this sub-routine.

Point of entry Range of argument

Function n

sin x 1 0001 |x| < 100

cos x -1 0001 Ix! « 100

sinh x 1 0011 x| < 5.29
cosh x -1 0011 x| < 5.29
INEY 0 0031 Ixl < 6.32
Il(x) 1 0031 x| <« 6.52
I,(x) 2 00%1 x| < 6.77
Ij(x) 3 0031 x| <« 7.15
J5(x) 0 0101 x| < 7.82
34 (x) 1 0101 x| « 9.62
35(x) 2 0101 |x| < 8.9%
I (x) 3 0101 Ix] < 7.82

(Continued on following page)
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Function n Pcint of entry Range of argument
in x OIRING 0.0086 ¢ x < 100
YO(X) 0 0420 0.021 ¢ x € 6.30
v (x) 1 0420 0.021 < x < 6.46
Y, (x) 2 0420 0.21 ¢ x < 6.64
Y3(X) 3 o420 0.55 < x < 6.98
Ko(x) 0 0214 0.021 ¢ x ¢ 5.20
Kl(x) 1 0214 0.021 < x < 5.30
KE(X) 2 0214 0.21 < x < 5.57
KB(X) 3 0214 0.55 < x < 5.98

The argument in 0004 and the value of n remain unchanged by the sub-
routine.

The programs are listed in the order 1in which they are per-
formed. They are also listed in the order in which they are stored
for convenience in punching. The routine WB-1 described in Dp-124(1)
has been altered for use in this program. These revised orders are
listed in storage sequence.

. C. English
heoretical Physlcs Division

N, C.
4
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PRoOBLEM: WB-1 Sub-Routine in Storage Sequence

LOCATION

OF.

IBM PROGRAMS FOR KEY-PUNCHING

DATA

INSTRUCTION

REMARKS

0000 16 0093 0047
0001 67 | 0004 0009
0002 69 Q005 Q008
0003 £9 Q108 | 0061
QQO4 00 Q000 0000
0005 ol Q069 _ Q129 |
0006 00 | 0000 Q002
0007 ol Q013 0066
0008 24 | 0105 0003
0009 16 00312 0017
0010 %1 [ 0001 0118
0011 69 | 001k 0018
0012 c6 2831 8531
0013 00 0000 0000
0014 65 | 8003 0034
0015 3] Q001 0040 |
0016 69 | 0004 0007 |
0017 465 0020 0009
0018 24 0069 0016
0019 65_ 1. 0013 0118
0020 15 0012 0067
0021 65 0013 0068
Q022 ol 0027 Q002
0023 00 | 0000 0000
o024 ol 0006 0010
0025 | =0 Q007 0138
0026 60 8001 0082
0027 67 | 0039 004y
0028 67 | 0039 004
0029 19 0060 00G2
0030 65 | 0033 0037
0031 69 ] 001k 0107
00%2 %] 0001 0137
00%3 00 | 0000 0000
0034 20 0039 0100
0035 20 0139 0147%
0036 21 | 0280 0053
0037 L6 00Lg Q050
0038 16 00#1 0145
Q%9 Q0 0000 0000
0040 20 0045 Q048
00k1 00 0000 0003
ooh2 6C_| 8002 0115
0043 35 0001 0099
Qohl 35 Q007 Q051
0045 00 00Q0 0000
0046 6Q 0077 006RL
Qo447 L5 0027 0028
QL8 65 0033 0038
D049 69 0052 0055




PROBLEM:

LOCATION

WB-1 Sub-Routine in Storage Sequence

CP.

DATA

INSTRUCTION

REMARKS

0050 69 0013 0105
0051 [ 00056 0015
00”2 01 0000 0000
Q053 69 0586 0585
0054 0 Q120 0129
0055 24 0058 021
0056 65 | 0023 0137
0057 24 0050 0063

058 00 | 0000 0000
0059 20 | Q013 0064
Q0k0._ Il 0o 0000 0000
Q0A1 oh 0119 0030

Q62 31 ] ©008 008%
0063 24 0116 011319
Q064 10 0120 0065

0A5 21 | 0120 _QO74
0066 69 0C1g 0022
Q067 10 Q004 Q076
0068 35 1 0001 Qo224
Q069 66 8003 0034
0070 15 Q060 0125
0071 ol 0119 0123
0072 65 0033 0087
0073 69 0080 Q084
o074 ' 60 Q142 0096
0075 | 65 0013 0068
0076 L6 0088 0059
0077 00 0000 0000
0078 24 0021 0073
0079 | 00 0000 0000
0030 oh 0069 0072
0081 19 0116 0062
0082 19 8001 0102
Qo83 45 0086 0091
0084 24 Q106 0112
0085 21 Qlu2 Q140
Q086 20 | 0116 0070
0087 | 45 0000 0095
0088 13 QO0L 0109
0089 24 0142 Q046
0090 16 0093 0097
0091 60 0058 0029
0092 %1 0008 0113
0093 Q0 0000 Q001
Q0G4 &0 8002 0081
0095 65 00R2 01737
0096 10 0077 0085
0097 I 45 0000 0056
0098 Ql 000¢ 8009
0099 6L 0006 00%2




3

PROBLEM:

LOCATION

WB-1 Sub-Routine in Storage Sequence

OP.

DAT 2

INSTRUCTION

REMARKS

Q100 69 0103 0106
101 69 | 0004 0104
102 35 1 0002 0069

010% 66 8003 Q034

Q104 ok 001% 0021
105 24 0058 0021

0106 ol Q069 0072

0107 24 0069 0101

0108 60 Q006 0131

0109 66 8002 0059
110 64 0139 Q0GH
111 69 | 0052 0057
112 60 002% 0127
11% 69 | 0117 0071

0114 00 0000 0051
115 15 | 0079 1971

0116 00 | 0000 0000

0117 60 009 % 01321

0118 20 0023 0026

0119 60 0093 0131

0120 00 0000 0000

0121 b7 1 0126 0126

0122 69 | _0075 0078

0123 || 20 | 0079 0132

Gla24 || 15 0130 0134

0125 | 20 0060 0046

0126 21 0130 O14L

0127 19 0045 0025

0128 | =1 | ooo1 0137

0129 10 | 0033 0089

0130 00 0000 0Q00

03131 ol Q077 Q054

01%2 60 | 8002 0141

0133 61 8002 0136

0134 %] 0002 QQLp

0135 11 0114 0124

0136 10 0114 0124

0137 20_| 0058 0113

0138 64 | 00h1 0128

0139 00 0000 0000

0140 19 0120 0035

0141 36 06000 0121

0142 00 0000 0000

0143 65 0039 0110

0144 46 0146 0133

0145 be 1 0098 | 0112

0146 61 8002 0135

0147 69 021% OLhs

0148 60 0151 0155

0149 10 0169 01.8%




pROBLEM: Sub-Routine for Irregular Bessel Functions in Storage Bequence

LOCATION OP, DATA INSTRUCTION REMARKS
Qo422 60 | 8oo2 0115
Q098 Q1 | 0000 3000
0115 15 | 0079 . 1971
0121 47 0126 0126
0123 20 | 007G 0132 |
Qlad 14 | 0130 0134
0126 21 | 0130 0144
0132 60 | 8002 0147
0133 61 8002 0136
0134 31 | 0002 QoLo
0135 11 011k 012k
0136 10 | 0114 0124
0141 %6 | 0000 0121
Q141 15 Ql4dh 0133
0146 61 8002 0135
0147 [ 0213 OhLS
0148 60 | 0181 0155
0149 10 | 0169 0183
0150 11 0156 0184
0151 00 | 0000 0000
Q152 60 | 0175 0161
0153 00 | 0000 0000 Not Used
0154 20 | 0175 0185
0155 11 0158 0163
0156 [ 02 0000 0000
Q157 |+ 46 | 0162 0165
0158 10 | 0000 0000
0159 25 | Q0Q1. 0149
Q160 00 | 0000 00Q0
0161 | 19 8001 01990
0162 67 | 8003 0174
0163 46 0166 0167
0164 60 | 011”1 0181
0165 61 0170 0177
0166 60 0212 Q173
0167 69 | 0170 0176
0168 60 | 0151 0159
0169 01 0000 0000
0170 2% | 0288 5093
0171 00 | 0000 0000
0172 24 0189 0186
Q173 11 Q151 0157 , i
017k 21 0160 0192
0175 00 | 0000 0000
0176 jadi! 0160 0164
Q177 21 0160 0168
0178 60 | 0175 0179
0179 19 0182 0205
0180 19 0189 0208
0181 30 0001 0149 ]
=10~




PROBLEM: Sub-Routine for Irregular Bessel Functions in Storage Sequence

LOCATION OP. DATA INSTRUCTION REMARKS
0182 00 0000 0000
0183 21 0204 0150
01384 14 0204 01R4
0185 30 0001 0200
0186 60 | 018g 01563
0187 30 0000 0194
0188 30 | 0001 0195
0189 01 0000 0000
0190 21 0182 0186
0191 00 0000 0000
192 60 0151 014
01673 10 0156 0211
0194 60 | 8002 0203
01585 10 | 01381 0196
0196 21 0191 0197
197 69 0171 0172
0198 65 0191 0199
0199 157 8001 0201
0200 20 0191 0152
0201 15 Q160 0202
0202 69 0169 0206
0203 4L 0207 0138
204 QQ Q000 00Q0
Q205 6Q | 8003 0180
Q206 || 24 0189 0209
0207 | 60 0175 0188
0208 14 0171 0210
0209 %0 0001 012%
0210 20 0175 0187
0211 21 0172 0178
0212 00 1000 0000
0213 30 | 0001 0123
0214 69 0257 0215
0215 2l 0267 0216
0216 69 0258 0217
0217 2L 0123 0031
0218 69 | 0023 0219
0219 | 2k 0151 0220
0220 69 0260 0221
Q221 24 0209 Q148
0p22 60 8002 0223
0223 19 0259 o224
0224 35 0001 0225
0225 65 8003 0226
0226 15 8001 0227
0227 20 0268 0228
0228 60 0267 0229
0229 10 0262 0230
0230 by ou48 0253
0231 61 | 0039 0232
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PROBLEM:

LOCATION

Sub-Routine for Irregular Bessel Functions in Storage Sequence

oP.

DATA

INSTRUCTION

REMARKS

0232 21 0269 0233
0233 69 Q039 Q234
Q234 24 0270 Q235
0235 60 0263 0236
0236 14 0023 0237
0237 20 0271 0238
0238 60 | 003% 0239
0239 4L | 0240 0336
0240 11 Q264 ozh1
co41 hy o242 0328
LN 11 0264 0243
0243 4y 0244 0316
0244 11 0264 0245
QpL5 Yl 0098 028
0246 24 0276 0340
o287 24 1 0319 0237
0248 00 0000 0000 Not Used
0249 03 0000 0000
0250 01 000Q 0000
0251 01 5000 0000
0252 01 83323 333%
0253 69 0286 0254
0254 ok 0319 0427
0255 11 0250 0320
0256 06 0000 0000
0257 | 20 | 00Q0 C000
0258 20 0259 0218
Q259 00 0000Q 0000
0260 15 0261 Q222
0261 05 1 7721 5665
0262 31 4159 2654
0263 00 0100 00C0
0264 00 0000 0001
Q265 00 | 0000 0000 Not Used
0266 00 0000 00C0 Not Used
QP67 20 0Q00 0000
0268 o0 C00Q 0000
0269 00 0000 0000
0270 00 0000 0000
0271 00 | C0Q0 Q000
g7z Il 00 | Q000 0000 Not Used
277 |l 00 [ 0000 Q000
Qo7 Q0 | 0060 Q000
0275 L 00 | G000 0000
Q276 Q0 | 00C0 0000
0277 oJ0) 0000 0000
0278 00 Q000 0000
0279 00 | 0000 0000
0280 cQ 1 0000 Q000
0281 00 0000 0001

~12-




PROBLEM: Sub-Routine for Irregular RBessel Functions 1in Storage Sequence

LOCATION

oP.

DATA

INSTRUCTION

REMARKS

0282 00 00C0 0000
0283 00 0000 0C00
0284 30 0002 0285
0285 20 0283 0246
0286 10 0250 0%20
0287 60 0271 0288
0288 19 8001 0289
0289 35 0002 0290
0290 6C 8003 0291
0291 19 0271 0292
0292 25 0002 0293
029% 60 8003 0294
0294 10 8001 0295
0295 21 0276 0296
0206 19 0269 0297
0297 35 0001 0298
0298 64 0257 0299
0299 15 0276 0300
0300 20 0276 0301
0301 60 002% 0302
0302 3() 0001 0303
0303 64 0257 0304
0304 15 0276 0305
03205 20 0276 03206
0306 60 0256 0307
0307 I 30 0001 0308
0308 01 0273 0309
0309 60 002% 0310
0310 19 0269 0311
0311 %5 0002 0312
07512 67 8C03 0313
0313 20 0274 0314
0314 69 0252 0315
0315 24 0275 0347
0316 60 0271 0317
0317 i9 8001 0318
0318 35 0002 0319
C%19 11 0250 0320
0320 21 0276 0321
0321 60 02KT QZ22
0322 30 0002 Q%23
0323 21 0273 0324
0%2l4 67 0269 0325
0325 20 0274 0326
0326 69 0251 0327
0327 2l 0275 0349
0328 69 0271 0329
0329 ol 0276 0330
0330 60 0250 03231
0331 21 0275 0332
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PROBLEM:  Sub-Routine for Irregular Bessel Funetions in Storage Sequence

LOCATION QF, DATA INSTRUCTION REMARKS
03%2 30 0001 0333
0%3% 21 0273 0%3%
0334 69 0023 0335
0335 2 0274 0347
0336 67 0269 0537
0337 60 8002 0338
0338 10 | 8001 0339
0339 21 0280 Q429
0340 60 0257 0347
0341 30 0001 03l
0R4D 23 0277 02432
0343 24 | 0278 0347
0344 oL | op79 0345
0345 69 0249 036
Q346 24 0275 Q372
0347 69 02614 0348
0348 2l 0281 0351
0349 61 0264 0350
0350 21 0281 0351
0351 60 0274 0352
0352 30 0003 0353
035% 14 | 0273 0354
0354 60 8002 0355
0355 19 0275 0356
0356 || 35 | 0002 0357
0357 | 21 0280 0358
0358 24 | o282 0359
0359 69 0250 0360
0360 24 0278 0361
0361 69 0275 0362
Q362 24 Q279 0363
0363 60 003% Q364
A6 4 35 0008 0419
0365 10 0250 0366
Q366 21 0277 Q367
| 0367 60 | 0rh3 Q368
0368 64 0277 0%69
0369 15 | 0250 Q370
0370 15 Q275 0371
0371 20 0275 Q372
0372 60 0282 0373
0373 30 0002 0374
0374 14 ) _oe77 0375
0375 60 | 8002 0376
Q%76 19 0270 Q377
0377 14 0278 0378
0378 60 8002 0379
0379 %0 0002 0380
0380 14 0279 0781
0381 60 | 8002 0382
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proeLEm: Sub-Routine for Irregular Bessel Functions in Storage Sequence

LOCATION oP. DATA IHSTRUCTION REMARKS
Q580 19 | 0275 0783
0353 ) 0002 0384
0384 21 0282 0385
0385 30 | 0000 0386
03386 4L 0387 0405
0387 60 0282 0=88
0388 10| 0280 0389
0389 21 Q280 0390
0390 69 | 0275 0391
0391 2 Q279 0%G2
0392 60 0278 0393
0393 10 | 0250 0394
039Y 21 0278 0395
0395 10 0283 0396
0396 21 0277 0397
0397 60 0263 0398
0398 64 Q277 0399
0399 15 0275 0400
0400 20 | 0275 0401
0401 60 | 0263 C402
040p 64 0278 0403
0403 15 0275 0404
0404 20 | 0275 0372
0405 60 | 0267 0406
0406 || 10 | 0262 0407
0407 | 44 T okho8 o412
0408 ' 60 | 0268 0409
0409 11 0280 0410
0410 19 0281 Q11
0411 15 0276 Q415
0412 65 0276 0413
0413 15 0280 0414
0414 16 0268 0415
0Lk1s 60 8002 0416
0416 30 | 0001 0417
oh17 14 0267 0418
0418 69 o428 O4il
0419 21 0283 0365
o420 61 0262 0421
0421 21 0267 0429
OL2o 69 0258 0423
023 240 0123 0101
Ohol 61 0039 Qk25
0425 21 0269 0426
0Lh26 69 0039 0427
oh27 24 | 0270 0235
0428 20 | 0079 0132
0429 61 0264 0430
0430 21 0281 0437
o431 60 0267 0432
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PrRoBLEM: Sub-Routine for Irregular Bessel Functions 1n Storage Ssquence

LOCATION OpP. DATA INSTRUCTION REMARKS
Q4= 10 0262 Q423
423 il oUzL 0426
ol =l 69 QL =8 QL35
Q435 2l 0440 0440
0436 £9 QL =g 0437
037 2b 0440 0440
04328 60 0280 okl
oh=9 61 0280 Q441
Qulo 61 0280 Q44
o441 21 0282 o442
Lyo 21 0280 Q44
o4 60 0033 o284
0444 ol 012% 0147
Ohtyn 2l 0209 0123
o446 69 0004 o447
Q447 24 0151 0148
0448 69 0255 Q247

~16-




ANALYSIS OF IBM 650 PROGRAMS

PROBLEM: Sub-Routine for Irregular Bessel Functlons

LOCATION OP. DATA

INSTRUCTIOHN

REMARKS

Tnitial Steps for Y {x)

0420 61 0262 o421

0421 21 0267 O4p2 - — 267

oL2p 69 0258 042%

o423 2k [ 0123 0101 |Exit instruction = 20 0259 0218 — 123
Enter sub-routine tc calculate J (x)

Initial Steps for K (x) -

0214 69 | 0257 |7 0215

0215 2L Q267 0216 [2 = 267

0216 69 0258 0217

0217 2l 0123 0031 |Exit instruction = 20 Q259 0218 = 123
Enter sub-routine to compute I“(x)

0218 69 0023 0219 Ix/2

0219 24 0151 0220 [x/2 = 151

0220 69 0260 0221

0221 24 0209 0148 |Exit instruction = 15 0261 0222 — 209
Enter sub-routine to compute 1n{(x/2)

Q222 60 | B002 0223 [[v + 1n (x/2)]

0223 19 | 0259 0224 |[v + 1n (x/2)] [T (x) or J (x])]

0224 z5 | 0001 0225 o -

Q225 65 8003 0226

0226 15 8001 0227

pe2y L 20 | 0268 0228 |2 [ + In (x/2}1[T (x) or J {x)] =2

o228 1 A0 | QP67 0229 |2 or - 1 n n

0229 10 0262 0230 |2 + m or O

0230 10 | 0448 0253 [K (x) or YH(x)°

0448 69 0255 o247 K_(x)

o247 24 0%19 02%1 |11 0250 0320 — 319G =

0231 61 0039 0232

0232 21 | 0269 0233 _|-(x/2)% = 269

Q23% 69 0039 0234

0234 2L [ 0270 02%5 [(x/2)° = 270

025% 69 0286 0254 Y (x)

02Rh oy | 0319 oh2k [10 0250 0%20 — 319 °

o424 61 0039 QU425

oh2r 21 0269 0ho6 [-(x/2)% — 269

QU226 69 0039 QU7

olio7 ol 1 0270 x5 | (x/2)2% — 270

0235 60 Q263 02%6 |1

0236 14 | 0023 0237 |2/% .

QP37 20+ Q271 0238 |2/x = 271

0238 60 0033 0239 |n
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PROBLEM:  Sub-Routine for Irregular Bessel Functions

LOCATION  OP. DATA INSTRUCTION REMARKS
0239 4h | 0240 0336 in = 0°2
Q240 11 | 0264 Q241 _In # 0
Q24 4l Q240 07328 In = 1%
02hp 11 | 026k 0243 |n # 1
0243 il Q244 0316 |n = 22
024l 11 | 0264 0245 |n £ 2
0245 44 | 0098 0287 In = 32
0098 01 | 0000 Z000 In # 3 Stop
Calculaticn of Finite Sum for n = 0
Q336 67 | 0PAQ 0337 | (x/2)%
0337 60 8002 02328
338 10 [ 8001 0229 |[2(x/2)%
0339 21 | 0280 o429 |2(x/2)2 = 28q
0429 61 | 0264 0430 |-1
420 21 0281 QU= 1-1 — 28]
0431 60 | 0267 Ok32 |2 or - 7
Q=32 10 Q262 QUz3 |2 + 1 or O
Qh33 Ly | oh=h Oh 36 Ko(x) or Vo(x)°
ol 3k 69 | 0438 Q435 K_(x)
Q=5 ok | ollg QUl0 {A0 0P80 Q4L] — Lh(Q o
0436 |- 69 | 0439 oh37 Y (x)
0437 2L | 0hLo 0440 |61 0280 0441 — 440 >
0440 60 0280 O44l |+ first term (Thils order set up)
0LL41 21 0282 0442 |+ previous term — 282
Ol42 =3 0280 C4h3 |+ partial infinite sum — 280
o4 H3 60 0033 c284 In
0284 %0 | 0002 0285
0285 20 | 0283 0246 [n — 28=
0246 24 | 0276 Q340 |n — 276
Q340 60 0257 03471 |2
0341 z0 | 0001 0342
0342 21 Q277 Q343 |2 = 277
0343 o4 | 0278 QALY D — D73
034% 24 | 0279 0345 |2 — 279
0345 69 | 0249 Q3zLE
0346 24 0275 0372 |3 = 275
Calculation of Finite Sum for n = 1
0328 69 0271 032G
0329 24 | 0276 0330 |2/x = 276
0330 60 | 0250 0331 |,
0331 21 | o275 02732 |5 1/k = 1 = 275
0332 20 [ 0001 0%3%
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proeLEM; SUub-Routine for Irregular Bessel Functions

LOCATICN

OP.

DATA

INSTRUCTION

REMARKS

0333 21 0273 0334 111 — 27%
0334 69 Q023 0335

0335 24 0274 03h7 |x/2 — 274
0%47 69 Q264 0348

0348 ol 0281 0%51 {1 — 281

0351 60 | 0274 0352 {(x/2)h

0352 30 | 0003 0353

0353 14 | 0273 0354 [1/n! (x/2)8
ELL 60 8002 0355

0355 19 0275 0356

0386 35 0002 0357

0357l 21 0280 0258 iPartial infinite 5 — 280
0558 U 0282 0350 |Previous term — 282
0359 69 0250 0360

0360 24 0278 0361 |1 = 278

03671 69 Q275 Q362

0362 24 0279 0%6% |5 = 279

0363 . 60 [ 0033 036k

03614 35 0008 oLh19

o419 21 0284 0%65 |[n — 28%

0365 10 | 0250 0366

0366 21 Q277 0367 In + 1 =277
O3AT7 60 0263 0268

0368 o] QP77 0%69 |1 /(n+1)

0369 || 15 | 0250 037011 + 1/(a+1)
0270 b 15 | 0275 0377 r -
0371 20 0275 0372 (z 1/k + 5 lﬂkl-ﬂ o075
Calculation of Finite Sum for n = 2
Q316 60 0271 0317 |2/x%

0%17 19 | 8001 0318 [ (2/x)°

0318 35 0002 0%19 |81, 2

0319 11 | 0250 0220 [(2/x)% * 1
0320 21 | 0276 07321 | [{2/x)% * 1] - 276
0321 60 0257 0320 2

0320 30 0002 0323 |SR 2

Q323 21 027% 0224 2] — 273
0320 I 67 [ 0269 0325 (x/2)°

07325 20 | 027k 0%26 [(x/2)% = 27l
0326 69 | 0251 0327 |,

0327 24 | 0275 0349 15 1/k — 275
Q349 61 0364 0350

0350 21 0281 03581 [-1 — 28"
Calculation of Binite Sym for n = 3
0287 60 Q271 0288 |2/x

02858 19 | 8001 0289 [(2/x)°

0289 35 0002 02590

0290 60 1 8002 0291

0291 19 | o271 0262 [(2/%)°
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PROBLEM:

LOCATION

Sub-Routine for Irregular Bessel Functions

oP.

DATA

INSTRUCTION

REMARKS

0292 35 | 0002 0293
0293 60 | 8003 Q294 l2(2/x3°
Q2gh 10_1 8001 Q295

0295 21 | 0276 0206 2(2/x)% = 276

0296 19 | 0269 0297 (% 2(2/x)

0297 35 | 0001 0298

0298 64 0257 0299 |+ 2/x
0239 15 | 0276 0300 _|2(2/x)” £ (2/x)
0300 20 | 0276 0301 (2(2/x)° * (2/x) = 276
0301 60 | 0023 0302 lx/2

302 %0 | 0001 303
0303 64 | o2n7 0304 |1/2 (x/2)
0304 15 | 0276 0305 ,
0305 20 | 0276 0306 |[{2(2/x)° + o/x + 1/2 (x/2Y] — 274
0306 60 | 0256 0307 13! = UA

0307 30 0001 0308

0308 21 0273 0309 |3l = 273

0309 60 | 0023 0310 |x/2

0310 19 | 0269 0%11 |+ (x/2)°

0311 35 | Q002 Q312

0512 67 | 8003 0313 |(x/2)3

0213 20 | 0274 0314 [(x/2)% — 27k
0314 69 | 0252 0315 g

0314 24 QP75 Q347 5 1/k = 295

|

Iterative Procedure for Infinite Sum

0372 60 0282 0373 |Previous Term = P.T.

0373 30 0Cco2 0374

0374 14 0277 C375 (P.T./{(n+r)

0375 60 | 8oo2 0376 '

0376 19 | 0270 _ 0377 1% (x/23)% [P.T./(n+r)]

Q377 14 | 0278 0378 |+ (x/2}% [p.7./r(ner])]

0378 60 | 8002 0379 '

0379 30 | 0002 0380
0380 14 | 0279 0381 [+ (x/2)° P, 7 /[r{nir)s . ]
0381 60 | BoGR 0382 ) - T cld
0382 19 | 0275 0383 |* (x/2)2 P.T.5__ /lr(n+r)s ] = Nev
0383 351 0002 0384 new old Ter
0384 21 0282 0385 |new term — 282

Q=87 E10) QCQ0 0386

0386 by 0387 Q40R {Ts last term = 02
0387 60 | 0282 0388 NG
03838 10 0280 e
0389 21 0280 0390 |Partial infinite Sum - 280
0390 69 0275 0391
0397 24 0279 0392 Z1ew becomes & 19 = 270
0392 60 | 0278 0%33 ' ©

0393 10 | 0250 0%94
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PROBLEM:

LOCATION

Sub-Routine

oF.

DATA

for Irregular Bessel Functions

INSTRUCTION

REMARKS

0394 21 0278 0335 lnew r — 278

0395 10 0283 0396

0396 27 0277 0397 Inew n 4+ r= 277

0397 60 | 0263 0398

0398 64 Q277 0399

0399 15 | 0275 0400 | , n+r

Q400 20 | 0275 o403 (5 1/ 4+ > 1/k) - 275

Q401 60 | 0263 ohoe 1 ' TEw

ohop 64 | 0278 0403

0403 15 0275 okodit

0404 20 0275 0372 inew 3 — 275 calculate next term
Q405 60 0267 04CH Last term = 0
0406 10 | 0262 0407

0407 Wl o408 o122 K (x) or v {x) ¢

0408 60 0268 0409 [2 (v + 1n x/2) T (x) K Lml_
0409 11 | 0280 0410 |2 (v + 1n x/2) “( Y _ infinite 2°
0k10 19 | 0281 oh11 [z[2(y + 1n x/2) ”I (x) - infinite 51
0411 15 | 0276 o41n 2 “(xlf

Qul2 ) 65 § 0276 O41% |add finite sum Y (x)
ok1= | 15 | 0280 o1l |finite > + infinite I

0414 16 | 0268 0415 |fim. 3 + dnfin. S + 2(y + In x/2) Jan)
Conversion of Function to Floating Decimal Form

0415 60 8002 o416 |2 K (x) or - m VY (x)

0416 30 | 0001 oh17 o o

0417 1% | 0267 o318 |k _(x) or ¥ {x)

0418 69 | 0428 oxyy | ' o

oL L 24 | 012% 0147 {20 0079 0132 — 123

0147 69 021% ol

oL l5 oL 0200 0123 [30 0001 012% — 209

0123 20 | 0079 0132 |K (x) or ¥ (x) = 79

0132 | 6C | 8002 0141 [x(x) or Y {x) — TUA

C1i1 36 | 0000 0121 1shHift and tount

0121 47 | 0126 0126 |{Reset overflow cirecuit if tripped
0126 21 0130 0144 K (x) or v (x) = 130

O1hy 46 016 0133 |T8 function negative?

Q146 a1 8002 0135 |+ count = IIA YE&

0135 11 | 0114 0124 |- 51 + count — UA

0133 61 3002 0136 j- count NO
0136 10 | 0114 0124 |51 - count — UA

D] -




PROBLEM:

Sub-Routine for Irregular Ressel Functions

LOCATION  CP, DATA  INS TRUCTION REMARKS
o124 15 0130 QL34 _1{51- count) + TK (x) or ¥ (x)]
Q17k 21 | 0002 Q042 |SB 2 and Round
QQ4pr 60 8002 0115 |Floated K (x) or v (x)
0115 15 10079 1971 [Floated flUnction iR UA; fixed decimal
__Jfunctlon_in LA G¢ to exit instruction
cLhée 69 0004 0447 i8pecial entry for 1n
oLy 2l 0151 0148 argument - 1571
il
(Constants and Storage Assignments )
0130 00_| 0000 Q000 1K _(x) or v _(x)
021% 30 | 0001 oipz | O o
02Lg 0% | 0000 0000
0250 01 | 0000 0000
0251 01 5000 0000
LY 01 8$33% 25%%
02545 11 | 0270 320
0256 06_| 0000 0000
0257 20_| 0000 0000
0258 20 0259 0218
025G Q0 0000 0000 T {(x) or J_(x)
0260 15 0261 0222 n n
0261 | 05 7721 5665 |y
o622 | 31 4156 2654 |n
02673 CO 0100 0000
0264 Q0 000 Q007
QP67 00 {0000 0000 |2 or -7
0268 00 | 0000 0000 |2 (y + 1n x/2) [Im(x) or J (x)]
0269 00 | 0000 coc0 |- (x/2)° - -
0270 00 | 0000 0000 | (/273
0271 00 | 0000 0000 [2/%
0273 00 | 0000 0000 [n!
0274 00 | 00CC 0000 |[(x/2)71 4 4T
0275 00 0000 0000 (3 1/%x + 3 1/k)
0276 00 | 0000 0000 [finite sum e
0277 00 | 0000 0000 |n + »
0278 | 00 0000 0C00 |r
0279 00 | 0000 0000 (z 1/k + z 1/k) . .
0280 00 | ©000 0000 |[Infinite sum oid
0281 00 000 0000 [* 1
0282 00 | 0000 0000 |Previcus term
0283 00 | 0000 0000 In
0286 10 | 02R0 0320
0428 20 | 0079 Q132
0l 38 60 0280 Qu4l1
Q439 61 0280 o4y
| I R
L . .
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PROBLEM:

Sub-Routine for Natural Logarithm

LOCATION P, DATA INSTRUCTION REMARKS

0148 60 0151 0155 ix/2 = U =— UA

0155 11 0158 0163 - 10

0163 46 Q166 0167 U > 107

0166 60 | 0217 0173 |0.1 U < 16
0173 11 | 0151 0157 10.1 - U

0157 4,46 0162 0165 iU < 0.17

0167 69 0170 0176 U > 1
0176 ol 0160 0164 |1n 10 — 160

0164 60 0151 0181 U

Q181 %0 | 0001 0149 0.1 U

0165 61 0170 0177 U <<0.1
0177 21 0160 0168 |- 1n 10 = 160

0168 60 | 0151 0159 |U

0159 || 35 | 0001 0149

0162 57 T 8003 017k 0.1 < U <« 10
017k 21 0160 0192 |0 — 160

0192 [ 60 | 0151 clig Iy

0i4g | 10 0169 0183 |U + 2

018% 1§ 21 020l C1R0 (U + 1 — 204

0150 | 11 0156 0184 |u - 1

0184 6 1 o20b 0154

0151 20 | 0175 0185 [{(U-1)/(U+l) = Z = 175

0185 30 | 0001 0200

0200 ||l 20 | 0191 0152 |Z = 191

01572 60 | 0175 0161 |

0161 15 | 8001 0190 |Z®

0190 21 | 0182 0186 |z° — 182

0186 [ 60 | 018 0193 |n — UA

0193 || 10 | 015”6 0211 In 4+ 2 — UA

Q211 21 | Q171 0178 In + 2 = 171

0178 650 0175 0179 |Previous term = P.T. — UA

0179 19 | 0182 0205 [(P.T.)Z2

0205 60 8003 0180

0180 19 | €189 0208 |(P.T.)72 n 0
0208 14 | o171 0210 (P, 1.)72 n/{n+>) ]
0210 20 | 0175 0187 {{p.T.)72 ) = New Term — 175 |
0187 30| 0000 0194 |8Shift permits In fo. be more or less
0194 650 | Boo? 020% INew Term — UA accurate
0203 yuy Q207 0198 [New Term = Q7
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PROBLEM: Sub-Routine for. Natural Logarithm

LOCATION

oP.

DATA

INSTRUCTION

REMARKS

New Term NO

0207 60 | 0175 0188
[ 0188 30 1 0601 0195

195 10 ] 0197 0196 INew Term + S 01 g=-11A
0196 | 21 | o191 0197 |New Term + % 75.= 2 = 191
0147 69 | 0171 Ql72 -

172 | 24 | 0189 0186 _IN 4+ 2 becomes N for next pass -» 189
0198 65 0161 0199 ¥ — LA New Term = Q
0199 15 5001 0201 |23 -~ LA
0201 15 0160 0202 2% + 0 or 25 *F 1In 10
0202 69 0169 0206
0206 24 | 0189 0209 |1 — 189 Resets 189
0209 15 | 0206] 0222 1y + 1n x/2 — LA Exit _instruction
{Constants ‘and Storage Assignments)

0151 9]0] 0C0o0 0000 [Argument U as XX.XXXXXXXX
0156 Q2 0000 QaQ0 |2

0158 10 QG000 Q000 (10

Q160 Q0 0000 _ 0000 10 or * 1In 10 as X. XXAXXXKXX
0169 01 Q000 __Q00C

0170 23 0258 | K093 n 10Q

0171 00 0000 Q000 [N + 2 a8 XX.XXXXXXXX

G175 00 0000 CO0C {Term rn asg . XXXAAXXXXX

0182 [ 00 [ 0000 0000 122 = [(U-1)/{U+1)1% a8 .XXXXXKXXXX
0189 0l 0000 CO0C |n as XX.XXXXXXXX

0191 00 0000 Q000 17 as X.XXXXXEXXX

0204 Q0 0000 Q00C + ]

Q217 o0 1000 QOO0 107

_ph_
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