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ABSTRACT

A compilation of benchmark critical experiments was made for
essentially one—dimensional systems containing plutonium. The
systems consist of spheres, series of experiments with cylinders
and cuboids that permit extrapolation to infinite cylinders and
slabs, and large cylinders for which separability of the neutron
fiux into a product of spatial components is a good approximation.
Data from the experiments were placed in a form readily usable as
computer code input. Aqueous soclutions of Pu(N03)4 are treated
as solutions of PuQy in nitric acid. The apparent molal volume of
Pu0, as a function of plutonium concentration was derived from
analyses of solution density data and was incorporated in the
Savannah River Laboratory computer codes along with density tables
for nitric acid.

The biases of three methods of calculation were established
by correlation with the benchmark experiments. The oldest method
involves two-group diffusion theory and has been used extensively
at the Savannah River Laboratory. The other two involve S, trans-
port theory with, in one method, Hansen-Roach cross sections and,
in the other, cross sections derived from ENDF/B-IV. Subcritical
limits were calculated by all three methods. Significant differ-
ences were found among the results and between the results and
limits currently in the American National Standard for Nuclear
Criticality Safety in Operations with Fissionable Materials Outside
Reactor (ANSI N16.1), which were calculated by yet another method,
despite the normalization of all four methods to the same experi-
mental data, The differences were studied, and a set of suberiti-
cal limits was proposed to supplement and in some cases to replace
those in the ANSI Standard, which is currently being reviewed.
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CORRELATION OF NUCLEAR CRITICALITY SAFETY COMPUTER CODES WITH

PLUTONIUM BENCHMARK EXPERIMENTS AND DERIVATION OF SUBCRITICAL LIMITS

INTRODUCTION

A number of computer codes are used at the Savannah River
Laboratory (SRL) for nuclear criticality safety evaluations. The
earlier codes were written here (originally for am IBM 650), prin-
cipally for such evaluations. As computing machinery has improved
(currently IBM System 360 Model 195 and System 370 Model 158),
these codes have been adapted to the new machines,. and other
codes have been added. The §,; computer code ANISN“ and the
Monte Carlo code KENOJ have been obtained from Oak Ridge Natiomal
Laboratory (ORNL). The development of the JOSHUA System® at
SRL, with its modular concept, has permitted the linking of codes
and facilitated the handling of data and the preparation of input.
A driver subsystem KOKO has been written to perform such tasks”.

A component of the JOSHUA System is the Generalized Lattice Analy-
sis Subsystem {(GLASS)}, which is intended for Savannah River Plant
(SRP) reactor computations but which has been adapted to criti-
cality safety evaluations. Access to ENDF/B-IV cross sections is
provided by GLASS so that these cross sections may be used in
addition to or instead of Hansen-Roach cross sections® commonly
used with ANISN or KENO. It is expected that the development of
computational methods, consisting of computer codes and associated
numerical parameters such as cross sections, will continue as
codes are improved or revised, as better cross sections become
available, and perhaps as errors are discovered and corrected in
existing methods; however, the methods presently in use are fairly
well standardized, and changes are not expected in the immediate
future.

A sine qua non in criticality safety evaluations is the cor-
relation of any computational method with pertinent data obtained
in critical experiments to indicate the bias to be expected from
the method. So as not to build up a huge investment in correla-
tions for a method that may become obsolete (e.g. by the incorpo-
ration of improved cross sections), the tendency is to correlate
on an ad hoc basis. With the current fairly stable state of the
methods, however, more extensive correlatlions appear warranted.
Moreover, except for KENO, the codes are one-dimeunsional and quite
fast on the present computer; therefore, if there are changes, the
repetition of correlations should not prove inordinately expen-
sive, particularly since data for one-~dimensional systems, or data
capable of being extrapolated thereto, are somewhat limited. In-
cidentally, where the method comprises a reasonably exact solution
of the transport equation, the bias establigshed with a particular
set of cross sections should be applicable to any other reasonably
exact solution (e.g. Monte Carle) with the same set. Therefore,



there is special interest in data for one-dimensional systems and,
at SRL and SRP particularly, for plutonium systems. The conver-
sion of these data into computer code input generally requires some
judgments and assumptions. It is desirable to preserve an exact
record of the input so that subsequent correlations are facilitated
and so that any differences can clearly be ascribed to changes in
the computational method rather than to a reinterpretation of the
data,

SUMMARY

This report contains a compilation of data obtained in eriti-
cal experiments with plutonium systems, for the most part with one-
dimensional systems. The data have been put in a form directly
usable as computer code input.

The report describes three methods of calculation commonly
used at SRL and gives biases of the methods established by correla-
tions with the data. The biases are expressed as the critical
value of Ke £f and in some cases are appreciable. For aqueous
solutions in which the plutonlum contains about 5% 240py or
less, kpgs differs from unity by as much as 0.04, depending on
concentration. On the other hand, for plutonium metal, kgff
differs by less than 0.0l from unity. Despite differences in
sophistication in the methods, none is a clear choice on the basis
of bias; approximately the same range is shown by all, although the
variation with composition variables differs.

Finally, the biases are used as a basis for computing sub-
critical limits for simple systems by all three methods. The
limits are compared with each other and with limits now in the
American National Standard for Nuclear Criticality Safety in Opera-
tions with Fissionable Materials Outside Reactors (ANSI Nl6.1),
currently under review, and revised and supplementary limits are
proposed. Reduced limits for solutions of plutonium nitrate in
which the plutonium is 100% 239py are proposed for mass, cylinder
diameter, slab thickness, and volume. It is proposed that the
concentration limit be increased to its former value. Additional
limits for solutions and PuO9-H90 slurries are proposed that take
credit for 240py, Limits for metal are confirmed, and limits for
Pu0y are proposed.

COMPUTATIONAL METHODS

As defined in the American National Standard for Validation of
Calculational Methods for Nuclear Criticality Safety N16.9-1975, a
calculational method is 'the mathematical equations, approxima-
tions, assumptions, assocliated numerical parameters (e.g., cross
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sections), and calculational procedures which yield the calculated
results.”" Therefore, in the present work, a method is a particular
combination of computer codes used in a particular manner with a
particular set of cross sectioms,

Exact descriptions of the computer code input are contained in
internal memoranda that will be made available to anyone obtaining
the JOSHUA System4 and the computer codes. They are unot otherwise
of much interest, but descriptions of how the codes are used and
the operations they perform are of general interest. Descriptions
of the three computational methods used in this study will be con-
fined to the latter. The three methods are a two-group diffusion
theory calculation with a rather old library of cross sections as
implemented by MGBS-TGAN and two l1é-group 5, transport theory
calculations as carried out by ANISN with, in one method, Hansen-
Roach cross sections as processed by HRXN and in the other, largely
ENDF/B-1V cross sections as processed by GLASS. The §, transport
calculations were supplemented in some cases by Monte Carlo, with
the same cross sections, as carried out by KENO. Descriptions of
the codes follow.

MGBS, TGAN, and KEFF

The operations performed by the codes MGBS, TGAN, and KEFF
have already been described!. MGBS performs a l2-group B, calcu-
lation to determine buckling and two-group diffusion theory parame-
ters for use in the analytical code TGAN., KEFF uses TGAN results
to calculate kggs as k/(1 + Mngz). Together, these codes form
a computational method since MGBS contains its library of cross
sections. The principal changes in these codes in the intervening
years have been to convert them into JOSHUA modules, to provide
for submission of input by way of JOSHUA records prepared at a
terminal, and te link them by a driver module KOKO so that output
from one forms part of the input for another. Modules executed
by KOKO were also written to prepare input for special types of
problems.

In the thermal group of MGBS, the cross sections are taken from
Amster's co endium. Tnhe thermal spectrum is characterized by
the ratios 235u/H, 239Pu/H and 1/v barns/H and by temperature.
Cross sections at 4 5H/239Pu <100 were obtained by extrapolating
Amster’'s results.* It is expected that the accuracy of the

* Until recently, the fission cross section of 241py was not extra-
polated into this range; it was zero. It has now been extrapolated,
the same constant value of @ @ ./0f) is assumed as for H/Z3%Pu 2100.
Although not pertinent here, constant values of cross sections - for 2
<H/2 50 <50 have now been replaced by extrapolation of Amster's
results. These changes eliminate small step function changes when
the /235U or H/23%y boundaries are crossed.
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extrapolation decreases with its extent, but exact values of
thermal cross sections are not very important in these hard
spectra.

The fast group parameters generated by MGBS for fissionable
materials are weighted by the spectrum obtained at critical buck-
ling (without adjustment for any bias determined by correlation
with experiment). Those for reflectors are weighted by the spec-
trum obtained at zero buckling. The latter spectrum is also used
for weighting the cross sections for the materials in vessel walls.
With the two-group parameters and specified dimensions, TGAN can
perform two searches: a critical transverse buckling search and a
critical zone width search. The buckling search may be requested
for slab, cylinder, or sphere. For the sphere, it results in a
fictitious buckling component which is subtracted from the critical
{material) buckling of each material and which is adjusted until
criticality is achieved with the specified dimensions. Just as
for the slab or cylinder, the geometric buckling of the core is
then

Bgz = Bc2 - Brz
where Bcz'is the critical (material) buckling determined by

MGBS and B.? is the critical transverse buckling. The value
of keoff 1s computed by KEFF simply as

L+ MZBC2
L =

eff [+ Mngz

where the migration area 1s also determined by MGBS. Clearly,

if calculation and experiment agree for a sphere, kgofef = 1

since the fictitious transverse buckling will be zero. In the
dimension search, keff 15 specified (it defaults to unity); the
corresponding transverse buckling is computed from core material
cross sections; and a specified zone width (e.g. the core radius)
is adjusted until criticality is achieved with this buckling.

HRXN

A separate module HRXN has been written at SRL to prepare
macroscopic Hansen-Roach cross sections® as input to either
ANISN or KENO, The microscogic cross sections are essentially
those furnished with KENO-IV- and include the original Hansen-
Roach sets together with sets generated subsequently at ORNL and
LASL. Some changes have been made at SRL. All thermal cross
sections were examined for conformity with BNL-325 and with the
Chart of Nuclides. Modifications were made where indicated. Some
were found not to be averages over a Maxwellian spectrum and were
corrected. The cross sections have been placed in JOSHUA records
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within a permanent data base. Resonance shielded cross sections
are tabulated in these records for 20 values of potential scatter-
ing: 20, 40, 60, 100, 200, . . ., 10% barns per atom of nuclide.
Interpolation and extrapolation within HRXN are 3-point Lagrange in
terms of the logarithm of the potential scattering except at-the
upper end where extrapolation is linear and the extrapolated value
is not allowed to exceed the value at infinite dilution. At the
lower end, the extrapolated value is not allowed to rise once the
minimum value for potential scattering less than 20 has been
reached. For some nuclides, notably plutonium-238 and plutonium-240,
graphical interpolation and extrapolation were required to obtain
the cross sections at the selected values of potential scattering.
Potential scattering cross sections and atomic weights (carbon-12 =
12.00000) are contained in a JOSHUA record within a permanent data
base. HRAN automatically computes the potential scattering per
nuclide and the corresponding resonance shielded cross sections.
Wherever hydrogen was involved in experiments with which correla-
tions were made, the set produced with X(E) weighting (Tables XIX
and XX of Reference 6) was selected.

A wide variety of ways 1is provided for submitting composition
data, including, if desired, atom densities. The way adopted for
aqueous solutions of Pu(NO3), was to treat them as solutions of
Pu0y in nitric acid. Nitric acid density tables derived from
International Critical Tables are incorporated in HRXN for acid
molarites ranging from 0 to 16 and temperatures from 15° to 30°C.
Apparent molal volumes of PuQ, derived from an analysis of density
datad-10 are also incorporated. Analysis of Pu(NOj3), density and
composition data in this manner shows wide scatter in the apparent
molal volume, especially at low concentration, too much to permit
detection of a conceivable dependence on free nitric acid molarity.
Part of the scatter is no doubt due to inconsistency of the data.
Nitrate ion concentration often does not agree well with that which
should be associated with reported H* and Put*** concentrations.
The molal volumes adopted are shown in Table 1. The code provides
five—point Lagrange interpolation. It is important to have a consis-
tent method such as this for computing the hydrogen density of both

TABLE 1

Apparent Molal Volume of Pubz in Nitric Acid Solution

Moles Pu/l  Appavent Molal Volume, em’

0 - 10.3
0.5 2.7
1.0 7.3
1.5 9.5
> 2.0 _ 10.3



the solutions involved in critical experiments and those iInvolved
in any parametric study from which minimum eritical masses and
dimensions and corresponding limits are derived. It is also impor-
tant that the method be fairly accurate if bias established from
correlations with solution data is to be applied to other systems
such as oxide-water mixtures. With this approach, the composition
data required for Pu(NOj3), solutions are the plutonium concen-
tration, the plutonium isotopic composition, the total nitrate
concentration, and the temperature, The code then computes the
solution density and the hydrogen density.

This approach was considered preferable to the use of density
data reported for the critical experiments, with hydrogen density
obtained by difference and thereby containing the cumulative error,
and to the use of density formulas in view of the lack of agreement
among those that have been proposed by others.

One of the earlier ones isll
p=1+ 0.031 H+ 0.00146 C

where H is the free acid molarity and C is the plutonium concentra-
tion in g/%. French work!2 covering the concentration range 12

to 166 g/%, the acid molarity range 1.5]1 to 2.16M, and a temperature
range from 20°C to 50°C resulted in the formula

P=4d+ 0.034 H+ 0.00147 C

where d is the density of water at the appropriate temperature.
From a least squares analysis of the density of a large number
of Pu(NO3)4 solutions, Richeyl3 derived the following expression
for the concentration of water:

Ho0(g/R) = 1000 - 0.3619 g Pu/f - 24.6 H

He later corrected the coefficient of acid molarity to 33.1
(Reference 14). From the corrected expression, the formula
derived for the density of Pu(NO3)4 solutions is

P=1+0.0299 H + 0.001675 C

(Before correction, the acid molarity coefficient was 0.0384). The
acid molarity coefficient 1is suspect, however. For aqueous solu-
tions of nitric acid, the coefficient at 20°C is 0.0338 as deter-
mined by densities at 0 and 0.8IM, 0.0314 as determined by densi-
ties at 0 and 7.9M, but the density is obviously not strictly a
linear function of molarity. For a solution containing 160 g Pu/fL
and 2.2 molar acid, the densities obtained from Richey's corrected
formula and from the French differ by about 2%; the corresponding
difference in kg¢g calculated for a critical water-reflected sphere
is about 0.01.
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Once the macroscopic cross sections for a mixture are com-
puted, they are placed in JOSHUA records that serve as input for
ANISN, KENO, or any other program. A fission spectrum character-
istic of the mixture accompanies the cross sections. For plutonium
compounds, the spectrum is that given in Table IV of Reference 6.
(With some inconsistency, the 23%py cross sections in the upper
groups correspond to those in Table IIT of Reference 6 rather than
Table IV.) A Bj calculation, which for linearly anistropic cross
sections is exact, is performed for the mixture to determine for
fissionable mixtures the critical buckling and the buckling corres-
ponding to any specified value of kyff other than unity, the
migration areas, and the neutron multiplication constants k. For
non-fissionable mixtures, only the migration area at zero buckling
is calculated. HRXN, in conjunction with transport theory calcu-
lations performed by ANISN, constitutes a second method of compu-
tation.

GLASS

GLASS% is basically a replacement for HAMMER1?, incorporating
improvements and supercell (cells consisting of groups of dissimi-
lar fuel and target assemblies) capability. It is adaptable to any
group structure, but extensive cross-section libraries exist only
for a 37-group structure and the HAMMER 84-~group structure (54 MUFT
groups, 30 THERMOS groups). The HAMMER group structure was used in
the present work. The Standard GLASS Cross Section Library is
essentially the HAMMER Library. Other libraries are provided for
GLASS, however. A special library contains cross sections for H,
10, N, o, Al, Fe, and uranium and plutonium isotopes processed
by ETOJ and FLANGE!® from ENDF/B-1V files. Another special library
contains, among other nuclides, cross sections for C processed from
ENDF/B-111. Wherever these nuclides appear in mixtures, in the
experiments with which correlations were made, their cross sections
were taken from these special libraries rather than from the Stan-
dard Library. For other nuclides (Cr, N, 241Am), the c¢ross sections
were taken from the Standard Library. In the special ENDF/B-1IV
Library, the gcattering matrices of the light elements are expanded
in Legendre polynomials through P2, the heavy elements through Pj.
The C cross sections are expanded only through Pj.

GLASS is intended principally for lattices. Cell fluxes are
computed by integral transport theory with isotropic scattering.
However, it also can treat homogeneous systems for which the func-
tions it performs are the selection of cross sections from desig-
nated libraries, the formulation of mixtures, the computation of
resonance reaction rates {(by the Nordheim method), and the computa-
tion of critical buckling, k, and migration area by B]. GLASS can
collapse cross sections, but only with scattering limited to Pg.
The few-group cross sections are in a form suitable for diffusion
theory codes, and the number of groups is limited to 10. As it
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stands, GLASS 1s not suitable for use with transport theory codes
that permit anisotropic scattering, and there is some questionl
as to whether its diffusion theory constants are in proper form,
particularly for small systems. However, its access to ENDF/B-IV
cross sections and its calculation of resonance reactor rates are
features that are desirable to incorporate in a computational
method used for criticality safety evaluations. A special module
has accordingly been written for GLASS for processing cross
sections, and a special module has been written for the driver
subsystem KOKO to facilitate the preparation of input and to
operate on GLASS output.

Besides eliminating minor cross section inconsistencies
through adjustments in self-scatter cross sections, the principal
function of the special GLASS module is to implement the extended
transport approximation with scattering limited to P;, as in the
Hansen-Roach set of cross sections.®* Scattering for the heavier
elements (A >27) is limited to Pg. For plutonium isotopes, scat-
tering at high energy is largely forward, and the ordinary trans-
port approximation was thought to be superior to the extended
approximation with P] scattering. For the lighter elements,
scattering is limited to Pj. The value of 93 required for the
extended transport approximation is obtained from library cross
section records if they extend to P3; otherwise, it is obtained
from O] and the ratio of 93/0) for isotropic scattering in the
center of mass system. Another function of the special GLASS module

* The scattering cross section as a function of the cosine of the
scattering angle may be represented as an expansion in Legendre
polynomials.

[++]
O(M) = 1/2 E (2% + 1) g, P, (W)
2=0

The extended transport approximation involves setting g, = 0k for
all £ >k. The expansion then becomes

k-1 o
oW = 1/2 § 22+ 1) (g - o) Py (W) + 0 3 (22 + 1) P (3)
1=0 2=0

Expansion of the delta function §(H-1) in Legendre polynominals
shows that the second sum on the right is Og 6(U~1). Since this
represents purely straight-ahead scattering with no energy loss, it
may be disregarded. If k = 1, Uy = H0q, and the ordinary transport

2
33U -p
approximation is obtained. If k = 2, Oy = 0-
2
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is to furnish cross sections for transfer to adjacent groups in the
thermal region for heavy isotopes. The transfer cross sections for
these isotopes as contained in the libraries are zero. The removal
cross section is computed as &£0g/ A, and the apportionment between
up and down scatter is determined by the principle of detailed
balance.

Subroutines written for KOKO to supply input for GLASS write
all the input records required by GLASS for a series of mixtures
from a single KOKO input record. Mixtures are formulated as in
HRXN, and the nitric acid tables and apparent molal volumes of
PuOg are incorporated in the subroutines.

Subroutines written for KOKO to operate on GLASS output con-
vert resomance reactlon rates calculated by GLASS for each group to
absorption and fission cross sections as outlined in Appendix A
(GLASS carries the reaction rates through its B} calculation and
finally converts them to cross sections in the process of collaps-
ing groups). Following the conversion of resonance reactlon rates
to cross sections, additional subroutines written for KOKO perform
the B) calculation and collapse cross sections as desired. GLASS
already contains a B} calculation, but it was felt that collaps-
ing could be implemented more easily if resonance reaction rates
were first converted to cross sections. The conversion appears to
be equivalent to the procedures followed in GLASS since Legendre
flux moments and the critical buckling calculated by the KOKO Bj
calculation agree well with those calculated by GLASS. However,
the GLASS B] calculation is not usually performed since it repre-
sents an unnecessary duplication.

The KOKO B) calculation is similar to that in HRXN and yields
the buckling corresponding to a specified kegrg (the critical buck-
ling if keff = 1), k (the ratio of production to absorption), two
values of migration area (the second, computed as (k-1)/82, provided
as a check on consistency), and Legendre flux moments ¢y (flux), ¢
(current), and 5. The moments are used as weighting functions in
generating few-group cross sections. The weighting is as follows:

o Vig, 2., and Zoij (1 # j) are weighted by ¢,.
) Zlij (i # i) are weighted by Py«

o For few-group cross sections with 1sotropic scattering, L is de-
termined from the transcendental equation relating ¢0 and ¢1.

e For few-group cross sections with linearly anisotropic scattering, &
is determined from the transcendental equation relating ¢) and ¢,.



® Zoié is dgter?ined by difference from z, Ea: and the sum
of Loij (1 # ).

e Z);; is determined by balancing first-order sources and removals.

Options are provided for weighting by the spectrum from the previous
case (in which event I and all Zlij are weighted by $;) and for re-
moving upscatter in such a manner as to preserve the Legendre flux
moments .,

The weighting scheme ensures the same buckling, migration
area, and k with the few-group cross sections as were obtained with
the 84~group cross sections. This is confirmed by repeating the
Bj calculation with the few-group set. The cross sections are
placed in JOSHUA records in the format specified for KENO. A
fission spectrum characteristic of the material is included,

Any structure may be selected for few-group cross sections.
The one chosen for the standard method and for correlation with ex~
periment is as close to the Hansen-Roach structure as is possible
with the B4-group boundaries. Since upscatbter increases ANISN com-
puting time by a factor of nearly 2 and occasionally results in
failure to converge and since the difference in bias with or with-
out it 1is small, upscatter was removed. Cross sections for core
materials were collapsed at critical buckling (unadjusted for
bias). Cross sections for water or Plexiglas™ reflectors were
collapsed at zero buckling. A plutonium-239 fission source was
used. Cross sections for container walls were collapsed with re-
flector spectrum. It is questionable whether the By spectrum
generated in a nonmoderating core is the appropriate one to use for
collapsing cross sections at all energies when the core is sur-
rounded by a moderating reflector. For example, for a sphere of
plutonium metal immersed in water, the By spectrum for plutonium
may be appropriate for the high-energy groups, but the influence of
the Hy0 reflector should be taken into account for the low-energy
groups. Provision has been made for weighting metal (or oxide)
cross sections by the spectrum developed at zero buckling in a
metal moderator mixture. This weighting 1is done in the same manner
that cross sections for a material are weighted by a previous
spectrum (i.e. I is not derived from a transcendental equation but
is weighted in a straight-forward manner). The cross sections for
the metal can then be taken as a combination of those determined
from the B, spectrum in the metal in rhe high-energy groups and
those weighted by the metal-moderator spectrum in the low-energy
groups. The arbitrary choice made was to use g l:1 by volume metal

(or oxide) - water mixture to generate cross sections for the lower
10 groups.
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ANISN

Changes in the SRL version of ANISNZ have consisted princi-
pally of converting the code to a JOSHUA* module. The transverse
dimension specification and search have been converted to transverse
buckling; but this is not commonly used because of inconsistencies
and was not used in the present work. Subroutines have been written
for KOKO to prepare input for ANISN for the types of problems com~
monly encountered in criticality safety applications. Completely
symmetric gquadrature sets 7 satisfying even moments conditions
are incorporated for orders 4, 8, and 16. All three were used, and
extrapolation to §, was carried out by the formula

_ 32p16 - 12p8 + p4
L 21

which is obtained by fitting a third order polynomial in the recip-
rocal of the order of quadrature to values of p, calculated by

8, with the requirement that the slope be zero when the reciprocal
is zero. The parameter p may be any parameter calculated by Sj:

ke ff, radius, etc. Use of the formula is of course not exact, but is
preferable to graphical extrapolation since it is unequivocal. The
formula was applied to a group of three two-group bare slab analyti-
cal benchmark problems.l8 For the thickest slab, kaff calculated by
S4» Sg, and 5S¢ was 0.9898, 0.9975, and 0.9991. The formula gives
0.9995 at §, compared to an exact value of 1.0000. For the middle
slab, the 8;, Sg, and S;g results were 0.7496, 0.8896, and 0.9597,
respectively. The formula gives 0.9898 at 8 s compared to 1.0000.
Graphical extrapolation to 1.0000 appears reasonable, but sc does
extrapolation to 0.9898. However, the variation with quadrature
here is much larger than that encountered in any correlations, where
the maximum spread between S, andASl6 is about 0.02. (Even the
thickest of the three benchmark slabs bears little resemblance to a
physically realizable reactor; for it, V would have to be about 16.)
For a series of 16 one-group benchmark calculations for slabs and
spheres, with isotropic scattering and with ¢ extending from 1.0! to
1.6,19 the maximum deviation from unity of keff extrapolated to S
was —-0.0010 for one of the slabs. The absolute value of the devia-
tion was <0.0005 in ten cases.

To provide a standard method for assigning spacial mesh in
ANISN, KOKO assigns interval widths AR according to a formula pro-
posed by Westinghouse Astronuclear Laboratory in the manual20 that
accompanied the version of ANISN received from RSIC:




Where g is the group in which I has its maximum value. This formula
can result in an excessively large number of intervals, however. In
such cases, a scheme, based on several criteria?® has been provided
in KOKO that assigns a variable mesh. It assigns the finest mesh
(in accordance with the formula) within subzones next to internal
boundaries, where the flux is expected to vary most rapidly, and
assigns successively coarser mesh (by factors of 2) away from these
boundaries. Subzones within a medium all have the same number of
intervals, and the default option, which was selected in the present
work, limits the number to 10. This scheme has been investigated
for a D0 reflected sphere of uranium-235 dissolved in D50 and

for a water reflected plutonium metal sphere and gave good results.

SPBL

A module SPBL has been written for applying ANISN results to
two- or three-dimensional bodies with separability of the neutron
flux into a product of spacial components assumed. An ANISN k.¢¢
search 1s performed for each dimension with the other dimensions
assumed infinite, i.e., with zero transverse buckling. The two
(finite cylinder) or three (cuboid) values of kggf are supplied to
SPEL together with the macroscopic cross sections of the core mate-
rial. For each value of kgff, a B) calculation 1s made to deter-
mine the corresponding buckling, which is interpreted as the geometric
buckling. If desired, extrapolation distances may be calculated (by
hand), and they appear quite reasonable. The geometric bucklings are
combined, and kgff is calculated (again by B)) for the body. For
large bodies, this approach is quite good since geometric bucklings
are determined largely by the dimensions. For small bodies, it tends
to overestimate keff. For a series of bodies, with the same or simi-
lar core material, in which a dimension is progressively reduced, the
critical transverse buckling is correspondingly reduced. Extrapola-
tion to zero transverse buckling then yields keffg for a critical
infinite cylinder or infinite slab.

KERO

In principle, Monte Carlo and S, transport theory calcula-
tions extrapolated to S«, performed with the same cross sections,
should be equivalent methods, and some Monte Carlo calculations as
carried out by KENO were done to supplement ANISN calculations,
Changes in the SRL version of KENO-IV have consisted principally of
converting it to a JOSHUA module. 8Some redundancy in input was re-
moved, and some simplifications were achieved in the process. Mixing
tables were removed, and macroscopic cross sections are expected to
be contained in JOSHUA records., Presently, Hansen-Roach cross sec-
tions as prepared by HRXN and ENDF/B-IV cross sections as processed
to 16 groups by GLASS are used. In the present study, KENO was used
principally to supplement results obtained with SPBL and to assist
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in the extrapolation to infinite bodies. The number of neutrons per
generation was always specified as 300. Values of k,¢s are based

on at least 60 generations (18,000 neutrons), generally 100 genera~
tions. Adjoint biasing, as furnished with KENO-1V was used in the
hydrogenous reflectors. (The small differences in group boundaries
for the GLASS cross sections were assumed not to invalidate the
weights.) When compared with the set of one-group benchmark calcula-
tions to which ANISN was applied,19 KENO gave good results. For

the eight slabs and eight spheres, koff was within one standard
deviation of unity in 9 cases, within two in 5 cases, and within
three in the remaining 2. There were five underpredictions. The
two cases slightly exceeding two standard deviations were on either
side of unity. On the bases of the one-group comparisons, both KENO
and ANISN solve the transport equation with acceptable accuracy and
may be considered equivalent. Recently, what was considered to be
an error in the treatment of P| scattering in KENO was discovered

at ORNL.2l calculations were made both without and with the
proposed correction, which randomizes the scattering angle.

EXPERIMENTAL DATA

Many critical experiments have been performed with plutonium.
Paxton?Z cites some ten references to critical experiments with
aqueous solutions and fifteen to experiments with metal. From the
vast number of experiments in these and other references, Durst, et al.
have somewhat arbitrarily selected thirty-three to serve as bench-
marks . 23 However, in the present work, the principal interest
is 1n experiments with one-dimensional systems, such as spheres and
cuboids and finite cylinders that can readily be extrapolated to
infinite slabs and cylinders or that fill in gaps in the data even
if separability is assumed in analyzing them. To cover all the
parameters involved in the experiments, all such available experi-
ments should be calculated, particularly with one-dimensional com-
puter programs that do not consume large amounts of computer time.
Accordingly, many more experiments were included in the present
study than in Durst's compilation, but on the other hand, not all
in his listing. In particular, the French and British experiments
with cylinders and cuboids were omitted. Some experiments dealt
with special reflectors such as concrete, paraffin, and cadmium,
but these were not considered of interest at this time. A survey
was made of both Nuclear Science and Engineering and Nuclear Tech-
nology to see whether any experiments had been omitted by Paxton or
Durst. The original publications and Durst's compilation were
studied carefully in arriving at the experimental conditions used
as input for the computer codes,

Pu(NO3)4 Solution

The earliest spheré experiments {P-11 project) were performed
with Pu(NO3}4 solutions contained within thin spherical shells
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of stainless steel except for one shell of aluminum, 24 Nominal
diameters for water-reflected spheres were 11, 12, 13, 14, and 15
inches. A bare sphere 16 inches in diameter and one 18 inches in
diameter covered with 0.02-inch cadmium were included. Some sphere
experiments were performed in which phosphate, bismuth, manganese,
or lithium were present, but these and the cadmium-covered spheres
were not considered of interest in the present study, and no
correlations were made. In the sphere experiments, the reported
critical masses are not exactly the product of the reactor volume
and the reported concentration, duve presumably to a correction made
for the control rod and perhaps for the sphere neck. 1In the
listings of the experimental data in Table 2, the plutonium con-
centrations are the quotients of the reported critical masses and
the sphere volumes. In this and subsequent tables, the plutonium
isotopic composition is given in weight percents of isotopes other
than plutonium-239. The weight percent plutonium-239 is obtained by
difference from 100, Radii are calculated from volumes., Where
experiments appeared to be duplicate runs, averages were faken.

The reported experimental uncertainties are small., The critical
masses are estimated to be within +1.5%, the sphere volumes within
+0.3%, the nitrate ion concentrations within +0.6%, and the per-
centages of plutonium=~240 within +7%. Densities calculated from
nitric acid tables and the apparent molal volumes of Table 1 were
generally less than the reported values. The maximum underesti-
mate was 1.27%; the next largest, 0.82%; and the maximum overesti-
mate, 0.31%, On the average, the density was underestimated by 0.20%.

The first experiments in the P-11 Project were with water-
reflected cylinders, and, although separability must be assumed in
analyzing the experiments by one dimensional methods, some corre-
lations were made to establish the validity of applying bias deter-
mined with spheres to calculations for infinite cylinders. Not all
the experiments were included; experiments were omitted in which
temperature was a variable and in which an extra thickness of steel
sheet surrounded the cylinder. Temperature was slightly more vari-
able than in the sphere experiments, but variations were not taken
into account in the correlations. Many of the reported nitrate
concentrations were estimates, due perhaps to an initial failure to
recognize its significant bearing on critical mass. The cylinders
were reflected on all surfaces, The critical conditions are given
in Table 3. The discrepancy between calculated and reported den-
sities was larger for these experiments, with more scatter, ranging
from an underestimate of 1.55% to an overestimate of 0.83% and
averaging out to an underestimate of 0.45%.

Results of a second series of critical experiments with
spheres of Pu(NO3)4 solutions, performed at Hanford at the
Critical Mass Laboratory beginning in about 1961, were published
in 1966.8 4n analysis of these exgeriments and the P-11 Project
experiments was published in 196813 and contained some data
not in the earlier publication. Besides continuing the P-~1l
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TABLE 2

Critical Spheres of Pu{N0,), Seclution
(P-11 Project)

2u4
; Refleator  Radius, cm wt ;u, Pu/%, g NO3/%, g Fe/t, 4" Temp,°C
Ha0? 13.95° 312 135.82 2290 0.464 27
i 15.36 3.12 50.16 138.5 0.189 27
51.74  163.0 0.272 27
56.42  207.0 0.245 27
56.97  237.0 0.192 27
63.66  270,0 0.197 27
70.44  322.0 0.218 27
77.42  359.0 0.237 27
16.27° 3,12 36.25  93.1 0.114 27
37.08  125.0 0.128 27
16.54 1.76  33.55  86.7 0.124 27
. 34.58  116.5 0.177 27
35,37  145.0 0.124 27
3.12  37.70  130.0 0.103 27
) 38.38  156.0 0.141 25
: 40,92  205.0 0.257 27
44,35  269.5 D.266 27

a. Fe assumed present as Fea0j; with density 5.24 g/em?.
b. H;0 thickness 212 inches.

2. Except where noted to the contrary, solution was enclosed by
Type 347 stainless steel shell. Composition assumed was
70% Fe, 18% Cr, 12% Ni with density 8.0 g/cm®. Thickness
was 0.05 in (0.127 cm}.

d. This solution was subcritical by an unknown amount.

e. Solution enclosed by aluminum shell. Density assumed to he
2.7 g/cm®. Thickness was 20 gauge (0.081 cm).
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TABLE 2 {Cont)

H20 17.80 0.54

1.76
3.12

4,05

4.40

19.06 3.12

None 20.13 4,15

26.48
26.50
27.39
28.28
27.77
28.81
29.72
30.16
31.81
35.55
39.55
29.86
30.73
31.64
33.76
36.25
38.71
41.12
30.80
32.06
24.97
25.73
27.15
35.598
38.13
38.16
43.43

77.8
107.0
137.5
187.5
109.5
87.4

111.3
143.0
208.0
309.5
408.0
87.49
119.
146,
210.
272.
335.
384.
126,
158.
116.
147.
212,
106.
163.
180.
281.

o o OO0 W o O O O Uw N A N 0 W
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0.145
0.149
0.156
0.164
0.094
¢.110
0.123
0.113
0.120
0.145
0.147
0.128
0.079
0.086
0.097
0.104
0.126
0.126
0.108
0,102
0.088
0.09%4
0.096
0.112
0.124
0.178
6.179%

27
27
27
27
27
27
27
27
27
27
27
27
27
27
27
27
27
27
27
27
27
27
27
23
24
23
22
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TABLE 3

Critical Water-Reflected CyTinders of Pu{N0,), Solution”
{P-11 Project)

240
Radius, em Height, om wt ;ﬂ; Pu/l g N0V g Fe/%, g
10.16 48.29" 2.85  77.40  152.0  0.644
11.43 29.87 2.83 109.16 166.0 ¢.395
30.71 2.83 59.09 136.5 0.378
32.33 2.83 85.14 151.0 0.321
35.41 2,83 73.92 125.6 0.231
40.08 2.83 61.49 134.0 0.303
44.58 2.83  54.33  119.8 0.257
12.70 25.22 2.85  77.40  152.0 0.644
24.74 2.85  76.93  152.0 0.327
27.25 2.85 62.47 146.0 0.269
32.69 2.85 49.26 142.0 0.260
41.76 2.85 35.10 138.0 0.172
13.97 22.81 2.90  63.99  121.1 0.298
25.56 2.%0 48.98 139.0 0.238
27.08 2,83 47.21 117.0 0.275
32.64 2,83 41.73  215.0 0.255
31.19 2,85  39.10  138.0 0.172
43%.00 2.83 36.90 300.0 0.263
39.55 2.85 33.54 137.0 0.193
a7.12° 2.85  30.81 1360 0.173
15.24 17.32c 2.83 109.16 166.0 0.395
22,35 2.90 48.75 116.3 0.223
25.25 2,90 42,29 126.6 0.174
28.47 2.90  36.52  107.1 0.161
33.43 2.90  31.14  114.0 0.153
44.45 2.90  26.45  134.0 0.154

. Solution temperature 27°C. Solution enclosed by stainless
steel, with composition of Table 2, 0.062 in. (0.16 cm)
thick.

b, Subcritical by an unknown amount,

¢. "A reliable extrapolation to the critical height was made."
Experiment was subcritical.
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Project series, these experiments investigated the effect of con-
crete, stainless steel, and paraffin as reflectors, but the latter
are not included in the present listings. The experimental condi-
tions are listed in Table 4. The sphere radii, derived from
volumes, have been modified to take account of an empirically de-
termined correction for the vessel neck. For the fourteen experi-
ments reported by Lloyd et al. (Richey reported no densities),
calculated densities again generally underestimated reported densi-~
ties ranging from an underestimate of 1.03% to an overestimate of
0.21% and averaging out to an underestimate of 0.38%. An analysis
of the experimental error by Lloyd et al. led to an estimate of an
uncertainty of about +1% in the critical mass except for the two ex-—
periments where Pu(VI) and polymer were present, where the uncer-—
tainty was estimated to be +57%.

The only other experiment with spheres was a recent one?l?
utilizing the large sphere of Gwin and Magnuson26 in order better
to establish the minimum critical concentration of plutonium-239.
In the paper, as presented at the ANS meeting (a copy of which was
distributed at the meeting)}, solution analyses from two different
sources were presented, differing by about 1.5%. In a preview of
the paper to be submitted for publication, data from the first of
these sources are omitted since they were considered to be of poorer
quality. No nitrate concentration was reported; it was inferred
from the valency of Pu(IV) and from the reported HNOj molarity.

The critical concentration was interpolated from extrapolations to
critical volumes that bracketed the actual volume of the sphere.
Table 5 gives the critical conditions as determined by the two sets
of measurements. The critical plutonium concentrations were deter-
mined from a power fit to the data. Linear interpolation of the
concentrations for the critical volumes on either side of the actual
volume appears equally valid and leads to 9.618 and 9.457 g Pu/%
for the two sets of measurement. (The acid molarities are linear
interpolations.) Deansities calculated from Table 1 and nitric acid
tables underestimate the reported densities by 0.11 and 0.22%, but
densities calculated from reported atom densities underestimate the
reported solution densities by 0.25 and 0.40%.

A series of experiments has been performed in a slab tank of
adjustable thickness, both bare and reflected by water.2? Plu-
tonium containing about 5% plutonium-240 and some containing about
20% plutonium~240 were used. The data have been extrapolated to
completely bare infinite slabs and to infinite, water~reflected
slabs with no intervening wall. The extrapolated critical condi-
tions are listed in Table 6. Sizable corrections were required for
tank walls and support structure and, for the bare slabs, room re-
turn. Extrapolation to infinite slab thickness was based on buck-
ling conversions made from bucklings and extrapolation distances
determined from several pairs of thickness and critical height
measurements for each composition. The experimenters estimate an
uncertainty of +0.2 cm in the infinite slab thicknesses. Although
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TABLE 4

Critical Spheres of Pu(NO:), Solution
(Critical Mass Laboratory)®

Reflector Radius, em Wall, ecm SS Pu/zb, g NOa/%

Water 14.55 0.1250 73.0 86
74.5 105
96.0 203
100.0 230
119.0 245
126.0 262
132.0 281
140.0 284
269.0 346
295.0d 303
435.0% 372
17.67 0.112 33.0 162
33.2 164
38.4 292
38.6 292
39.2 313
47.5 462
. 47.9 465
19.29 0.122 24.4 58
38.7 517
None 19.45 0.122 39.0 64
172.3 486
a. Solution temperature 25°C.
b. Pu contained 4.57% 2*°Pu, 0.31% 2*'Pu by weight. 23
c. Assumed to have the same composition as in Table 2.
d. Contained Pu(VI} and polymer.
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TABLE 5

Critical Bare Sphere of Low Concentration Pu Sotution®

Radius, om  Wall. /b, g H03/t g
61.00 0.77 cm Al 9.598% 68.801
9.426 78,294

a. Solution temperature 23°C.

b. Pu contained 0.004% 23%py, 2.521% **%Pu, 0.075% **!'Pu,
0.014% 2%2Pu by weight.

2. Omitted from later report as being less reliable.

TABLE &

. Critical Infinite Slabs®

Isotopic Composition, wt % Infinite Slab Thickness, cm
238p,  240py.  Zlpy 2Py pgpg  Ha0 Reflected Pu/l, g NO3/%, g
0.006 4.671 0.255 0.009  16.91 9.13 58 203
17.99  9.78 58 397
0.19  18.400 4.53 0.96 19,79 11.38 66.5° 219
20.05 11.21 160 360
21.48  11.64 241° 495
13.01 112° 664
0.07  23.185 3.958 0.966  21.19 11.70 202° 313
12.43 284° 436

a. Temperature 23°C.

b.  2%1an/Pu weight ratio 0.0028. Am was assumed present as Am0; with
density 11.6 g/cma. Where no cross sections were available for
Z41am (MGBS and HRXN), it was mocked up by B with 0.0492 g B
assumed equivalent to 1 g 2%!Am. B was assumed present with density
10° g/em’.

e.  2*lap/Pu weight ratio 0.0021.
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not as precise as the sphere experiments, the slab experiments are
useful in indicating whether bias determined with spheres is appro-
priate for slabs and in indicating the effect of large isotopic
concentrations of plutonium-240 on the bias. Solution densities
are not given in the final report of the experiments,27 but are
given in various Battelle reports issued during the course

of the experiments (BNWL-340, BNWL-775, BNWL-921, and BNWL~1053).
Calculated densities, with americium~241 assumed .present as AmOgp
with density 11.6 g/cm3 agreed well with reported densities,
ranging from an underestimate of 0.02% to an overestimate of ¢.527%.

Some experiments in cylinders, water-reflected on sides and
bottom, bare on top, have been performed with plutonium containing
larger concentrations of plutonium~240 than those in the sphere
experiments. These experiments are useful for indicating the bias to
be used in calculating limits for systems with high plutonium-240
concentrations, although the assumption of separability or the
application of Monte Carlo to the experiments introduces some
uncertainty. In a series of experiments to determine the poisoning
effect of Raschig rings, 10 one experiment was performed without
rings. Similarly, in a series in which the poisoning effect of Gd
was studied, one experiment was performed without gadolinium.28
{Incidentally, the reported isotopic composition sums only to 99.96%;
a slightly modified composition23 summing to 100% was used in
calculations and is the one given in Table 7.) Finally, a series of
experiments was performed with high-burnup plutonium containing about
43% plutonium-240.2% Some gadolinium was present in these experi-
ments, persisting from previous experiments. The critical conditions
are given in Table 7. Densities were reported only for the Raschig
ring and gadolinium experiments. Calculated densities agreed with
reported densities ranging from an underestimate of 0.63% to an
overestimate of 0.38% and averaging out to an underestimate of 0.04%,

Pu0, = Plastic Compacts

The practical upper limit on plutonium concentration in
plutonium nitrate solutions is about 500 g/% corresponding to a
H/Pu ratio of about 50. To fill in the gap between metallic
plutonium and nitrate solutions, several groups of experiments
have been performed with assemblies built of homogeneous PuQj -
polystyrene compacts, both bare and reflected by Plexiglas™. 1In
one series of experiments, assemblies were built with essentially
dry blocks of Pu0p. Reflected assemblies were built with varying
heights so that extrapolations could be made to infinite slabs.
Empirical corrections were made for the materials cladding the
blocks and for stacking voids; therefore, the published results
apply to homogeneous cuboids and infinite slabs. The experiments
are listed here in chronoclogical order.

The first experiments were performed with compacts having a
H/Pu ratio of about 15.30  Tuo plutonium compositions were
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TABLE 7

Critical Cylinders®

Isotopic Compostition, wt %
238p,  2%0py  2%1p,  2%2py Rodius, em  Ht, em  Pu/k, g NO3/%, g

0.022 8.322 0.897 0.049 15.263 28.804  275.0 480.0
0.004 8.383 0.851 0.049 30.514 15.44 116.0 238.9
0.2 42.9 10.8 4.7 30.514 54.70 140.0b 457.6
50.55 116.0b 378.0
48.26 99.3b 331.4
47.00 85.5b 282.8
47.29 75.6b 248.9
49,12 65.1b 217.5
52.83 56.3b 186.0
63.47 46.8b 154.3
b

80.92 40.6 133.0

a. Temperature was assumed to be 23°C. Cylinder walls were stainless
steel 0,079 cm thick with composition assumed the same as in
Table 2. The bottom was 0.95 cm thick. Cylinders were water
reflected on sides and bottom, bare on top. The vessel had a
0.95-cm-thick steel cover, and the water reflector extended to
the top of the vessel. The inside height of the vessel was
about 105 cm (There are small discrepancies in the references).

b. 2*!Am and Gd present at 1,08 and 0.0089%, respectively, of Pu
concentration. Am assumed present as AmO, with_ density
11.6 g/cm®, Gd as Gd,0; with density 7.407 g/cm®. Where no
2%1Am cross sections were available, 2“*'Am was mocked up by B
as in Table 6. With some inconsistency, B was assumed present

as B,0; with density 2.17 g/em®, its apparent density in boric
acid.
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used, one containing 2.2% plutonitum-240, the other 8%. One nearly
cubic bare assembly was made critical with each composition. The
corrected dimensions were 30.68 x 30.68 x 32.84 +0.52 cm at 2.2%
plutonium-240, 35.63 x 35.63 x 36.04 +0.60 cm at 8.0% (Reference 23
erronecusly gives 34.49 cm for the third dimension at 2.2%). - A
calculated bare extrapolation distance, together with the assembly
dimensions, yielded a buckling for each of these assemblies.
Equating the buckling to the usual geometric buckling expression
for a cuboid (assuming separability), and assuming the same extra-
polation distance for all three dimensions permitted the extrapol-
ation distance to be determined for each of the critical reflected
assemblies that was built with each composition. Extrapolation to
zero buckling transverse to the dimension being reduced yielded
the extrapolation distance appropriate for an infinite reflected
slab and hence the slab thickness. The thickness reported for the
infinite bare slab resulted from a calculated extrapolation dis-
tance slightly smaller than that calculated for the cube and is
perhaps somewhat more uncertain than that reported for the reflec-
ted slab. Significantly lower calculated reactivity at 8%
plutonium~-240 led the experimenters to search for the cause and to
investigate the effect of PuQj particle size. The experimental
results were corrected to homogeneous systems based on an average
of the maximum and minimum possible effects of particle size.

Both the original and corrected infinite slab dimensions are given
in Table 8.

The next group of experiments32 was performed with compacts
in which the H/Pu ratio was 5. The plutonium-240 concentration in
the plutonium was 11.46%. These experiments were performed essen-
tially in the same manner as those at H/Pu = 15, with a single,
nearly cubic bare assembly and several reflected assemblies. The

. corrected dimensions of the bare assembly were 35.84 x 35.84 x 28.82

+0.05 cm. The infinite reflected slab thickness was determined
both from a linear extrapolation of a plot of extrapolation
distance for reflected assemblies against transverse buckling and
from a linear extrapolation of critical thickness against inverse
cross sectional area. The two methods agree within the error
limits reported. Particle size was smaller than at H/Pu = 15, and
was concluded not to have a significant effect.3! The experiments
are described in Table 9. The composition was reported only as
atom densities. The reflected assembly dimensions were taken from

Reference 23; the corrected dimensions are not given in Reference 32.

The third group of experiments was performed with blocks made
of essentially dry PuOp (H/Pu = 0.04).33 The plutonium—-240
concentration in the plutonium was 18.35%. Temperature variations
of as much as 30°C were a problem in performing the experiments;
count rates were corrected to 50°C. There was insufficient fuel
to make a bare assembly critical, but two bare assemblies were
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TABLE 8

Pul; - Polystyrene Compacts at H/Pu = 15

Isotopic Composgition, wt % Density Wt &

Infinite Slab Thickness, .om

Bare Reflected?

THTp, I¥Tp, T¥TD, a/om? Pu0s cHe
2.20 0.11 2.200 58.0 42,0
8.06 .75 0.03 2.046 58.2 41.8

a. Polystyrene.

b, Plexiglas.
(Reference 23},

TABLE 9

Polystyrene Compacts at H/Pu

16.09 £ 0.41 5.99 ¢ 0,10
15.96 £ 0.54 6.03 £ 0,14
18.48 £ 0.41 7.38 * 0.09

18.74 + 0.67 7.58 * 0.29

Density = 1.185 g/cm®; 60% C, 32% 0, 8% H by weight
Thickness, 15 cn.

=5

Critical Refiecteda Assembly Dimensions, om

Composition, atoms/barnecm L W H
23%y  4.986 x 10°°? 25.60  25.60 18.33 * 0.01
240py  '6.623 x 10-" 30.72  30.72  14.18 * 0.02
Z¥lpy  1.382 x 107" 40.96 40.96 10.59 % 0.01
42py 1,026 % 107° 51,20 51.20 9.04
0 1.159 x 1072 Critieal Infinite Slgb Thickness, cm
c 2,92 % 1p-2 Bare 16.83 = 0.31
H 2.92 x 1072 Reflected® 5.98 + 0.107
(4

Pu density, g/em?® 2,302

. Plexiglas as in Table 8.

5.88 £ 0.21

b. From extrapolation distance extrapolation.

c. From critical thickness extrapolation.
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built with driver regions of H/Pu = 5 material so that extrapola-
tion to the bare critical assembly was possible. Its corrected
dimensions were 30.78 x 30.78 x 20.99 +0.22 cm. The same tech-
niques were used in analyzing the experiments to extrapolate to
the infinite reflected slab thickness as at H/Pu = 5 (except -that
extrapolation distance was plotted against inverse cross-sectional
area rather than transverse buckling), but agreement was poorer
although still within reported error limits. For these experi-
ments, the reflected assembly dimensions corrected for voids,
cladding, and temperature effects were also reported and are given
in Table 10 along with composition data (given only as atom
densities) and infinite thicknesses.

The final group of experiments with PuO, - polystyrene
compacts was performed with material with H/Pu = 50.3% (Additional
experiments have been performed with mixed Pu0y-~UO3p COmpacts.35)
The plutonium-240 concentration 1n the plutonium was 18.35%, as in
the dry PuQy experiments. There was again insufficient fuel to
make a bare array critical, and driver regions of H/Pu = 5 mater-
ial were used to deduce that a bare assembly with corrected dimen-
sions 46.08 x 40.96 x 49.12 +0.50 cm would be critical. From
these dimensions and a calculated bare extrapolation distance, a
buckling was calculated which, in conjunction with corrected
reflected array dimensions, led to extrapolation distances as
before. Both extrapolation distances and critical heights for the
reflected assemblies were plotted against inverse cross-sectional
area and extrapolated to zero area. As for the dry oxide, criti-
cal dimensions of reflected assemblies, corrected for voids and
cladding, are reported and are given in Table 1}l along with the
infinite slab thicknesses and the core composition.

Pu Metal

Three experiments with plutonium metal spheres are included
in the present listing; two bare spheres of delta phase plutonium
differing in the isotopic concentrations of plutonium—24036 and
a water-reflected sphere of alpha phase plutonium. 7 The critical
conditions are given in Table 12. Radii were derived from reported
masses and densities.

CORRELATIONS

Correlations to establish bias were made between the data
in Tables 2 through 2 and the combinations of computer pro-
grams HRXN-ANISN, GLASS-ANISN, and in some cases HRXN-KENO and
GLASS-KENO. Correlations were made between data for Pu(NO3),
solutions in spheres and slabs and MGBS-TGAN to evaluate the
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TABLE 10

PuC, Compacts

Composition, atoms/barn-cm Critical Reflecteda Array Dimensions, cm
L W H

238py 3.383 x 107 ° 25.65 25.65 10.03 + 0.01

23%y 1.092 x 1072 25.65 30.78 8.98 * 0.01

240py 2.654 x 1073 30.78 30.78  7.97 £ 0.03

24ipy 7.269 x 107" 30.78 41,05 6.86 % 0.08

242py '1.632 x 10°* 41.05 41.05 5.95

0 3.094 x 1072

H 5.511 x 10 * Critical Infinite Slab Thickness, cm

Pu density, g/cm® 5.762 Bare 12.17 + 0.28

Reflectedb 3.01 * 0.44

3.34 + 0.10°

a. Plexiglas, as in Table 8.

b. From linear extrapolation of extrapolation distance as a function
of inverse cross-sectional area. Plotting against transverse

buckling extrapolates to a greater extrapolation distance and
reduces the thickness to 2.85 cm.

¢. From linear extrapolation of thickness as a function of inverse
cross-sectional area.
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TABLE 11

Polystyrene Compacts at H/Pu = 50

Compogition, Atoms/barn-cm Critical Heflecteda Assembly Dimension, ¢m
238py 2,125 x 107°%  40.72  30.54 29.64 * 0.12
239py 6.952 x 107" 4p.72  40.72 23.58 + 0,10
Tulpy 1.689 x 107%  40.72 45,81 22.06 2 0.06
Zhlpy 3.852 x 107°  50.90 45,81 19,69 t 0.07
2u2py 1.045 x 10°°  50.90 50,90 18.68 * 0.08
2 1am 7.345 x 10°%  50.90 61,08 17.48 % 0.05
0 2.082 x 1073  61.08 61,08 16.35 = 0.06
H 4.575 x 1072 (ritical Infinite Slab Thickness, cm
C 4.505 % 1077 Bare 23.85 = 0.29
Reflected? 11.06 + 0.207

10.87 + 0.14°

a. Plexiglas, as in Table 8 except that atom densities specified in
Reference 34 result in slightly higher material and hydrogen densities.

b, From extrapolation of extrapolation distances.

¢. From extrapolation of thicknesses.

TABLE 12

Plutonium Metal Spheres

Isctopic Composition, atom %

Reflector 240my, lp, 242py, Radius, em Density, g/em’
None 4.5 0 6.385 + 0.013 15.61%

20.1 3.1 0.4 6.660 * 0,017 15,73°
Water® 5.18 0.3 0.02 4.122 * 0.006 19.74

a. Contained 1.02% gallium by weight.
b. Contained 1.01% gallium by weight.

e, Effectively infinite. Temperature assumed to be 20°C.
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magnitude of the effect of differences in data treatment from
earlier correlations. The correlations are expressed as the value
of k gg calculated for critical assemblies. The bias is then k,pege-l.
The uncertainties in the bias corresponding to experimental uncer-
tainties were largely evaluated with HRXN-ANISN.

Pu(NO3), Solution Spheres

Correlations of HRXN-ANISN and GLASS-ANISN with the experi-
ments of Tables 2, 4, and 5 are given in Table 13. The corre-~
lations are listed in the same order as the experiments and are
identified by concentration. In the case of GLASS-ANISN, corre-
lations were made with representative experiments rather than with
the entire set.*

The §; HRXN-ANISN calculations for some of the experiments
of Table 4 are a repetition of earlier correlations.38 Most
of the differences can be ascribed to the previous use of a fixed
density of 11.46 g/cm? for Pu0y in nitric acid rather than the
apparent molal volumes of Table 1. Differences in temperature,
interpretation of data, quadrature, and mesh point assignment also
play roles, however.

The critical value of kgfy (1 + bias) at S is plotted against
H/Fissile plutonium in Figure | for HRXN-ANISN and in Figure 2 for
GLASS-ANISN. The curves are drawn through the more reliable point
for the large sphere. Examination of the data reveals no pronounced
trend as a function of nitrate concentration or of plutonium-240
isotopic concentration. The curves drawn are "eyeball" fits to the
data.

Scatter about the curves provides an indication of the uncer-
tainty in the bias. However, the effect on kegf Of reported experi-
mental uncertainties was investigated with HRXN-ANISN. 1In the P-1l
Project experiments, nitrate iomn coancentration was reported to be
within +0.6%, percent plutonium-240 within +7%, sphere volume within
+0.3%, and critical mass within +l1.5%. The respective variations in
kKeff were evaluated for selected experiments and found to range,
respectively, from +0.0001 to +0.0005, +0.0003 to +0.0022, +0.006 to

* The S|g calculations were inadvertently first made with Hy0
reflector group constants weighted by the uranium-235 spectrum
from the Standard Library rather than by the plutonium-239
spectrum from ENDF/B-IV. Although the respective values of Mz,
32.48 cm? and 33.89 cm? at 25°C, differed appreciably, the

former spectrum increased keff for reflected spheres only by
0.0004.
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TABLE 13

Correlation of HRAN-ANISN and GLASS-ANISN with Pu (NO3). Sphere Experiments

keff -

HRX§-ANISN CLASS~ANISH
Pust, o B2RS g ) S1e S a Ss Tie S
135.8  184.5 20,9064 »0.9922  >0.9810  >0.9906 >1.04L5  »1,0414  >1,0402  >1.0398
50.16 518.8 (1.9949 0.9914 0.3903 0.95899 1.0369 1.03324 1.0324 1.0320
51,74 498.3 0.9945  0.9909 0,988  0,5894
56,42 449.4 0,996 0.9533  0.9923  0.9919
59.97 417.7 0.09983  0.9946  0.993  0.9933 1.0425  1.03%0  1.0379  1.0375
63.66 388.2 0,9984  0.9948  0.9337  0,9933
70.44 343.2 0.9583  0.9946  0.993C 0 9933
77.42  307.2 ©.9995  0.9957  0.5947  0.9944  1.0457  1.0421  1.0410  1.0406
36.25 729.7 1.0027  0.9995  0.9985  §.9981
37.08  705.3 1.0007  0.8975  0.9965  0.9961  1.0351  1,0319  1.0309  1.030%
33.55 779.3 1.9967 0.993&6 - 0.9927 0.9924 1.0312 1.0282 1.0272 1.0268
34.58 748.1 4.9570 0.9938 0.9929 0.9926
35,37 723.8 0.9958  0.9927  0.9518  0.9915
37.70 692.4 1.0001  0.8970  0.9961  0.9958 1.0354  1.0323  1.0314  1.0311
38,38 674.3 0.9987  0.9955  0.9946  0.9943
40,92 620.2 0.9996 0.9965 0.9955 0.9951
34.35 §8§7.5 .9949% 0.9964 0.9855 0.9952 1.0373 1.0342 1.0333 1.0330
26.48 878.3 1.0014  0.9987  0.9979  0.9976
26,50 967.4 0.9957  0.9930  0.98227  0.9919
27.39 9257 0.9977  0.9950  0.9941  ©.9938 1.0266  1.0240  1.0232  1.0229
28.28 BRI 09952 D.9925  ©.9817 09914
27.77 933.8 0.9973  0.9946  0.9938  0.9935 1.0258  1.0232  1.0224  1.022)
28.81 920.0 1.0001 0.9975 0.95%66 0.9563 1.0285 1.0258 1.0250 1.0247
29.72 884.2 1.6023  0.9996  0.9988  0.9985
30.16 861.4 0.9992  0.9965  0.9957  0.9954
3181 756.9 0.9976  0.9948  0.9940  0.9937 ],0772  1.0246  1.0238  1.0235
35.55 6840 0.998%  0.9961  0.9953  0.9950
39.55 G5R8.S .9973 0.9945 0.9936 0.9933 1.0307 1.0279 1.0271 1.0268
29.86 896.3 . 1.0013 0.9986 0.9978 0.9975 1.0295 1.026% 1.0261 1.0258
30,73 861.0 1.0011  0.9984  0.9976¢  0.9973
31.64  827.9 1.0018  0.9991  0.9983  0.9980
33.76 757.3 *  1.0022  0.9595  0.9986  0.9983 1.0322  1.0296  1,0288  1.0285
36,25 688.0 1.0033  1.0005  0.9997  0.9994
38,71 627.3 1.0020  0.9992  0.9984  0.9981
31.12 577.6 1.0017  0.998%  0.9980  0.9977 1.0350  1.0322  1.0314  1.0311
30.80 860.0 0.9976 0,950  ©.9941  0.9538

241,

a. Includes u where specified, therefore, actually H/Fissile plutonium.
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TABLE 13 (Cont)

32.06 816.6
24.97 1051
25.73 1008
27.15 932.1
35.59 748.7
38.13 684.6
38.16 680.0
43,43 574.3
73 368.9
74,5  359.1
96 268.5
Lon 255.0
119 212.8
120 199.6
132 189.0
140 177.9
269 89.5
295 83.0
435 54.1
33 794.4
32,2 vge.]
38.4  648.7
38.6  645.2
39.2  629.7
47.5  485.1
47.9  480,3
29.4 1115
38.7  577.9
39 696,32
172.3  131.3
9.598 2766
9.426 2807

0.9998
1.0008
1.0021
1.0019
1.0038
1.0035
1.0003
0.9980
0.9987
0.9971
0.9983
0.9959
1.0021
1.0016
1.06G00
1.0015
1.0072
1.0167
1.0135
1.6013
1,002]
1.0036
1.0045
1.0028
1.0003
1.0008
1.0042
[.0058
£.9991
1.0060
1.0441
1.0335

0.9970
0.9985
0.5957
0.9996
1.0020
1.001e
0.9984
0.996]
0.9948
0.9932
0.9%44
0.9920
0.9982
0.9977
0.996]
0.9976
1.0033
1.0128
1.0096
0.9986
0,9934
1.0008
1.0017
1.0006
0.9974
0.9978
1.0020
1.6033
0.9371
1.003%
1.0441
1,0335

0.9962
0.9978
0.9950
0.9988
1.0013
1.0008
0.9977
0.9954
$4.9937
0.9921
0.9933
0.990¢
0.9971
0.9965
0.9949
0.9965
1.0022
1.0117
1.0085
0.9577
D.9985
0.9999
1.0008
0.559¢
0.9565
0.9970
1.0¢13
1.0025
0.9963
1.0031
1.0440
1.0334

0.9959
0.9975
0.9987
¢.9985
1.0010
1.0006
1.9874
0.9951
0.9933
0.9917
0.9929
0.9905
0.9967
0.9961
0,9945
0.9961
1.0018
1.0113
1.0081
0.9974
0.9982
0.9996
1.0005
G.9988
0.9962
0.9967
1.0010
1.0022
G.9960
i.0028
1.0440
1.0334
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1
1
1
1
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.0288

.0258

.0404

L0380
.0447

.0426

-0478
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L0553
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1.0363

1.0524

1.0284
1.0175

1.0253

1.0228

1.037¢%

1.0354

1.0399

1.0376

1.0429

1.0421

1.6504

1.0434

1.0281

1.0327

1.0319

1.0233

1.0319

1.0356

1.0517

1.0283
1.0174

1.0250

1.0225

1.0376

1.0351

1.0395

1.0372

1.0425

[.0416

.05t

1.,0430

1.,0278

1.0324

1.0316

1.0230

1.0316

1.6355

1.0514

1.0283
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Correlation of HRXN-ANISN (S_) with Pu(NO3), Sphere Experiments
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+0.0015, +0.0013 to +0.0039. The effect on ky¢g was greatest for

the highest nitrate and plutonium-240 conceuntrations, the bare
sphere, and the lowest plutonium concentrations. Omitting the iron
in solution from the P-ll Project experiments increased koff by

only about 0.0001. Changing the composition of the steel shell to

2% manganese, lZ silicon, 11% nickel, 18% chromium, 68% iron re-
duced kogf by 0.0006 for the reflected spheres and increased it by
0.0001 for the bare spheres. The mass error in the PNL experiments
was reported to be +1% except for the two high-concentration solu-
tions where polymer and Pu(VI) were present where it was +5.0%.

The corresponding variations in kgff ranged respectively, from
+0.0003 to +0.0020 apd from +0.0009 to +0.0015., Linear interpolation
rather than a power f£it to the data for the large sphere increased
keff by 0.00l4. For this sphere, an arbitrary 15% increase in nitrate
concentration reduced kygg by 0.0023.

Correlations with the sphere experiments were also made with
MGBS-TGAN. The results are given in Table l4 in slightly differ-
ent order from the listing of the experiments, but the experiments
are identified by concentration and percent plutonium—-240, The
correlations with the P-~ll Project experiments are a repetition of
two earlier correlationsls39 which differed from each other due to
a change in the resonance treatment in MGBS and to including the
sphere walls in the later calculations rather than correcting for
them empirically. It was considered advisable to repeat the corre-
lations, with apparent PuOp densities derived from the apparent
molal volumes of Table 1 rather than the theoretical demsity (11.46
g/cm3) used previously. The apparent denmsities are given in
Table 14 as densities of 23%u0, (MGBS adjusts the density to the
isotopic composition). No attempt was made to reduce solution
density to correspond to a temperature greater than 20°C, as as-
sumed by MGBS, by the introduction of voids. The small amount of
iron present in the P-ll Project solutions was omitted since HRXN-
ANISN calculations showed it to have an insignificant effect. The
small differences in H/239Py between Tables 13 and 14 result from
the difference in temperature and, for the PNL experiments, the
omission of plutonium-241 from the ratio calculated by MGBS. The
critical kgfg in Table 14 is plotted in Figure 3 against H/Fissile
plutonium,

A limited number of HRXN-KENO calculations were done for com-—
parison with HRXN-ANISN results extrapolated to Se&. Results are
given in Table 15. The results from Table 13 are repeated and
experiments are identified by conceantration and sphere radius. A
time limit of 5 minutes was specified for each case, and resulted
in numbers of histories ranging from about 18,000 to 30,000.
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TABLE 14

MGBS-TGAN Correlations with Sphere Experiments

arent Density

“DE’u,ﬁ Pu/L, g gﬂgg?uﬁ, g/cm3 ﬁ/“gpu keff‘
0.54 26,48 -44.25 980.8 0.94992
26.50 -44,29 970.2 0.9940
27.39 -45,22 828.6 0.9962
28.28 -46.19 883.1 (.9945
1.76 33.55 -52.,22 781 .4 1.0028
34.58 -53.56 750.3 1.0034
35.57 -54.,70 7261 1.0027
27.77 ~45,33 936.5 0.9958
2.52 9,598  -31.09 2771.0 0.9961
9.426  -30.99 2812 .4 0.9856
3,12 135.8 72.50 185.3 >1.0213
50.16 -86.36 520.4 1.0107
51.74 -92.77 500.0 1.0106
56.42  -111.8 451.1 1.0139
59.97 -130.8 419 .5 1.0157
63.66  -160.1 390.0 1.0164
70.44  -265.4 345.0 1.6172
77.42  -729.7 308.8 1.0187
36.25 -55.91 731.7 1.0086
37.08 -57.24 707 .4 1.0071
37.70 -58.,03 694 .5 1.0069
38.38 -59.38 675.9 1.0055
40.92 -69.69 622.5 1.0077
44,35 -71.84 560.1 1.0091
28.81 -46.51 922.5 0.9984
29,72 -47 .57 886.8 1.0008
30.16 -48.02 864 .1 0.9583
31,81 -50.00 799.9 0.9977
35.55 -55.08 687.5 1.0011
39.55 -61.38 591.6 1.0017
24.97 -42.55 1053.7 0.9928
25.73 -43,30 1011.4 0.9944
27.15 -44.71 935.7 0.9952
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TABLE 14 (Cont)

4.05 29

4.57 73

100
119
126
132
140
269
295
435

33.
33.
38.
38.
39.
47.
47.
24,
38.
39.
172.

.86 -47,
73 -48
.64 -49.
.76 -52
.25 -55
.71 -59
.12 -64.
.59 -54
.13 -58.
.16 -59.
.43 -69
.80 -48.
.06 -50.

-312.
.5 -371.
251.
196.
101.
87.
79.
70.
3,
32.
26.
-50.

-51
-58
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TABLE 15

HRAN-KEND Correlation with Selected Sphere Experiments

k
eff i
HRXN-KENO, Proposed Correction
Cone Sphere

Pu/l, g Radiue, om ERXN-ANISN, Sw Absent Present
135.8 13.95 >0.9906 >(.9911 £ 0.0053 >1.0038 + 00,0057
59,97 15.36 0.9933 0.9750 + 0.0054 1.0031 + 0,0055
37.70 16.54 0.9958 0.9792 * 0.0051 1.0056 = 0.0061
39.55 17.80 0.9933 0.%901 * 00,0060 1.0093 + 0.0058
25.73 19.06 0.9987 1.0022 *+ (,0052 1.0015 + 0.0057
35.59 20.13 1.0010 0,9972 + 0.0049 1.0065 * 0.0044
295.00 14.55 1.0113 1.0101 + 0.0053 1.0080 * 0.0059
47.5 17.67 0.9962 0.9932 * 0,.0058 1.0032 # 0.0052
24.4 19.29 1.0010 0.9855 £ 0,0061 1.0079 + 0.0051
172.3 19.45 1.0028 1.0017 + 00,0053 1.0091 t 0.0061
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Pu(NO3)4 Solution Slabs

Values of kgogf calculated for the critical infinite slabs
of Table 6 by HRXN~-ANISN and by GLASS-ANISN are given in Table 16.
Values calculated by MGBS-TGAN are given in Table 17. The order of
listing is the same as in Table 6. Only Sjg calculations were done
by HRXN~ANISN. The variation of kgpgg with quadrature should, how-
ever, be approximately that found with GLASS~ANISN. The uncertainty
in kgoff associated with the experimental uncertainty of *0.2 cm was
investigated with HRXN-ANISN by increasing the slab thicknesses
0.2 c¢m and should be about the same with the other methods. The
variations in the magnitudes of the differences obtained for bare
and reflected slabs by the different methods are surprising. How-
ever, the reflected slab results are more directly pertinent to the
calculation of limits since reflection is usually assumed. It is
instructive to plot the biases of Tables l6 and 17 on the appropri-
ate graph (Figures 1-3). There appears to be no reason to expect
bias obtained from sphere experiments not to be appropriate for
slabs. The high concentration of plutonium-240 in most of the ex-
periments, however, causes deviation from the sphere curves. For
HRXN-ANISN all the points at high plutonium-240 concentration
lie above the curve; therefore, the curve is conservative for
plutonium-240 concentrations above those (<5%) of the curve. For
GLASS-ANISN, points fall on either side of the curve, but trend
toward falling below it, particularly for reflected systems, at low
H/Fissile plutonium. For MGBS-TGAN, there is a similar trend for
H/Fissile plutonium less than about 200. Adequate allowance must
be made for these trends in deriving sub¢ritical limits.

Pu(NO3)4 Solution Cylinders

Consideration was given with HRXN-ANISN (316) to the P-11 Pro-
ject cylinders of Table 3 to test the validity of applying bias
established for spheres to the calculation of limits for infinite
cylinders. Table [8 lists the experiments in the same order as
Table 3. Values of koff for infinite slabs and infinite cylinders
having dimensions of the finite cylinders are given. From these,
axial and radial bucklings were derived by SPBL that when combined
yielded the kygf of the finite cylinders. Given also is the ex-—
pected value of kegfs read from Figure 1 (ignoring the small differ-
ence between S, and S)g). It appears that this method of treating
finite bodies overestimates kgff. When the overestimate is plotted
against axial buckling, there is considerable scatter, but a linear
relation going to zero at zero axial buckling does not appear un-
reasonable (a least squares fit to the data gives Ak £f = 0.0278 at
B,2 = 0.0l cm™2); hence, Figures 1 and 2 should be agpficable to
infinite cylinders. Some calculations were also made with HRXN-KENO.
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TABLE 16

Correlation of HRXN-ANISN and GLASS-ANISN with Pu(NQOs}., Slab Experiments

k
eff
HRXN-ANISN GLASS-ANISN
H/Figaile Pu Reflestor  §;4 A Sa Sig g
446 None 0.9996 + 0.0085 1.0381 1.0438 1.0448 1.0451
Hz0 1.0090 * 0.0087 1.0299 1.0321 1.0322 1.0322
411 None 0.9995 £ 0.0078 1.0365 1.0416 1.0426 1.0429
Hz0 0.9948 * 0.0081 1.0236 1.0255 1.0256 1.0256
458 None 1.0152 + (.0060D 1.0385 1.0424 1.0430 1.043)
H20 1.0074 + 0.0063 1.0257 1.0272 1.0273 1.0273
179 None 1.0162 % 0.0057 1.0408 1.0446 1.0453 1.0455
H20 1.0258 * 0.0057 1.0438 1.0452 1.0453 1.0453
110.5 None 1.0199 = 0.0050 1.0403 1.0437 1.0443 1.0445
H20 1.0194 + 0.0051 1.0336 1.0349 1.0349 1.0349
57.5 H20 1.0265 = 0.0043 1.0335 1.0346 1.0346 1.0346
153 None 1.0168 * 0.0049 1.0347 1.0380 1.0386 1.0388
H20 1.0149 * 0.0050 1.0279 1.0292 1.0293 1.0293
102.4 H20 1.0141 * 0.0044 1.0225 1.0236 1.0237 1.0237
TABLE 17

Correlation of MGBS - TGAN with Pu{N0,). Slab Experiments

Apparent 21 Pu0. e

#/Fisgile Pu  Denaity, g/om® Bare H30 Refleeted
447.9 -114.4 1.0230  1.0242
413.2 -114.4 1.0184  1.0152
458.6 -183.0 1.0187  1.0171

179.1 56.39 1.0224  1.0290

110.7 36.85 1.0184  1.0160

57.4 26,68 00,9994

153.4 42.90 1.0140  1.0143
102.6 32.85 1.0058
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TABLE 18

HRXN-ANISN Correlation with P-11 Project Cylinders

“etf
KERQ, Proposed Correction
Infinite Infinite Finite

H/2%%py Siab Cylinder Cylinder Ezpected Absent Present

333.3 1.5955 1.0238 >(0.9748 0.9928

234.8 1.5030 1,1173 1.0102 0,9943 0.9861 * 0,0053 0,9896 + 0.0053
261.6 1.5107 1.1163 1.0130 0.9937

303.0 1.,5142 1.1026 1.0059 0.9931

352.5 1.5307 1.0945 1.0092 0,9927

422.5 1.5409 1.0735 1.0021 0.9925 0.9911 ¢ 0.0056 0.9930 * 0.0059
479.0 1,5509 1.0611 1.0004 0.9926

333.3 1.4335 1.1550 1.0099 0.9928 0.9761 + 0.0048 0.9799 + 0.0057
335.4 1.4265 1.1541 1.0055 0.9928

414.1 '1.4385 1.1341 1.0023 0.9925

526.1 1.4615 1.1040 1.0009 0.9927 0.9815 + 0.0044 0.9759 + 0,0056
663.8 1.4807 1.0667 0.9948 0,9936 0.9765 + 0.0054 0.9907 + 0.0058
408.2 1, 3855 1,1036 1.0179 0.9925

525.9 1.3918 1.1565 1.0064 0.9928

553.8 1.4040 1.1556 1.0135 0,9929

603.9 1.4216 1.1170 1.0060 0.9931

663.8 1.4091 1.1197 1.0026 0.9936 0.9957 + 00,0056 0.9996 + 0.0058
659.7 1.44B8 1.0770 1.0021 0.9935 0.9779 + 0,0052 0.9923 + 0.0057
774.1 1.4359 1.0895 1.0065 0.9948

B43.0 1,4506 1.0711 1.0077 0.9956

234.8 1,3192 1.2738 1.0253 0.9943 0.9969 % 0.0049 0,9947 * 0.0059
536.9 1.3436 1.2063 1.0152 0.9928

616.6 1.3603 1.1817 1.0173 0.9932

719.1 1.3732 1.1582 1.0182 0.9941

841.2 1.3809 1.1231 1.0116 0.9956

983.2 1.3980 1.0798 1.0072 0.9980
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Correlations were made with the experiments with bare-topped
cylinders. Both the separable treatment, involving ANISN and SPBL,
and KENO were used. The KENO calculations gave a better represen-
tation of the experimental conditions in that the water reflector
extended to the top of the vessel, which had a steel cover.

Adjoint biasing was applied in the reflector which surrounded sides
and bottom. In the ANISN calculations the top was simply bare.
To force the mesh assignment scheme to treat the bulk of the
plutonium solution as an intermediate region, the solution was
subdivided into a thin upper layer and the remainder. Particularly
for the large diameter cylinder used in the high burnup experi-
ments, where solution heights were also fairly large, differences
between extrapolation distances for finite and infinite vessels
should have less effect than for small vessels, and the SPBL
treatment should not introduce much, if any, nonconservatism.
(Axial bucklings ranged from 0.00l to 0.003 so that, on the basis
of the least squares fit to the P-1l Project cylinder data, Akggs
assoclated with the separability treatment would be between 0.003
and 0.009). The correlations, listed in the same order as in
Table 7 and recorded in Table 19, seem to bear this out when SPBL
and KENO are compared.* As concluded from the slab experiments,
applying the bias of Figure | to the calculation of subcritical
limits by HRXN-ANISN for high concentrations of plutonium-240
appears quite conservative, but applying the bias of Figure 2 to
the same calculation by GLASS-ANISN appears slightly nonconserv-
ative and adequate allowance for bias and uncertainty must be
made,

Pu0y Compacts

Correlations with the critical experiments with PuQy com-
pacts described in Tables 8 through 1} are given, respectively, in
Tables 20 through 23. The methods used were HRXN-ANISN and GLASS~
ANISN, supplemented by KENO for some of the later experiments.

The quadrature in ANISN was Sj)g. (The small difference between
S16 and 8, in cases studied so far is hardly worth consideration,
and certainly is not for the compacts in view of the large error
flags).

Correlations with the experiments at H/Pu = 15 are given in
Table 20. The uncertainties in koff correspond to reported
dimensional uncertainties. Wo calculations were made for the
bare, nearly cubic assemblies for which, in con junction with

*It was not realized when these correlations were made that the
top and bottom were 0.95 cm thick; 0.079 c¢m was assumed. ANISN®
calculations were repeated, but not KENO. Both sets of ANISN
calculations are given in Table 19,
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TABLE 19
Correlation with Cylinders with Bare Tops

k

eff
HiRXN- . GLASS- L
H/Fissile Pu  ANISN (5,¢)%  KENOY ANTSN (5,6)% KEND®
85.5 1.0198 1.0070 + 0.0053 1.0568 1.0314 + 0.0050
1.0138 1.0083 £ 0.0053 1.0479 1.6436 + 0.0047
228 .4 1.0127 1.0040 * 0,0054 1.0625 1.0428 * 0.0054
0.9871 1.0155 + 0.0049 1.0320 1.0592 & 0.0057
301.4 1.0275 1.0254 + 0.00637 1.0233 1.0227 + 0.0D4]
1.0257 1.0276 * 0.0039 1.0195 1.0282 + 0.0038
378.4 1.0323 1.0296 £ 0.0042 1.0283 1.0274 * 0.0037
1.0302 1.0354 + 0,0042 1.0239 1.0231 * 0,0039
451.,5 1.0319 1.0285 + 0,0039 1.0277 1.0160 + 0,0040
1.0295 1.0183 + 0.0039 1.0230 1.0262 £ 0.0041
535.5 1.0312 1.0292 + 0,0036 1.0264 1,0174 £ 0.0035
1.0288 1.0310 = ¢.0041 1.0214 1.0288 = 0.0035
614.2 1.0309 1.0165 £ 0.0042 1.0250 1.0071 + 0.0040
1.0285 1.0251 + 0.0034 1.0202 1.0147 & 0.0041
722.5 1.0299 1.0205 = 0.0037 1.0226 1.0171 + 0,0038
1,0278 1.0263 * 0.0036 1,0181 1.0160 + (0.,0038
845.8 1.0254 0.0317 £ 0.0035 1.0202 1.0166 £ 00,0036
1.0276 1.0263 = 0.0036 1.0163 1.0149 £ 00,0036
1030 1.0293 1.0220 £ 0.0034 1.0169 1.0055 + 00,0029
1.0282 1.0259 £ 0.0033 1.0141 1.0215 + 0.0035
1196 1,0279 1.0271 * 0.0031 1.0129 1.0113 £ 0.0027
1.0273 1.0270 £ 0.0032 1.0110 1.0143 £ 0.0030
a. First result obtained with 0.07%-cm-thick bottom; second result
with correct thickness, 0.85 cm.
h. First result obtained without propesed change in KENO, second with it.

Both sets made with 0.079 cm thickness for top and bottom,
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TABLE 20

Correlation with Infinite Bare and Plexiglas Reflected Slabs at H/Pu

Partiele Siaze keff

5

H/Fissile Pu Reflectof Correction ERXN-ANISN GLASS~-ANISN
15.42 None Mo ' 1.0286 + 0.0195 1.0738 % 0.0187
. Yes 1.0224 + 0.0257 1.0679 * 0.0246
Plexiglas No 1.0425 £ 0.0050 1.0615 = 0.0049
‘Yes ' 1.0445  0.0070  1.0635 + 0.0069
16.27 None No . 1.0012 = 0.0149 1.0459 + 00,0143
Yes - 1.0106 + 0.0243 1.0540 * 0.0234
Plexiglas No ; 1.0240 + 0.0034 1.0418 * 0.0034
Yes 1.0315 + 0.0109 1.0494 % 0.0110

TABLE 21

Correlation with Infinite Bare and Reflected

Slabs at H/Pu = 5 (H/Fissile Pu = 5.70)

GLASS-ARISH

k
- . eff
Reflector  Extrapolation Method  HBRXN-ANISN
None z& . 1.0431 + 0.0138
Plexiglas Ab 1.0361 = 0.0050

Critical height® 1.0311 *+ 0.0105

1.1346
1.0910

1.0857

+

0.0142

0.0054

0.0113

a. Based on calculated difference in extrapolation distance for

a cube and an infinite slab.

b, Extrapolation of effective extrapolation distance as a function

of transverse buckling.

c. Extrapolation of critical height as a function of inverse cross-

sectional area.
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TABLE 22
Correlation with Critical Experiments with PuQ, Compacts

A. Refleated Cuboids

“err
HRXN- GLASS-
Height, em ANISN-SPBL KENOZ___  ANISN-SPBL  KENCP
10.03 1.1256 1.0199 + 0.0055 1.1151 1.0647 = 0.0077
1.0350 * 0.0048 1.0827 £ 0.0077
8.98 1.1201 1.0319 *+ 0.0061 1.1118 1.0688 * 0,0067
1.0267 + 0.0066 1.0805 *+ 0.0069
7.97 1.1107 1.0268 + 0,0063 1.1053 1.0591 = 0.0067
1.0282 *+ 0.0067 1.0727 + 0.0070
6.86 1.0970 1.0187 = 0.0070 1,0960 1.0618 *+ 0.0066
1.0178 = 0.0069 1.0825 + 0,0079
5.95 1.0837 1.0090 + 0.0070 1.0874 1.0652 + 0.0076

a. First result obtained without proposed correction to KENO, second,

with it.
B. Infinite Slabs
“ort

Reflector  Extrapolation Method  HRXN-ANISN GLASS-ANISN
None P 1.0485 + 0.0184 1.0252 * 0.0182
Plexiglas AP 0.9921 * 0.0409 1.0212 % 0.0380

Critical height® 1.0228 + 0.0093 1.0497 * 0.0086

d
Kegs 1.0335 1.0536

a. Based on calculated difference in extrapolation distance for
a cube and an infinite slab.

b. Extrapolation of effective extrapolation distance as a function
of inverse cross-sectional area.

a@. Extrapolation of critical height as a function of inverse cross-
sectional area.

d. Least squares linear extrapolation of SPBL keff as function of
transverse buckling.
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Correlation with Critical Experiments with
50 {H/Fissile Pu = £2.3)

TABLE 23

Compacts at H/Pu =

A. Refleeted Cuboids

Ko rf
HRXN- GLASS-
Height, em  ANISN-SPBL  REWO® ANISK-SPEL  REWOZ
29.64 1.0361 1.0085 * 0.0053 1.0429 1.0051 £ 0.0060
1.0175 + 0.0060 1.0160 + (.0051
23.58 1.0347 1.0033 * 0.0055 1.0415 1.0076 + 0.0055
1.0119 £ 0.0064 1.0030 + 0.0055
22.06 1.0342 1.0090 + 0.0062 1.0415 1.0042 + 0.0059
1.0266 * (.0057 1.0124 + 0.0055
19.69 1.0328 1.0083 * 0.0065 1.0394 1.0022 + 0.0054
1.0101 = D.0061 1.0045 + 0.0056
18.68 1.0311 1.0155 + 0.0065 1.0376 1.0123 + 0.0050
1.0170 + 0.0057 1.0141 + 0.0054
17.48 1.0301 1.0108 + .0053 1.0365 1.0047 + 0.0051
1.0143 + 0.0065 1.0057 = 0.0054
16,35 1.0285 0.9945 + 0.0060 1.0347 1.0004 + 0.0054
1.0027 * 0.0062 1.0079 = 0.0064
a. First result obtainéd without proposed corfection to KENO, second, with
it.
B. Infintte Slabs
ke 7
Reflector Extrapolation Method  HRXN-ANISN GLASS-ANISN
None Ad 1.0214 * 0.0063 1.0337 % 0.0059
Plexiglas ab 1.0156 + 0.0048 1.0199 + 0.0046
Critical height® 1.0110 ¢+ 0.0034 1,0155 # 0.0032
d 87
ke £f 1.0229 1.02

Based on calculated difference in extrapolation distance for
a cube and an infinite slab.

Extrapolation of effective extrapolation distance as a2 function
of inverse cross-sectional area.

Extrapolation of critical height as a function of inverse cross-

sectional area.

Least squares linear extrapolation of SPBL k
transverse buckling.
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calculated extrapolation distances, bucklings were derived by the
experimenters to be used in the analysis of the reflected assem-
blies. The critical bucklings at 2.2% and 8% plutonium~240 were,
respectively, 0.02227 and 0.01733 cm~2, These may be compared
with critical bucklings of 0.023128 and 0.016837 cm~2 calculated
by HRXN and with bucklings of 0.025856 and 0.018981 cm™2 from
GLASS cross sections, The Plexiglas™ reflector group constants
were weighted by the plutonium fission spectrum. In some calcula=-
tions, however, the uranium-235 spectrum from the Standard Library
was inadvertently used, increasing kg¢g by about 0.0007.

Correlations with the experiments at H/Pu = 5 are given in
Table 21. Calculations made for the bare cuboid with the SPBL
technique gave 1.0526 by HRXN-ANISN, 1.1470 by GLASS-ANISN, in
reasonable agreement with the infinite slab results, when account
is taken of the approximation in SPBL. The buckling derived by
the experimenters from the cuboid dimensions and a calculated bare
extrapolation distance was 0.01945 cm™2, Those calculated by
HRXN and GLASS were, respectively, 0.020463 and 0.02502 cm~2.

In some GLASS calculations, carbon cross sections from the Standard
Library rather than those processed from ENDF/B-III were inadver=-
tently used, increasing k,gs about 0.0010.

Correlations with the experiments with dry PuO, are given in
Table 22. fCalculations for the bare cuboid by the SPBL technique
gave 1.0941 +0.0044 by HRXN-ANISN, 1.0704 +0,0044 by GLASS-ANISN,
substantially above the infinite slab results and above HRXN- and
GLASS-KENO results for the cuboid: 1.0321 +0.0043 and 1.0119
+0.0045 without the proposed correction to KENO, 1.0326 +0.0048 and
1.0327 +0.0052 with it. (The SPBL uncertainty corresponds to the
reported dimensional uncertainty; the KENO uncertainty is one
standard deviation.) The critical buckling derived by the experi-
menters from the cuboid dimensions and a calculated bare extrapola-
tion distance was 0.02620 cm™2. Those calculated by HRXN and
GLASS were 0.028825 and 0.028517 cm-z, respectively. Extrapola-
tion to the reflected slab is somewhat uncertain, but the critical
height and k,ff extrapolation give the best agreement with the
Monte Carlo results. (Adjoint biasing was used in the reflector
with weights furnished with KENO for paraffin.) It is worth noting
that despite similarities in critical bucklings and migration areas
calculated by HRXN and GLASS, k,fg's are appreciably different and
the difference reverses sign for reflected assemblies compared to
bare assemblies. In the Glass calculations, the combined spectrum
treatment was used to generate the cross sections for the oxide.

Correlation with the experiments with polystyrene compacts at
H/Pu = 50 are given in Table 23, Calculations for the bare cuboid
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by the SPBL technique gave 1.0237 by HRXN-ANISN, 1.0358 by GLASS-
ANISN, close to the infinite slab results but appreciably above
HRXN- and GLASS—-KENO results for the cuboid: 1.0121 +0.0047 and
1.0026 +0.0049 without the proposed corrections, 1.0119 +0.0047
and 1.0159 +0.0047 with it. The critical buckling derived by the
experimenters from the cuboid dimensions and a calculated bare -
extrapolation distance was 0.01162 cm™2, Those calculated by HRXN
and GLASS were 0.01206 and 0.01270 cm'z, respectively. Extrapola-
tion to the infinite slab thickness is less uncertain than for dry
oxide. SPBL kgfg as a function of transverse buckling is fitted
better by a quadratic than by a linear expression. Extrapolation
of least squares quadratic fits gives HRXN- and GLASS-ANISN values
of kogg of 1.0131 and 1.0162 for the infinite glab, in better
agreement with the other two methods,

Plutonium Metal

Correlations with the three metal sphere experiments of Table 13
are given in Table 24. The HRXN-ANISN results are a repeat of pre-
vious work.#0 Why they differ by as much as 0.0003 in kegg
is not known since input should have been identical. The uncer-
tainty in keff associated with experimental uncertainties ranges
from +0,0012 to +0.0022. The two bare gphere correlations were
made to see how well GLASS—-ANISN handles plutonium-240 in metal
systems. Gallium was replaced by nickel, since there are no cross
sections for gallium in the GLASS libraries,

TABLE 24

Correlation with Pu Metal Spheres

Serr
. 2uo HRXN-ANISN GLASS-ANISN
Juflector Pu, % Su Sg Sie Sea Sy Sa Sie Do
None 4.5 1.0158 1.0059 11,0029 1.0018 1.0103 1.0005 0.9976 0.9985
20.1 1.0220  1.0123 1.0093 1.0082 1.0082 0.99387 0.9958 0.9947
Water 5.18 1.0156 1.0006 0.9965 0.9951 1.0262 1.0117 1.0077 1.0063
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SUBCRITICAL LIMITS

The American National Standard for Nuclear Criticality Safety
in Operations with Fissionable Materials Qutside Reactors (ANS-8.1/
ANSI N16.1-1975) is due for its quinquennial review. As part of
the review, limits presently in the Standard are being examined,
and it seems worthwhile to extend them. In the case of plutonium
nitrate solutions and PuOj slurries, an extension to 5% plutonium=-240,
0.5% plutonium-241, and to the isotopic compositions of the recently
issued Standard, "Nuclear Criticality Control and Safety of Homo-
geneous Plutonium-Uranium Fuel Mixtures Outside Reactors,' ANSI/
AN5-8.12-1978, namely 15% plutonium=-240, 6% plutonium~-241, and 25%
plutonium-240, 15% plutonium~-241, should prove useful. The addi-
tion of limits for Pu0s to those now provided for metal should
also prove useful. The limits in the Standard apply to units sur-
rounded by materials (including other units) no more effective in
returning neutrons than a contiguous reflector of water of unlimited
thickness and are "maximum" subcritical limits. The limiting masses,
dimensions, and concentrations are intended to be subcritical under
the stated conditions, but also sufficiently close to critical to
discourage attempts to justify larger limits. The mass and concen-
tration limits are not appropriate for operating limits, since they
contain no allowance for operating errors, such as double batching,
or for uncertainties as to precise values of process variables.
Similarly, the dimensional limits contain no allowance for toler-
ances in the construction of vessels, for bulging of vessels, or
for corrosion.

The limits for Pu(NO3)4 solution apply only to uniform aqueous
solutions. They take no credit for nitric acid; therefore, in
practice, the limits would generally have a margin of subcritical-
ity additional to that allowed in the calculations since in order
to prevent polymerization and precipitation of the plutonium and
hence to maintain a uniform solution, it is necessary to have a
nitric acid concentration of about 1.5M.11 However, it would be
improper to count on this in deriving the limits. The user of the
Standard has the right to expect that the limiting values would
actually be subcritical under the stated conditioms. 1t should be
legitimate for him, if he so chooses, to use the limits as points
of departure in arriving at larger limits by taking credit for
nitric acid, finite cylinder heights, less effective reflectors,
etc., provided the extensions are made conservatively,

All three methods, HRXN-ANISN, GLASS-ANISN, and MGBS5-TGAN,
were used for the calculation of limits for Pu(NO3),; solutions.
The 8, quadrature was S16s the small difference between S, and
81 being ignored. MGBS-TGAN was used partly because of its ex-
tended use in the past, including its use to generate limits for
the mixed oxide Standard.%? Where the methods disagree, one might
be inclined to give greatest credence to GLASS-ANISN with its cross
sections derived from ENDF/B-1V, including cross sections for H
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in the lower groups conforming to a thermal scattering law for H»0,
its direct use of resonance parameters by way of the Nordheim inte-
gral treatment (although something seems amiss in the resonance
treatment since at very high concentrations of fissile nuclides
resonance reaction rates exceed source rates from slowing down),
and its use of S, transport theory in 16 groups for performing

the reactor calculation. However, the older, more approximate
method MGBS-TGANL»39 cannot be dismissed out of hand as being
overly conservative. GLASS cross sections collapsed to 2 groups
rather than 16 and adjusted for the difference in leakage expres-
sions between diffusion theory and transport theory (as in MGBS)
gave for uranium-235 solutions c¢lose to the same bias in GLASS-TGAN
calculations as was obtained in 16 group GLASS-ANISN calculations,
especially at the lower concentrations; hence, two-group diffusion
theory 1s not grossly inadequate. The resonance integrals in MGBS
are tabulated as a function of potential scattering cross section
per atom of absorber with especial care not to include plutonium-
240 contributions below the thermal energy cutoff. The nitrogen,
hydrogen, and oxygen cross sections in the epithermal groups are a
function of nitrate concentration and were determined at N/H ratios
of 0, 0.04, and 0.08 in infinite medium, zero buckling slowing down
calculations, from a fission source, with lethargy width 0.1. The
thermal group cross sections have been averaged over 110 groups,
rather than 29 as in GLASS, albeit having been calculated with the
Wigner-Wilkins gas kernel rather than a thermal scattering law for
Hy07. The bias of GLASS-ANISN is larger than that of MGBS-TGAN,
but the latter shows more variation with H/Pu.

Minimum critical parameters calculated by the three methods
for water-reflected aqueous solutions of Pu(NO3)4 at 20°C with
100% plutonium-239, as in the Standard, are given in Table 25. The
minima were determined from graphical plots of the parameter of
interest as a function of concentration. The plotted parameters are
those calculated to correspond to critical values of keff read from
Figures 1-3., (an example showing the derivation of minimum criti-
cal mass is given in Appendix B.) The MGBS-TGAN results for mass,
cylinder diameter, and slab thickness are approximately equal to
the subcritical limits in the Standard. Included in Table 25 are
results obtained by Richey,13sh1, whose calculations served as the
basis for limits in the Standard. His method was !8~group diffi-
sion theory, with thermal group constants averaged over a Wigner-
Wilkins spectrum and epithermal group constants derived from a 64
group B] calculation, and agreed well with experiments, with
essentially no bias. The disagreement among methods all normalized
to the same experimental data is somewhat surprising, particularly
in the case of mass since many experiments were performed in the
concentration range where minimum mass occur. The spread in wvalues
corresponds to about 2% in kgff.




TABLE 25

Minimum Critical Parameters of Aqueous
Solutions of Pu(NDs;), with 100% 23°Pu

Parameter HRXN-ANISN GLASS-ANISHN MGBS-TGAN Richey
Mass Pu, kg 0.535 0.526 0.510 0.547
Cylinder Dia., cm 16.12 15.96 15.74 16.30
Slab Thickness, cm 5.94 6.02 5.76 6.21
Volume, % 8.22 7.89 7.81 8.32
Conc., g Pu/R 7.62 7.58 7.46

H/Pu 3475 3490 3546

Areal Density, g Pu/cm? 0.268 0.272 0.262

A careful study of each method would be necessary in order to
discover the sources of the discrepancies. There may be trends in
the bias as a function of nitrate and plutonium-240 concentration
that are not readily apparent. Richey's use of a density formula in
his parametric survey calculations as opposed to his use of
analytical data in correlating with experiments may have introduced
some error. The treatment of the stainless steel vessel wall may
introduce some error. Back calculation of two reflected sphere
experiments with the critical values of kyff determined in
correlations were made with and without the steel walls., With the
walls present, experimental conditions were reproduced
satisfactorily, demonstrating the correctness of the radius search
corresponding to a specified value of ky¢g. Without the
walls, MGBS-TGAN gave the lowest masses, indicating it calculates
the greatest effect. HRXN-ANISN was next. Differences were small,
however, slightly less than 1% in mass between GLASS-ANISN and
MGBS-TGAN.
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Calculations were extended to the minimum critical mass of
water-reflected uniform, homogeneous PuO2-H90 mixtures. HRXN-ANISN,
GLASS-ANISN, and MGBS-TGAN yielded, 525, 512, and 496 g plutonium
respectively. Richey's value was 531 g. At the low concentration
at which the mimimum mass occurs, it makes little difference whether
the mixture is Pu-Ho0, Pujs03-H20, or a fictitious PuOyF9-Hy0 for
which other calculations have been made. A semiempirical analysis
of the P-1l Project data led to a minimum critical mass of 506 g.42
An analysis of the data with an earlier version of MGBS-TGAN39
having a slightly different resonance treatment! and with an em-
pirical correction made for the vessel walls resulted in very little
bias, Calculated bucklings, after allowance for slight changes in
cross sections to conform to those used in the data analysis but
without allowance for bias, led to a minimum critical mass of 498 g
plutonium. Subsequent use of this analysis with the bias expressed
as a function of concentration led to a minimum critical mass of
512 g.43 In a compendium of critical mass data, the minimum of
the mass versus concentration curve 1is about 510 g.44 The experi-
menters in the P-1]1 Project concluded that the minimum critical mass
was 509 g contained in the thin steel shell of the experiments.24
Without the shell, the mass would be reduced to about 490 g.

It was thought that perhaps part of the reason for the discrep-
ancy in the results obtained by the three methods of calculation might
lie in differences in the "eyeball" fits to the data in Figures 1-3,
Accordingly, the critical mass calculations for Pu(NO3), and PuOj
were normalized to the experiment with plutonium containing 0.54%
plutonium-240 at 27.39 g Pu/%. For 0.12M plutonium [H/Pu = 915.2
for Pu(NO3)4, 920.9 for PuOs] rhe critical masses calculated by
HRXN-ANISN, GLASS-ANISN, and MGBS-TGAN normalized to the curves in
Figures 1-3 were, respectively, for Pu(NO3)4, 539, 529, and 515 g
and for Pu0j, 528, 517, and 50l g plutonium. Normalized to the single
experiment, the respective results were 532, 525, and 517; 522,

513, and 503. Thus, the normalization is partly responsible for the
discrepancy.

The selection of limits 1s necessarily somewhat arbitrary.
Those presently in the Standard for mass, cylinder diameter, slab
thickness, and volume of Pu(NO3)4 solutions are purportedly
values calculated by Richeyl3 to correspond to a keff of 0.98.
However, the mass and volume limits in the Standard are slightly
higher and were taken from his earlier paper.*l From an examina-
tion of the scatter about the curves of Figures 1-3 and from the
experimental uncertainties expressed in terms of variation in kgff
it would appear that a margin in kggg of 0.0l should be sufficient
to assure subcriticality, i.e., that conditions corresponding to
keff = | + Bias - 0.01 should be subcritical. The conditions for
which the limits are given represent some extension of experimental
conditions to 0% plutonium-240, zero nitric acid molarity, and
zero vessel wall thickness, but there are no obvious variations in
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the bias with these parameters. For good measure, however, it is
desirable to assign an extra margin, say 0.01, making the total
margin 0.02. However, with three (four including Richey's) methods,
a margin this great applied to the most conservative, particularly
when it may have the most approximations, appears excessive, On the
other hand, unless a method can clearly be rejected, results calcu-
lated by a second method with margin 0.02, which the former method
predicts would be critical, should not be accepted as limits. Thus,
the limits in the Standard, which MGBS~TGAN predicts would be criti-
cal, are too large, even though Richey's method loocks quite good.

Table 26 lists "limits" (i.e., parameters correponding to a
margin in kogg of 0.02) calculated by the four methods, together
with limits now in the Standard and limits proposed for the revised
standard. The margin in kg,¢f is not on the same basis for the
two ANISN methods as for MGBS-TGAN. 1In the former methods, kefg
is number of neutrons produced per fission source neutron for a
steady state solution. In TGAN, a fictitious transverse buckling
increment is added to each region such that the core buckling re-
sults in the desired kyff calculated as k/{1 + M2B2), It is
apparent by comparing Tables 25 and 26 that a margin of 0.02 in
koff produces a larger change in a parameter in TGAN than it
does in ANISN. The proposed limits are generally subcritical by a
margin of about 0.0] relative to MGBS-TGAN critical values. The
concentration limit in the Standard was reduced in the 1975 revi-
sion from its original value. The reduction was as a result of
doubts?> based on data then available, that the limit was
subcritical and as the result of a re-examination of experimental
data.%®, The recent experiments in the large sphere2? permit it
to be raised to its former value. The slurry mass limit has been
left at its former value althougb the margin of subcriticality may
be smaller than that supposed.4

In Tables 27, 28, and 29, "limits" (again parameters corres-—
ponding to a margin of 0,02 relative to the curves of Figures 1-3)
are calculated for Pu(NO3); solution in which the plutonium con-
tains 5% plutonium-240, 0.5% plutonium=241; 15% plutonium-240, 6%
plutonium-241; and 257 plutonium-240, 15% plutonium 241 by weight.
In plutonium actually encountered, plutonium-238 and plutonium-242
will be present. However, it is conservative either to treat them
as plutonium=239 or to omit them from the composition in computing
the percentages of plutonium-240 and plutonium-241, Also given in
the three tables are suggested limits for the revised Standard.
The latter two compositions are those adopted for the mixed oxide
Standard. The other composition was an intermediate one that
seemed to offer some utility, The plutonium-241 concentration was
selected on the basis of compositions in the experiments with which
correlations were made. Increasing it to 1,5% plutonium—241
reduces the margin of subcriticality by only about 0.002, as
calculated by MGBS~TGAN. This amount is fairly insignificant;
therefore, the suggested limits should be valid up to 1.5%
plutonium~241,
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TABLE 26

Limits for Aqueous Systems Containing Plutonium

100% 23°Py
A. Solutioms of Pu(NOs3)s ]
Revised

Parameter Standard  Souvee (Ref) HRXN-ANISN GLASS-ANISN MGBS-TGAN Standard
Mass Pu, kg 0.51 0.499 (21) 0.489 0.477 0.453 0.480
Cylinder Dia.,cm 15.7 15.68 {21} 15.58 15.42 15.02 15.4
Slab Thickness, ecm 5.8 5.7% (21} 5.62 . 5,68 5.27 5.5
Volume, & 7.7 7.53 (21) 7.55 7.24 6.97 7.3
Conc,, g Pu/i 7.0 7.0 (55, 56) 7.35 7.29 7.16 7.3
H/Pu 7 3600 3630 3700 3630
Areal Density, 0.25 0.25  (53) 0.255 . 0,254 0,245 0.25
g Ii’u/o::m2

B. Pu0; - H0 Slurry
Mass Pu, kg n).470 (53) 0.478 0.466 0.444
(Uniform Slurry)
Mass Pu, kg D.450 0.450 {53} 0.450

(Non-uniform slurry)

TABLE 27

Limits for Aqueous Solutions of Pu{NO;}, with 25% 2“°Pu, <0.5% 2*!Puy

Revieed

Parameter HRXN-ANISN  GQLASS-ANISN  MGBS-TGAN  Stapdard
Mass Pu, kg 0.580 0.576 0.549 0.570
Cylinder Dia., cm 17.38 17.53 17.19 17.4
Slab Thickness, cm 6.72 7.01 6.59 6.7
Volume, % 10.03 10.07 9.88 10.0
Conc., g Pu/k 7.89 7.84 7.70 7.8
H/Pu 3350 3373 3435 3400
Areal Density, 0.282 0.283 0.272 0.28

g Pu/cm?
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TABLE 28

Limits for Aqueous Solution of Pu {NO,), with

>15% 2%%Py, <6% 2%1ipy

Revised
Parameter HRXN-ANISN  GLASS-ANISN  MGBS-TGAN  Standard
Mass Pu, kg 0.778 0.806 0.764 0.78
Cylinder Dia., cm 19.48 20,02 19.62 19.5
Slab Thickness, cm 8.02 8.55 8.05 8.0
Volume, % 13,55 14.36 13.94 13.6
Conc., g Pu/% 9,00 9,01 2. 80 8.9
H/Pu 2937 2935 3005 2980
Areal Density, g Pu/cm® 0.338 0.343 0.331 0.34
TABLE 29
Limits for Aqueous Solutions of Pu {NOs), with
225% 2%%pu, <15% 241py
Reviged

Parameter HRXN-ANISN  GLASS-ANISN MGBS-TGAN  Standard
Mass Pu, kg 1,023 1.109 1.027 1.02
Cylinder Dia., cm 21.25 22.25 21.51 21,3
Slab Thickness, cm 9.11 8.91 9,24 9.2
Volume, % 17.21 19.10 17.86 17.2
Conc., g Pu/4 10.23 10.34 10.02 10.2
H/Pu 2587 2558 2640 2600
Areal Demsity, g Pu/cm” 0.402 0.416 0.396 0.40
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The curves in Figures 1 through 3 are appropriate for the 5%
plutonium=240 composition; many of the experiments were with
plutonium containing 4.6% plutonium=240. As pointed out earlier,
the curve in Figure 1 appears conservative for plutonium containing
18 to 43% plutonium—240 as judged from the slab and large cylinder
experiments, The curve in Figure 2 may be slightly nonconserv-
ative. That in Figure 3 appears appropriate for the higher
plutonium=240 concentrations at H/Fissile plutonium >200. The
range of H/Fissile plutonium within which the critical concentra-
tion, mass, and dimensional minima occur shrinks at both ends with
increasing plutonium=-240 concentration from 60 to 3500 at 0%
plutonium-240 to 200 to 2500 at 25% plutonium-240; therefore, the
curve in Figure 3 should not imtroduce sppreciable nonconservatism
into MGBS-TGAN calculatioms. The largest difference in limits
occurs for 25% plutonium—240 and is in the expected direction. A
margin from the curve of Figure 2 greater than 0.03 (rather than
0.02 as used in the calculation) would be required to bring the
GLASS-ANISN results in line with the others.

Only MGBS-TGAN calculations were used to derive mass limits for
Pu0y slurries with plutonium—-240 concentrations >5%. In view of
the lack of any indication of nonconservatism in MGRS-TGAN and of
the small increases in kggf ( 0.007)43 resulting from distributing
the minimum critical mass in a uniform distribution optimally, it
was concluded that masses calculated by MGBS-TGAN for uniform
distributions with Akggf of 0.02, relative to the curve of Figure 3,
would assuredly be subcritical for any nonuniform distribution.
Masses of plutonium so calculated for 5%, 15%, and 25% plutonium—240
and 1.5%, 6%, and 15% plutonium241 are 530, 740, and 990 g,
respectively.

Besides the limits for aqueous systems, the general Standard
contains limits for plutonium metal reflected by no better reflector
than water. As indicated previously, it is desirable to examine
these limits and to extend them to oxide. The two methods adopted
for the calculations were HRXN-ANISN and GLASS-ANISN. For metal,
the quadrature was extrapolated to Sw, but for the oxide, S;g was
adopted, As is apparent from Table 22, the bias for the oxide
calculation has a large element of uncertainty. However, it
appears that adopting the bias for a water~reflected sphere
(Table 24) for both metal and oxide calculations should certainly
be conservative for oxide. As in the solution calculations, a
margin of 0.02 was allowed to assure subcriticality. Metal was
assumed to have a density of 19.82 (Lange's Handbook) and oxide a
density of 11.46 g/cm3. The calculations were made for 100%
plutonium~239, but they can be applied to any isotopic composition,
provided plutonium-240 exceeds plutonium-241 (calculations for
50-50 plutonium—240 plutonium-241 gave a much higher critical mass
than for plutonium-239). Although plutonium-238 may have a lower
bare critical mass than plutonium—239, such is not the case with
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water reflection. Calculations were made both for dry oxide and damp
oxide (H/Pu = 0.45, 1.48% H90) as in the mixed oxide Standard, but
limits were lower for dry oxide. However, as H/Pu increases, the
mass must eventually drop; therefore, some limit om H/Pu is necessary
and it might as well be that adopted for the mixed oxide Standard.
The calculated limits are given in Table 30. For metal, the two

methods agree with each other and with the limits presently in the
Standard.

TABLE 30

Limits for Pu Metal and Oxide

Revised

Marerial Parameter HRAXN-ANISN  GLASS-ANISN  Stundrd  Standard
Metal Mass Pu, kg 5.05 5.03 4.4 5.0
@19.82 g Pufem®  Cyl. Dia., om 4.39 4.38 4.4 4.4

Slab Thickness, cm .70 11,63 0.65 0.65
Oxidew ) Mass Pu, hg 11.06 10,17 1o, 2
11.46 g Pudz/cm® Mass Pullz, kg 12,54 11.53 11.5

H/Pu <G,45)

Cyl. Da., ¢m 7.47 7.22 7.2

Slab Thickness, cm 1.60 1.4] 1.4
Oxide, @ Mass Pu, kg 29.493 27.00 27.0
5.78 g Pubp/em’®  Mass Pubz hg 33.94 30,62 30.6
{H/Pu <0.45) Cyl., Dia., em 13,10 12.56 2.6

Slab Thickness, ¢m 3.20 2.R2 2.8
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APPENDIX A
Conversion of Resonance Reaction Rates to Cross Sections

The conversion is done as follows. For a group, &, of
lethargy width Aug containing resonances, the reaction rate is

w2
Rog = f Z,(u) ¢ (u) du

It is expressed in GLASS as the rate per unit slowing down
density. Therefore, if p represents the fraction of fission
neutrons not absorbed in higher energy groups (in resonance or
otherwise), the actual rate is

Rg = p ROg

The macroscopic resonance integral is defined as the ratio of
the reaction rate to the flux, ¢,5, as a function of lethargy that

would exist if there were no resonance. If source neutrons ¥
entering the group are normalized to unity, .
uz

f Pog du = 1,
irg uy

where Er is the removal cross section, Since the flux as a
function of lethargy (in the absence of absorption) is flat,

The macroscopic integral Ig is thus

Ig = Rog Irg fug

The solution of the slowing down equation in the asymptotic
case with constant scattering cross section and no absorption (or
leakage) yields



Thus, Iy = Ry EXs.

The presence of the resonance in group g alters the cross section
for removal by scattering, but the altered removal matrix is not
usually obtained. In any case, it is preferable to use the removal
matrix generated in the absence of resonance absorption to permit
cross section combinations to be made readily. To maintain the same
reaction rate in group g due to resonance absorption, the resonance
absorption cross section Iz must be such that

T =R
g 4ag B
uz
where ¢ = Jf $(u) du. But
uz
QE
=% +3 -1

where 1, is the total (transport) cross section, including smooth
absorption and transfer to other groups in the absence of resonance
absorption, where I,, is the self scatter cross section under the
same conditions, ang where Q represents neutrons transferred to
group g from higher energy groups and any contribution from fission.
Eliminating &, and solving for I,p yields

(Zt -X )
« -8B BB p (1)
ag Qg - Rg 2

In the KOKO subroutines, Qg is determined by solving the
slowing down equations with zero leakage and a unit fission source.
In each group where resonance absorption occurs, Za is determined
and is added to Et and to the smooth absorption cross section
to produce multlgroup cross sections that contain resonance absorp-
tion. Track is kept of absorptions (both smooth and resonance) that
occur in order to obtain p, which is required for obtaining Rg
from Rog-

As has been pointed out above, the flux in the absence of the
resonance in group g 1is




where ng = L, - Zgg- This flux contains allowance for
absorption in ﬁighet energy groups; hence, the macroscopic
resonance integral is

R
I = £
g8 og
Thus,
I R T (2)
_ B _B_ T8
Aug Qg

Using (2) to eliminate Qg from (1) yields

T /Au

ag I /Au (3)
1 - _i%r_ii
rg

This formula presumes an accurate calculation of the resonance
integral or alternatively of the resonance reaction rate., Too
large a resonance integral, especially for highly undermoderated
systems, can lead to negative cross sections as was found to be the
case for 233y in UH3 whether the cross sections were drawn from
the Standard or the ENDF/B-IV library. To prevent negative cross
sections in cases where Rg exceeds Qg, Rg is arbitrarily set equal
to 0.99 Qg.

The term in the denominator of (3) or equivalently of (l)
appears frequently to be omitted. Thus, Nordheim (Theory of
Resonance Absorption - Proceedings of Symposia in Applied
Mathematics, Volume XI 1961, page 61) gives

where the sum is taken over the resonance integrals within the
group. Similarly, the term in the denominator is not used in con-
juction with Hansen-Roach cross sections. Although inclusion of
the term is certainly correct if the resonaunce integral or reac-
tion rate is calculated accurately, omitting it may tend to com—
pensate for approximations commonly made in computing the resonance
integral. If resonance absorption within a group is small, it
makes little difference, of course, whether or not it is included,.
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APPENDIX B
Example of Minimum Critical Parameter Derivation

The minimum critical mass for 239Pu(N03)4 was calculated by
HRXN-ANISN by: 1) selecting concentrations over the range within
which the minimum is expected to lie, 2) computing the values of
H/239Py and reading the critical values of kegs from Figure 1, and
3) computing the masses of water-reflected spheres at these values
of kggf as indicated in Table B-1. The masses were then plotted
against concentration as in Figure B-1 and the minimum value was
thereby determined.

TABLE B-1

Determination of Minimum Critical Mass of *3%Pu as Pu{NQ3),

Cone of Cone of Critical Mass@
Pu, M/L NO3, M/L /%3Py keff Critical keij” g
0.1 0.40 1100 1.0006 565.8
0.12 0.48 915.2 0.9966 539.0
0.14 0.56 783.2 0.9948 537.4
0.16 0.64 684.2  0.9937 547.1
0.18 0.72 607.1 0.9932 563.7
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FIGURE B-1l. Determination of Minimum Critical Mass of 2%°pu




