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ABSTRACT 

Three-dimensional conservation equations applicable to the 
operation of a joule-heated glass melter were rigorously examined 
and used to develop scaling relationships for modeling purposes. 

By rigorous application of the conservation equations governing 
transfer of mass, momentum, energy, and electrical charge in three­
dimensional cylindrical coordinates, scaling relationships were 
derived between a glass melter and a physical model for the following 
independent and dependent variables: 

• Geometrical size (scale) 
., Velocity 

0 Temperature 

0 Pressure 

0 Mass input rate 

0 Energy input rate 

0 Voltage 

0 Electrode current 

0 Electrode current flux 

0 Total power 

0 Electrical resistance. 

The scaling relationships were then applied to the design and con­
struction of a physical model of the semiworks glass melter for the 
Defense Waste Processing Facility. 

The design and construction of such a model using g~cerine 
plus LiCI as a model fluid in a one-half-scale Plexiglas tank is 
described. 

® Trademark of Rohm and Haas Company. 
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MODELING PRINCIPLES APPLIED TO THE 
SIMULATION OF A JOULE·HEATED GLASS MEL TER 

INTRODUCTION 

A key step in the reference process of converting liquid 
radioactive waste at the Savannah River Plant into an immobile 
glass product is the design and successful operation of a glass 
melter in which the waste and glass forming materials (frit) are 
mixed at high temperatures to form a homogeneous glass. 

The high temperature (1ISO°C) of the melter makes it difficult 
to determine important data regarding the behavior of the glass 
within the melter. For example, there is no known technique which 
enables one to quantify the motion of the glass (velocity profiles) 
in the melter, but these profiles affect the homogeneity of the 
glass product. The use of tracer particles in a properly scaled, 
transparent model fluid can have a significant impact on under­
standing and design optimization of the melter. 

Similarly, it is both difficult and uneconomical to experiment 
with electrode geometry, placement, and electrical phasing of 
applied electrode potential in an operating melter. But, again 
these effects as well as others, such as electrode current flux 
and the location of hot and cold spots, may all be assessed in a 
properly scaled model. 

With this information in mind, the theoretical relationships 
necessary to design, operate, and interpret data from a glass 
melter model are developed and applied as an example to the semi­
works full-scale melter operated as part of the research and 
development program for the Defense Waste Processing Facility. 
Data from the modeling program will be issued in a separate 
report. 

- 5 -



I. THEORETICAL BASIS FOR SCALING 

To relate model behavior to full-scale equipment, it is 
necessary to have a sound basis for scaleup of model data. This 
is achieved through the use of dimensional analysis based upon 
rigorous application of conservation equations. 

1. Conservation of Mass, Momentum, and Energy 

To derive the necessary scaling relationships for modeling a 
glass melter, first consider conservation of mass, momentum, and 
energy in three-dimensional, cylindrical coordinates (Figure 1), 
where 

R = radius of melt chamber, and 

Z = height of glass surface above the bottom of the melt 
chamber. 

The steady state conservation of mass equation for a fluid 
can be written as 1 

(1.1-1) 

z !I 0 :; r :> R 
0 < e < 2rr 

0 < z < z 

A. :- i" 

r 
FIGURE 1. Coordinate System 

where 

Po = fluid density* evaluated at temperature To 

* The fluid density will change only slightly over the temperature 
range of interest. Evaluating it at a fixed temperature makes it 
constant in (1.1-1) and leads to considerable mathematical simpli­
fication. 
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------------------------~ ------ -- - ---

= fluid velocities in the r, e, and z 
directions, respectively, and 

W = mass injection rate. 

The steady-state r-component of the conservation of the 
momentum equation can be written as l 

( 
aVr ve aVr ve

2 
dVr ) a 

Po vr ar + rae - r + Vz az = -go * 
a [).l a ] 1 a

2
().lvr ) 2 a().lve) a

2
().lVr ) 

+ ar r ar (rvr ) + r2 3e·2 - r2 ae +' az2 

The 6-component is 

( aVe ve aVe vrve aVe )- -g ap 
0 

Po Vrar-+-rae+ --+ v rae r z a z -

a [1 a ] 1 a2 ().lVe) 2 a ().lV r) a2 ().lVe) 
+ - - - (r).lv ) + - +- + 

ar r ar e r2 ae 2 r2 ae az2 

v avz \= 
Z dZ ) 

1 a 
+ --r ar 

where 
).l = viscosity 

p = pressure 

FB = body force 

go " 32.14 Ibm - ft/lbf-sec2 

(1.1-2) 

(1.1-3) 

(1.1-4) 

The body force, FB, is actually a buoyant force which arises 
due to density differences within the fluid. Although relatively 
small, it is the main driving force for fluid movement in the glass 
melter. Its magnitude can be determined as follows. 

Let the volume element in Figure 2 be submerged in a fluid 
whose surface is at z = Z. The force on the top face of 

- 7 -



z = Z 

To 

Z = z+Llz 

T 

Z = Z 

FIGURE 2. Submerged Volume Element 

the volume element is 

Ft = -P rLlSLlr [Z-(z+Llz)]g op 0 

where 

g = local gravitational constant 

The force on the bottom face is 

where 

Fbott = Ftop -Po [l-B(T-To)] rLlSLlrLlzg 

To = temperature on the top face of the volume element 

T = temperature of the fluid in the volume element 

B = volumetric coefficient of expansion of the fluid. 

The net body force FB per unit volume is then 

FB rLlSLlrLlz = Fbott - Ftop 

= -Po [l-B(T-Tol] rASArLlzg 
or 

- 8 -
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·To uniquely specify a solution to the conservation of mass 
and momentum equations, apply the following boundary conditions 
for an axially symmetric case 

p(r,S,Z) = 0 (1.1-9) 

The above boundary conditions are automatically satisfied 
in the model and in the melter by the presence of side-walls, 
a bottom, and atmospheric pressure at the surface of the fluid. 

The equation for conservation of energy can be written as 1 

where 

cpo = 

T = 

k = 

specific heat 

temperature 

aT) 1 a f.k aT) 
v Z az = r ar \' ar 

of fluid evaluated at To 

thermal conductivity of fluid 

Q = energy input rate 

The boundary conditions for (1.1-10) are 

-k aT(~~e,z) = U
wall 

[T(R,e,z) - T(R+E,e,Z)] 

aT(O,e,z) aT(O,e,z) = 0 
ar = ae 

T(0,0,Z/2) = Tbulk 

-k aT(ra~'O) = U
bott 

[T(r,e,O) - T(r,e,-y)] 

-k dT(r,e,Z) (s.) 
az = A feed 

- 9 -
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where 

Uwall ' Ubott = heat transfer coefficients of mel ter wall 
and bottom, respectively 

e: = melter wall thickness 

y = melter bottom thickness 

Tbulk = operating temperature of melter 

(q/A)feed = heat flux at melter surface (a function of 
feedrate) • 

The second condition implies axial symmetry. These boundary 
conditions are not automatically satisfied by geometric similarity 
between the model and the melter, and thus require careful con­
sideration during model design and operation. 

To write the conservation equations in dimensionless form, 
define 

r* = c r e* = cee z* = c z r z 

v* = c v v* = cvece v* = c v 
r vr r e z vz z 

p* = c 
, 

T* = CtT VI* = c W pp w 

Q* = cqQ (1.1-12) 

where the constants cr' cZ' etc. are to be determined in such a 
manner that r*, z*, etc. become dimensionless, i.e., pure numbers. 

If equations (1.1-12) are substituted into the five conservation 
equations [(1.1-1), (1.1-2), (1.1-3), (1.1-4), (1.1-10) 1 in an effort 
to solve for the cr, cZ' etc., one finds that there are ten unknowns, 
but only five equations. This can be partially resolved by choosing 

r* = !.. 
R 

e* = e z 
z* = if (1. 1-13) 

Furthermore, if (1.1-12) is substituted into the momentum equations, 
products of cve cvr ' cvz cvr ' etc. will result. This suggests the 
following simplification. Let 

c = c = c = c vr ve vz v 
(1.1-14) 

- 10 -



The use of (1.1-13) and (1.1-14) reduces the scope of the 
probl~m to determination of cV ' c~, ct ' cW' and cq. The energy 
equation (1.1-10) can now be written as 

Pocpo [ < aT< va aT< < or<] v-+---+v--
c eRr ar* r* ae* z az· 
v t 

(1.1-15) 

To make (1.1-15) dimensionless, multiply through by 

k 
_0_ = 1 (1.1-16) 
R2 c 

t 

which gives 

= pocpoR = R 
Cv ko Clo 

(1.1-17) 

where Cl
O 

= thermal diffusivity of the fluid. 
one must also set 

In equation (l.l-lS) 

1 
- = 1 c 

q 

(1.1-18) 

Having 
can be 

determined cV ' one must 
used to determine c . 

first determine Ct before (1.1-18) 

. q 

Using (1.1-13) and (1.1-14) in the z-component of the momentum 
equation (1.1-4) gives 

[ 

< <, < 
P av ve ov < o v< __ z + ___ z + v 
?R r ar* r* ae* Z 

v 

av<] -g , __ z _ ~~ 
az< - c'R az< 

p 

a2 ()J *)} [ 8(T*-T~)J +:;:=-vz -pgl-
Z \1

0 
0 C t 

- 11 -
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To make (1.1-19) dimensionless, multiply by 

<R 
PoNPr 

where Npr is the Prandt1 number, and is defined as 

(1.1-20) 

where Uo is the kinematic viscosity (~o/po)' 

Setting the coefficient of ~p'/~z' equal to unity gives 

(1.1-21) 

or 

c.... :: 
p 

(1.1-22) 

The buoyant force term, FB, in (1.1-19) becomes 

FB ~ - at:pr [1 - 8(T:~T~) J (1.1-23) 

Now the Galileo and Grashof numbers are defined as 

R'a 
N ~ "--"-

Ga u2 (1.1-24) 
o 

N ~ R '!illllT 
Gr u2 

o 
(1.1-25) 

where 

llT ~ arbitrary reference temperature difference in the fluid. 

Using (1.1-24) and (1.1-25) in (1.1-23) gives 

N N (T>-T') Gr Pr 0 

c llT 
(1.1-26) 

t 

Now define 

1 1 
c ~ llT ~ ~ 

t 1 0 
(1.1-27) 
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where' 

11 = arbitrary reference temperature in the fluid, and 

T = reference temperature at which Po' ~o' ko' etc. are 
o evaluated. 

Then (1.1-26) becomes 

FB = - NGaNPr + NGrNpr (T'-T~) (1.1-28) 

and the z-component of the momentum equation can finally be written 
in dimensionless form as 

3v' ] az: = -~ 3z' 

~* -~(~- v*)J+ Ll dr* 1-10 Z 
1 3

2 (~ *) r*2 :36*2 110 v z 

+ ~ v* - N N + 3
2 

( ) az*T 1-10 z Ga Pr N N (T*-T') Gr Pr 0 (1.1-29) 

Using the definition of ct from (1.1-27), equation (1.1-18) can 
now be solved for cq to gIve 

R2 

The use of (1.1-13), (1.1-14), (1.1-20), and (1.1-22) in (1.1-2) 
results in the dimensionless form of the r-component of the 
momentum equation 

1 
Npr [ 

3v' v* 3v* 
* r 9 r 

v r ar* + r* ae* -
e * r v·

2 
3v* J 

--+ v -­r* Z dZ* 

= _ ~ + _3 I..!..(L \_3 (r*v*)~ 
ar* ar* Lr* 1-1

0
) ar* r IJ 

- 13 -
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Similarly, the dimensionless form of the 8-component of the 
momentum equation becomes 

_1_ [v. av~ + 
:-.!Pr r ar' 

1 ap' 
:: - r* ae* 

2 
+ --

r*' 

a [I a ~r'vs9] + ~ --~ ----- + 
ar r* ar ~ 

o 

The dimensionless form of the conservation of mass equation 
becomes 

1 a (* *) ___ r v 
r* dr* r 

1 av~ 
+----+ 

r* ae* 

av' z --+ 
az* 

Rc W' 
___ v_ = 0 

Setting the coefficient of W* equal to uni ty gives 

c = 
w "P o 0 

The dimen5ionl~ss form of the ~n~rgy e4uation is 

or' 
v • 

r ar* 

v~ aT' 
+ --- + 

r* ae* v; ::: = :. a:. [r-C:J:::] 

The scaling relatinships for conservation of mass, momentum, 
and energy may now be summarized as follows: 

r' r S' e z* z 
= if = = if 

R,' RVe Rv 
• r • • z 

" = Vs = v = 
r " 0. Z 0.

0 0 0 

R;g p 
T R'\( 0 

T* W* p* 
Tl-To 

= 
0. oWo 0. ODO 

Q* = 
R'g 

k (Tl-To) 
0 

- 14 -
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Application of (1.1-36) to the boundary conditions of (1.1-9) 
gives the dimensionless forms 

* ** *( ** vr (1,6 ,Z ) = v6 1,6 ,Z ) * * (r ,6 ,0) = ° 
* e* *) dVr (0, ,z 

ar* 

av; (O,S*,z*) 
" ---"-;;-~­as* " ° 

p* ( r* ,S*, ~)" ° (1.1-37) 

Application of (1.1-36) to the boundary condition of (1.1-11) 
gives 

aT* (l,e*,z*) Uwall R ~ ':":'_~:i-..L.::....L ,,- k T* (1 , S * , z *) 
ar* 

_ T*~R;£, s*, z~} 
aT* (O,6*,z*) 
':":'-""'a;;"r'"'*;"-;c.=....L " 

oT* (O,6*,z*) " 
as* ° 

T* (0,0, {R)" Tbulk 

oT*(r*,S*,O) = 
az* 

U R [ _ bo~t T*(r*,6*,O) 

aT*(r*,s'" ~)= -R (g) _ 
az* (Tl-To)k A feed - -

- T*(r* 6* ' , -t) ] 

(i):eed 
(1. 1-38) 

The first and fourth boundary conditions in (1.1-38) contain a 
dimensionless group called the Nusselt number. It is defined as 

(1.1-39) 

and will be of considerable interest later on. 
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2. Conservation of Electric Charge 

In a joule-heated melter, the glass is maintained at a given 
operating temperature by passing electrical current through it. 
Metal ions in the molten glass make it a conductor, which possesses 
a finite, but usually low, resistance. This results in joule­
heating or, more commonly, resistance-heating. To optimize the 
power generation in such a melter and obtain accurate temperature 
distributions within it, it is necessary to know the voltage and 
power distributions within the glass. 

Consider the volume element in Figure 3. Let J r be the 
current flux 

..,,::::.:;:::.::f§..2-f----"=i--i T - J r+l\r 

6Z 

~J 
z 

FIGURE 3. Volume Element for Conservation 
of Electric Charge 

entering the element at r = rand J r +6r be the current flux 
leaving the element at r = r + 6r. Then a charge balance over 
the time interval 6t gives 

charge in = J r r666z6t 

charge out = J r +6r (r+6r) 666z6t 

where J r has units of amp/in 2
• 

Similarly, over the whol~ volume element one has 

[Pe (t+6t) - Pe(t~ r 6r666z = [rJr - (r+6r) 

+ [J6-J6+66J 6r6z6t + [Jz - J Z+6Z ] r6rM6t 

+ Q r666r6z6t 
e 

- 16 -
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(1. 2-2) 

J A J 666z6t r+ur 

(1. 2-3) 



where 

P (t) e 
= total charge density (coul/ft 3

) in the volume 
element at time t 

Q = charge source or sink term (coul/ft 3 -sec). 
e 

Dividing by r~r~e~z~t gives 

Pe(t+~t) - Pe(t) 
~t 

+ 

= 

Taking Lim, 
~t .... O 

Lim, Lim, and Lim gives 
~r""O ~s""O ~z""O 

ap 
e at = -

1 a 
r ar 

1 aJ s 
(rJ ) - - - -r r as 

or more simply 

aPe ~ ~ 
at = - "'J + Qe 

Ohm's law can be written as 

where 

~ 

(amp/in.~), J = current flux 

a = electrical conductivity ( A_lin 1 
= oCT) 

~ 

VV = voltage gradient 

from which (1.2-6) becomes 

aPe ~ ~ 
at = ". (ollV) + Qe 

(volts/in. ) 

- 17 -
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nr 

+ 2- ra av] + Q 
az L az e 

1 a ra av] 
+ r as Lr- as 

(1.2-8) 

Equation (1.2-8) expresses conservation of 
three-dimensional cylindrical coordinates. 
tion in dimensionless form, choose 

electrical char get in 
To express this equa-

r 
r* = R 

v* = cv V 

8* = e z 
z* = R 

Using (1.2-9) in the steady-state form of (1.2-8), i.e., 
gives 

where 

(1. 2-9) 

ap 
e at = 0, 

(1. 2-10) 

00 = electrical conductivity measured at an arbitrary reference 
temperature, To' 

Multiplying (1.2-10) by 

R2 c 
V 

and * the coefficient of Qe equal to unity gives 

Choose 

where 

v = arbitrary reference potential. 
o 

t Strictly speaking a is a function of temperature,T. But 

(1. 2-11) 

(1.2-11) 

(1.2-12) 

T = T (r,e,z). Hence a is not a constant, but must also be 
differentiated. 

- 18 -



then (1.2-11) gives 

(1. 2-13) 

Thus the steady-state, dimensionless form of the conservation of 
electrical charge equation is 

where 

o _ 1 a [a a (*v*)] - r* ar* ao ar* r 

r* r 
= R 8* = 8 

V* V Q* 
R2Qe 

= = o-v-V e 
0 0 0 

1 a [a av*J 
+ r* W aor* a8* 

z* z = if 

(1.2-13) 

(1.2-14) 

Applicable boundary conditions for (1.2-13) are: (1) that no cur­
rent leaves,the system 

av I av I av I 
ar r=R = as r=R = az z=O = ~~ I = 0 

z=Z 
(1. 2-15) 

and (2) that the system be symmetric with respect to r and 8 at 
the center 

aVI _ avl - 0 
as r=O - ar r=O -

(1. 2-16) 

Using (1.2-14) in the boundary conditions gives the dimensionless 
forms 

aV*1 
ar* r*=l 

av* I - av* I 
= a8* r*=l - az* z*=O 

= aV*1 = 0 
az* z 

z*=if 

(1.2-17) 

and 

av* I 
a8* r*=O 

= av* I = 0 
ar* r*=O 

(1. 2-18) 
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Note that the boundary conditions are automatically satisfied in 
either the melter or the model by simply having an electrically 
insulated container. 

3. Electrode Current 

The charge source/sink term Qe can be used to determine the 
current flow, I, through an electrode as follows. Let 

I = jjjQe rdrd8dz (1. 3-1) 

where the integration is performed over the electrode volume. If 
the dimensionless electrode current is 

I* = C I 
I 

then the use of (1.2-14) in (1.3-1) gives 

~: = o~~ 0 jjjQ; R3r*dr*d8*dz* 

or 

Cr 
1 

= o V R o 0 

Hence, 

I* I 
= o V R o 0 

(1. 3-2) 

(1.3-3) 

(1. 3-4) 

which provides a means of predicting electrode current in the 
melter based upon that measured in the model. 

4. Power Density 

The power density, P (watts/ft 3
), may be defined as 

- ~ 
P = - I/VoJ 

where 

I7V = voltage gradient (volts/in) 

J = current flux (amps/in2) 

- 20 -
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Using. Ohm's law, (1.4-1) becomes 

p = - VV' (-aW) 

In cylindrical coordinates, (1.4-2) becomes 

p = 
1 a 
r ar 

1 av 
+ rae 

(rV) [% aar (rv)] 

[ 0 av ] + av [0 av] 
r ae az az 

= 

2 2 2 
.2.... fa (rV) J + a [av]. +0 [avl 
r2 [ ar TT ae az] 

(1. 4-2) 

(1.4-3) 

This equation provides the energy input rate, Q, in the conservation 
of energy equation (1.1-10) via the conversion 

Q [Btu/ft 3 -sec] = 9.478 x 10- 4 P [watts/ft 3
] (1. 4-4) 

Using (1.2-14) in (1.4-3) and defining the dimensionless power 
density as 

P* = c P pow 
(1.4-5) 

gives 

p* 
--= 

( 0) 1 [av*] 2 
+ 0

0 
r*2 ae* 

(1. 4-6) 

Setting 

(1. 4-7) 

reduces (1.4-6) to dimensionless formt , and gives 

p* = (1.4-8) 

which provides a means of predicting local power density in a 
melter from power density in a model. 

t (1.4-6) indicates that the power density is proportional to 
the square of the voltage gradient. 

- ~l -



5. Total Power 

The total power generated in an arbitrary volume can be ob­
tained by integrating (1.4-1) over the volume to get 

P tot = ffJw.J rdrd8dz (1.5-1) 

Using (1.4-2) and (1.4-3) gives 
2 

P tot = f f f ~ [a~ (rV)] 2 rdrd8dz +ffJ ~ [~~J rdrd8dz 

Again using (1.2-14) and defining 

P~ot = Ctot Ptot ' 

equation (1.5-2) becomes 

aov~R{ffJ~J r;2 [a;* (r*v*)f 

+fff(:J r!2 P~:J 2 r*dr*d8*dz* 

if f( a:) [~~:r 
Setting 

1 
Ctot = Ra V2 

o 0 

r*dr*d8*dz*} 

makes (1.5-4) dimensionless and gives 

P* = tot 

Ptot 
Ra V2 

o 0 

(1. 5-2) 

(1. 5-3) 

r*dr*d8*dz* 

(1.5-4) 

(1.5-5) 

(1. 5-6) 

Equation (1.5-6) can be used to predict total power consumption 
in the me1ter based upon total power consumption in the model. 
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6. Current Flux 

The current flux in a joule-heated melter is of particular 
interest on electrode surfaces since its magnitude there is 
thought to be related to electrode lifetime. 

Let n be a unit vector normal to an arbitrary surface, S 
(Figure 4). Using 

FIGURE 4. Current Flux Impinging on an Arbitrary Surface 

Ohm's law, the component of the current flux, J, normal to S is 

J.~ = - OVV·~ 

or 
av 

(J az n z (1.6-1) 

where 

I
n 

= magnitude of the current flux in the direction of n 
n r' n8' n = components of the unit vector n 

z 

Using (1.2-14) in (1. 6-1) and defining 

J* = cJ I n n 

* nr * n8 * n z n = TfiT' n8 = Inf' n = In! r z 
(1. 6-2) 

gives 

J~ = _ (JoVo {(..£..) 1- a(r*V*) n* 
c R (J r* ar* r 

J 0 

+ (:J aaV~* n~ } (1. 6-3) 
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which becomes dimensionless if one sets 

This gives 

RJ 
n 

J~ = av-
o 0 

(1.6-4) 

(1. 6-5) 

Since current flux is not a directly measurable quantity, it is 
more convenient for data analysis to cast (1.6-5) in terms of 
voltage gradients. 

If fi is selected as a unit vector in the r-direction, then (1.6-1) 
and (1.6-5) give 

J* = _R_ [_ a a(rV)] 
r a V r ar o 0 

(1. 6-6) 

or approximately 

J; ~ - :0 (~o ) [ _r",,2=~",,~_----=:'!'~ V--'-' J (1.6-7) 

where 

a = aCT) (1. 6-8) 

and T is the average temperature in the volume element under con­
sideration. 

Similarly, for current flux in the e and z directions, one has 

J* = R [a av] 
e aovo - rae 

(1. 6-9) 

and 

J; = a oRV 0 [- a ~~J 

rv - :0 (:J[~~ -~:~ (1.6-10) 
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7. Electrical Resistance 

By definition, the electrical resistance, R(ohms), between 
two points II, (inches) apart is given by 

where 

R = 

Pel = resistivity of the medium (ohm-inches) 

= reciprocal of the conductivity, a 

A = cross-sectional area through which the current 
passes (in~). 

(1. 7-1) 

A characteristic of most glasses is that the resistivity falls 
approximately exponentially with increasing temperature. Thus, 
the temperature distribution in a glass melter strongly influences 
its overall resistance. 

Choose 

I/, A 
11,* = r' A* = A (1. 7-2) 

o 0 

where 

II, = arbitrary reference length in the melter 
0 

A = arbitrary reference area in a plane perpendicular to II, 
0 0 

Then let 

R* = eRR (1. 7-3) 

and (1.7-1) becomes 

(1. 7-4) 

where 

= resistivity of the glass measured at an arbitrary 
reference temperature, To· 
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I 
I 

I 

Setting 

makes (1.7-4) dimensionless, and from (1.7-3) 

A R o 
R * = -:c-"::""-;;­

Pelo ,1/,0 

(1. 7-5) 

(1. 7-6) 

Equation (1.7-6) can be used to predict the resistance of the 
melter based upon the resistance of the model. 

II. Similarity Requirements for Nodeling 

If a model can be designed such that the dimensionless numbers 
(ratios) for the model are equal to those in the glass melter, 
then it fOllows that the model will satisfy the same conservation 
equations that apply to the melter. This condition is known as 
physical similarity, and such a model is called a physical model. 
More explicitly, it means that dependent variables such as 
pressure, temperature, velocity, voltage, etc. that are measured 
in the model will have the same dimensionless values in the melter. 

Since in practice, it is very difficult to match every 
dimensionless number in the two systems,consider the following 
simplifications. If one allows no mass input or output in the 
model, then 

W* = 0 (2.1-1) 

and the conservation of mass equation (1.1-33) can be matched by 
simply using (1.1-36). 

Inspection of the z-component of the momentum equation (1.1-29) 
indicates that in addition to matching (1.1-36), one must also 
match ~/~o, Npr, NGaNPr, and NGrNpr. The glass, however, has a 
large Prandtl number and moves extremely slowly and thereby indicates 
that the left hand side of (1.1-29) is small. Hence, it suffices 
in the model to choose a model fluid which also has a large Prandtl 
number. 

The gravitational force on the glass exceeds the buoyant force 
by several orders of magnitude. Thus, the pressure, p, at any point, 
z, below the surface, z = Z, can be closely approximated by 

p = - P (z - Z) gig o 0 
(2.1-2) 
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and· 

-g ~ = pog o az 
(2.1-3) 

which cancels the term -Pog in (1.1-8) and deletes NGa NPr from 
(1.1-29). If, however, there is mass throughput, i.e. 
W* t 0, then (2.1-2) is not an accurate representation of p, and 
it becomes necessary to match the product NGa Npr. 

It is also necessary to match the product NGr Npr, which 
represents the buoyant force in the glass. This product is known 
as the Rayleigh number, 

N = N N = R
3
gflllT (2.1-4) 

Ra Gr Pr \! a o 0 

and is of primary interest in modeling a glass melter. t The 
viscosity ratio, u/uo,appears only in the shear force terms which 
are negligibly small compared to the buoyant force. 

However, in the r- and S-components of the momentum equations 
[(1.1-31) and (1.1-32)], no buoyant force terms appear and by (2.1-2) 

ap* ~_ 
ar* = as* - 0 (2.1-5) 

Thus, to accurately model v; and ve, it is important that one 
match Npr and u/uo. In practice, it is difficult to match both 
the Prandtl number and the Rayleigh number in a model. The usual 
choice is to match the Rayleigh number and simply require that the 
Prandtl number be large. This results in good agreement of v~ 
and an accurate liT predictiontt for the me1ter indicated by model 
data. However, the agreement between v; and v~ is necessarily 
somewhat poorer. 

t Note that (1.1-29) may be divided through by the Prandt1 number, 
in which case the modeling constraints are a large Prandt1 number 
and matching of the Galileo and Grashof numbers. However, the 
choice of the model fluid is a little easier using the method 
described in the text. 

tt Since the definition of liT is 
conveniently be chosen as the 
in the model and the melter. 
in the two systems, then the 
maximum liT in the melter. 

arbitrary [cf. (1.1-27)], it may 
maximum temperature difference 
If the Rayleigh numbers are matched 

model can be used to predict the 
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Inspection of the energy equation (1.1-35) indicates that the 
thermal conductivity ratio, k/ko' should be matched in both systems. 
Most of the energy transfer is by convection. Nevertheless, the 
ratio, k/ko, is easily matched and should probably be done. It is 
especially important that the energy input rate Q* be matched in 
the two systems since it directly affects the buoyant force through 
the temperature Ttt 

Application of the boundary conditions of (1.1-38) suggests 
two mechanisms for matching the slope of the temperature profile 
(aT*/ar*) at the inner wall of the model. If the Nusselt number 
is matched in the model and the melter, and the temperature on the 
outside of the tank is assumed to be the same for both systems, 
then the dimensionless temperature on the inside of the tank wall 
can be modeled absolutely. 

Alternatively, aT*/ar* can be matched by simply equating the 
product of the Nusselt number and the dimensionless temperature drop 
across the wall in both systems. This enables one to use the model 
to simulate the effect of different wall compositions in the melter 
by varying the temperature drop across the wall in the model. ttt 
However, the absolute wall temperature on the inside of the melter 
can no longer be scaled from model data, but by matching Rayleigh 
numbers in the two systems, the maximum 6T in the melter can still 
be predicted by the model. 

The conservation of electrical charge equation can be matched 
using (1.2-14) and requiring that the conductivity ratio, a/ao , 
match in both systems. The boundary conditions [(1.2-17) and 
(1.2-18)] require only that the model have nonconducting walls and 
be symmetrical about the z-axis. 

No additional requirements are placed on the model to achieve 
similarity of electrode current, power density, total power, cur­
rent flux, and electrical resistance. 

To summarize, it is of primary importance that the model and 
the melter have: 

1) geometric similarity, i.e., all dimensions and lengths must 
have the same values of r*, 8*, and z*, 

2) the same Rayleigh numbers and a large Prandtl number 
to match convective circulation patterns, 

tt See footnote tt on previous page. 

ttt This implies changing the bulk operating temperature in the 
model. 
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3) the same heat transfer boundary conditions, i.e., dT*/dr* 
and dT*/dz*, to match temperature profiles, 

4) the same power density distribution, p* (or Q*), to match 
convective circulation patterns, and 

5) the same electrical 'conductivity ratio, 0/00, to match 
vol tage profiles. 

III. Characteristics of the Glass Melter 

It is important to reiterate at this point that the purpose 
of the current modeling program is to better understand the 
operation of the proposed glass melter and to optimize its design 
and operation. Thus, it is necessary to characterize the con­
ceptual melter design to provide the basis for design of the model. 

The melter is a cylindrical vessel (Figure 5) 64 in. OD and 
95 in. high. It has a 48 in. ID with a melt depth of approximately 
36 in. The glass is contained by 8 in. of Monofraxt K3 refractory 
brick below the meltline, and above the meltline, 8 in. of 
Mullfraxt 202 is used. Outside the brick is a 1 in. thick stainless 
steel, water-cooled jacket. 

Glass frit and calcined waste are fed to the melter through 
the top. This mixture is brought to l150°C which melts the frit 
and provides some mixing of the frit and waste. Then the molten 
glass is partially withdrawn by tilting the melter to permit 
pouring through the slanted riser into a stainless steel canister. 

Power to the melter is provided by four, cylindrical, air­
cooled electrodes made of Inconeltt 690. The electrodes are 
spaced 90° apart circumferentially at a distance of 17 in. from 
the center of the tank. They extend 30 in. below the meltline. 
Each pair of diametrically opposite electrodes is connected to a 
source of alternating curren~ shifted 90· in phase from the other 
pair. Passage of electrical current through the molten glass 
heats the glass by joule-heating. The design capacity is 2.2 
tons of glass per day. 

When the me Iter is active, a cold cap 
to the buildup of frit and calcined waste, 
mated glass surface temperature of 800°C. 

t Trademark of the Carborundum Company. 

forms on the top due 
resulting in an esti­
When the melter is 

tt Alloy of the International Nickel Company. 
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idle. (no incoming feed) the cold cap melts away, and the glass 
surface temperature rises to approximately 1000°C. It is assumed 
to be held there by silicon carbide heating elements in the top 
portion of the melter. 

For modeling purposes, consider only the melt chamber below 
the melt line. Then the melter can be approximated as in Figure 6. 
Note that the bottom has been flattened and the slanted riser has 
been omitted. Pertinent heat transfer data are given in Table 1. 

The frit-waste mixture in the melter is known as Frit 21 
+27.5 wt % composite sludge (Tables 2 and 3). Typical physical 
properties of the resulting glass are given in Table 4. 

IV. Characteristics of the Physical Model 

Several articles have appeared in the literature regarding 
physical modeling of electrically heated glass melters. 3

-
9 The 

most widely used system is a geometrically-scaled plexiglass tank 
with a modeling fluid composed of glycerine and 5 to 10 wt % LiCl. 
Stanek 10 has tabulated the physical and electrical properties 
of this fluid in a convenient form for model design. 

1. Design 

Assuming that the melter operates with a maximum bulk temper­
ature of l150°C and a wall temperature of 10500 C and arbitrarily 
picking To = 1100°C, gives a Rayleigh number (cf. Table 4) of 

R3 S11Tg 
N - = 5.51 X 10

6 

Ra - va 
(3.1-1) 

o 0 

If the scale, S., of the model is chosen to be 

(4.1-2) 

where the subscripts, m and e, denote the model and the melter, 
respectively, then matching Rayleigh numbers in the two systems 
requires 

R3 S11Tg I -_ 5.51 X 106 (4.1-3) 
voao I 

m 
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TABLE 1 

Heat Transfer Characteristics of the Glass Me1tert 

u, pau//u>- aT' aT' 
T, ·C ft'-·C A, ft' NNu aR' az' 

Top - Idle 1000 12.6 -36.0 

- Active 800 12.6 _83.9tt 

Sides 1050 3.62 37.7 3.20 -33.6 

Bottom 1050 3.13 12.6 2.77 27.7 

t Glass temperature (Tg): llSO·C. 
Coolant temperature (Tc): SO·C. 

tt Estimated from the heat required to melt 2.2 tons/day. 

TABLE 2 

Composition of Glass Frit 21 

Component Wt % 

SiO. 52.5 

Na,O 18.5 

TiO, 10.0 

. B,O, 10.0 

CaO 5.0 

Li,O 4.0 

TABLE 3 

Composition of Simulated Composite Sludge 

Component Wt % 

Fe,O, 31. 6 

AhO, 46.4 

MnO, 10.3 

U,O, 6.1 

CaO 3.3 

NiO 2.3 
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Using Stanek's tabulation of glycerine +LiCl properties, a 
glycerine +10 wt % LiCl solution was selected.t Properties of 
this fluid are given in Table S. Choosing To = 30°C for the model, 
and solving (4.1-3) for ~T gives 

~Tm = a.soc = lS.3°F (4.1-4) 

from which one concludes that an a.soc temperature difference in 
the model should correspond to a temperature difference of approxi­
mately 100°C in the melter. 

Comparing the data for the glass in the temperature range 
1050° to 11SO°C (Table 4) and that of the model fluid in the range 
of 30 to 40°C (Table 5) against the similarity requirements of 
Section II confirms that both systems have a large Prandtl number 
and that the ratios, k/ko and ~/~o, are reasonably well matched. 
Also the ratio alao matches for both systems as seen in the tables. 

To match the heat transfer boundary conditions, aT*/ar* 
and aT*/az*, one first attempts to match Nusselt numbers for the 
two systems. However, for a cylindrical model constructed of 
Plexiglas@ backed by water cooling, this leads to an unreasonably 
large wall thickness. The alternative is to match the boundary 
conditions by matching the product of the Nusselt number and the 
temperature difference across the wall. This alternative was 
chosen and the wall thickness of the model was selected primarily 
by structural requirements. 

Physical similarity between the power distribution in the 
melter and the model first of all requires geometrical similarity. 
For a one-half-scale model, this requires that all electrode 
dimensions be one-half of the melter electrode dimensions, and 
that the model electrodes be placed at the same values of r*, 8*, 
and z* in the model tank as in the melter. 

To obtain the desired 90° phase separation in the AC potential 
between electrode pairs AC and BD (Figure 6), consider a conven­
tional three-phase, four wire, power transmission system connected 
to the model as shown in Figure 7. Let the potential between 
each phase and the neutral (usually grounded) be VA' VB' 

t This solution was prepared by bringing the glycerine to laO°C, 
adding the LiCl, holding the fluid at 180°C for 60 minutes, and 
then allowing it to cool slowly to ambient temperature. 

® Trademark of Rohm and Haas Company. 
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TABLE 4. 

Physical Properties of Fr1t 21 + 27.5 wt t Composite Sludge 

Temperature, °c 1000 1100 1150 1200 

Thermal Conductivity k. pcu/hr-ft-OC 1. 73 2.26 2.55 2.81 

Specific Heat Cp. Peu/lb-°c .328 .332 .333 .334 

Densi ty p, lbm/ft s 148.8 147.7 147.1 146.5 

Volumetric Coefficient of Expansion e, Ire 7.62 )( 10- 5 7.62 )( 10. 5 7.62 )( 10-' 7.62 )( 10. 5 

Absolute Viscosity u, poiso 154 61. 0 43.0 32.0 

Electrical Resistivity, Pel (ohm-em) 6.0 2.5 1.5 0 •• 

Kinematic Viscosity a flip, Stokes 64.6 25.8 18.3 13.6 

Thennal Diffusivity a" k/Pcp ' ft2./hr .0354 .0461 .0521 .0574 

Prandtl Number Npr 7071 2167 1361 .18 

u(T)/lJ(llOO°C) 2.S3 1.00 .70S .525 

k(T)lk(1100'C) .765 1. 00 1.13 1. 24 

a(T)/ (1100'C) .. Del (11OOOC)/Pe1(T) .417 1.00 1. 67 2.78 

Phase C 

Phase B 

Phase A 

Neutra 1 

() 
A 

"'D B ~ ~ '-' 

C 
( 

FIGURE 7. Simplified Power Transmission System Connected to the Model 
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TABLE 5 

Physical Properties of the hodel Fluid 

Temperature T, °c 20 30 40 50 60 

*Thermal Conductivity It, pcu/hr-ft-OC .171 .168 .165 .163 .160 

*Specific Heat cpo pcu/lb-oC .564 .576 .588 .600 .614 

tDensity. p, Ibm/ft 3 81.4 81.0 80.7 80.3 79.9 

*Volumetric Coefficient of Expansion. S. l/oe 4.62 x 10- 4 4.62 X 1O-'+- 4.62 X 10-'+- 4.62 X 10-'+- 4.62 x 10- 4 

?Absolute Viscosity, ~J poise 100 27.6 6.80 2.02 1.49 

*Electrical Resistivity Pel ' ohm-em 8600 4600 2600 1110 600 

Kinematic Viscosity, V ~ ~/p, Sto~es 76.7 21.3 5.26 1.57 1.16 

'" Thennal Diffusivity. (l == It/pcp' ft
2
/hr 0- .00372 .00360 .00348 .00338 .00326 

Prandtl Number, Npr 79900 22900 5857 1800 1379 

~(T)/~(30'C) 3.62 1. 00 .246 .0732 .0540 

k(T)/k(30'C) 1.02 1.00 .982 .970 .952 

a(T)/a(30'C) = Pe1 (30'C)/Pe1(T) .535 1.00 1.77 4.14 7.67 

* Properties assumed to be those of pure glycerin. 

t Data courtesy of J. R. t1i ley J Savannah River Laboratory. 

~ Data courtesy of J. M. Plodinec, Savannah River Laboratory. 



and 'Ie, respectively. These three potentials are generated 
120° out-of-phase with one another such that 

VA = Eo sin e 

VB = E 
0 

sin (8 + 120°) 

V = E sin (8 + 240°) (4.1-5) 
c 0 

where the angle, e, is related to the frequency, f, of the AC 
signal by 

e = 360° x f x t (4.1-6) 

where t = time, sec 

EO = magnitude (maximum value) of the potential between 
each phase and neutral. 

If the three phases are considered as vectors in Cartesian 
coordinates (Figure 8) , then one can write 

- 0° 
~ 

+ E sin 0° <-
EA = Eo cos 1 J 0 

A f' 

EB = E cos 120° i + E sin 120° J 
0 0 

~ 

240° 
<- sin 240° <-

E = E cos 1 + E J c 0 0 

where " unit in x-direction ~ = vector 
A 

j = unit vector in y-direction (4.1-7) 

L~ 

FIGURE 8. Three Phases Represented as Vectors 
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The vector potential between electrodes A and C is 

EA - EC = Eo [cos 0° - cos 240°] i 

+ E [sin 0° - sin 40°] f 
o 

3 E <- .[IE <-
= '2 01. + 2 0 J (4.1-8) 

(4.1-9) 

The phase angle, 8AC ' of:EA:EC can be found by considering a unit 
A ~ ~ 

vector n in the direction of EA-EC' i.e., 

Setting 

cos 8AC =./l 
or 

sin 8AC = 1/2 

gives the phase angle 

SAC = 30° 

Thus, the potential between electrodes A and C is 

VAC = ../3Eo sin (8 + 30°) 

(4.1-10) 

(4.1-11) 

(4.1-12) 

(4.1-13) 

and is 90° out of phase with the potential VB applied between 
electrodes B and D. A transformer can be used to stepdown VAC 
to match VB so that both electrode pairs fire equally. 
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2. Construction 

The model was constructed using a one-half scale, cylindrical, 
Plexiglas® tank (Figures 9 and 10), and placed inside a larger 
rectangular tank which provides containment for the cooling water. 
Two independently controlled cooling jackets were used, one for 
the sides and bottom, and a second for the top. The model fluid 
was glycerine +10 wt % LiCl (Table 5). 

Four cylindrical electrodes were used, each 3 in. OD x 15 in. 
long, and mounted on threaded support rods which permitted adjusting 
their elevation. Copper was chosen as the electrode material, 
although other materials were tried. There is a reaction between 
glycerine and metals above hydrogen in the electrochemical series 
of the form 

RO-H + M + ROM + 1/2 H + (4.2-1) 

where R is any alkyl or substituted alkyl group and M is a 
metal. This reaction was unapparent (no gas evolution) until an 
AC potential was applied to the electrodes. It then proceeded 
vigorously with gas evolution on electrode surfaces and rapid 
discoloration of the model fluid. It was also found helpful to 
buff the electrodes (or clean with dilute HN03) before inserting 
them into the model fluid to remove CUzO which otherwise tended 
to slough off and cloud the model fluid. 

Small Plexiglas® tubes 7/16 in. OD x 3/16 in. ID were inserted 
through the top cooling jacket at 1 in. intervals from the center 
of the tank to the wall and in increments of 45 0 around the 
circumference of the tank. Through these tubes, called signal 
sleeves, 1/16 in. OD copper-constantan thermocouples with stainless 
steel sheaths were inserted into the model fluid and used to 
map temperature profiles. It was necessary to insert the thermo­
couples in heat-shrinkable tubing to prevent the chemical reaction 
described above. 

Thermocouples were attached to fifteen points on the outside 
of the cylindrical tank to aid in determination of heat transfer 
boundary conditions. The inlet and exit water temperature to 
both cooling jackets was similarly monitored and used to assist 
in the measurement of heat transfer coefficients at the top, 
sides, and bottom. All thermocouple signals were routed through 
a bank of rotary switches to a digital temperature readout. 

Voltage profiles were mapped using probes made from 1/16 in. 
OD stainless steel welding rod inserted into polyethylene tubing 
with only the tip of the welding rod exposed. A bare copper 
wire running axially from the surface of the model fluid to the 
bottom of the tank served as a reference potential (artificial 
ground) in all voltage measurements. Voltage signals were routed 
through a bank of rotary switches to a voltmeter for readout. 
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FIGURE 10. Model of Full-Scale Glass Melter 
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A simplified w1r1ng diagram of the power supply to the 
electrodes is shown in Figure 11. The desired 90' phase separation 
between the potential applied to electrodes A-C and the potential 
applied to electrodes B-O was achieved as described previously. 
Resistor banks were used to vary the applied voltage to each 
electrode pair and thus control input power to the system. Since 
the resistivity of the model fluid decreases approximately ex­
ponentially with increasing temperature, temperature controllers 
were installed to interrupt power to the model if a preset temper­
ature was exceeded. Control of the system was simple and straight­
forward. 

To study the velocity profiles in the model, a light box 
was constructed using six rheostat-controlled, point source lampst 
mounted in a sheet metal box. The top of the box was covered 
with one of four collimating slits (1/16 in., 1/8 in., 1/4 in., 
or 1/2 in.), which was in turn covered with a 1/4 in. thick 
plate of in fared glass to reduce heat transmission from the light 
box to the model. A small instrument cooling fan was used to 
provide additional cooling for the point source lamps. The box 
was placed beneath the model and used to provide a narrow sheet 
of light passing up through the model in a vertical plane and 
illuminating tracer particles injected into the model fluid. 

3. Operation 

During startup, 208 volts was applied to each electrode pair 
to accelerate the attainment of operating temperature. Then the 
wiring configuration of Figure 11 was switched in to give the 90' 
phase shift between electrode pairs A-C and B-O. The resistor 
banks were used to stabilize the bulk operating temperature. No 
data was taken for at least 24 hours to allow the system to reach 
steady state. Thermocouples were monitored on the outside of 
the side walls, bottom, and top and inside the tank on the bottom, 
surface, and about two inches below the surface to ensure steady 
state was maintained and that the desired heat transfer boundary 
conditions were met. 

Radial and azimuthal temperature profiles were taken at 
numerous axial levels in the tank, starting at the bottom and 
progressing upward. Axial temperature profiles were available 
from these data as well as specific individual axial temperature 
profiles. 

t General Electric FCS Quartzline Lamp, 24 volts, 150 watts. 
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Since the model fluid was electrically charged, it was 
necessary to cut off the power whenever the thermocouples were 
repositioned to avoid electrical shock. This led to a slight 
cooling of the model fluid which was generally compensated for by 
slightly increasing the power level just before a run was started 
and/or adjusting the cutoff point on the temperature controllers 
to maintain the desired bulk temperature. Bulk temperature 
fluctuations were thus held to 1 to ZOF. 

Voltage profiles were taken in the same manner as the tem­
perature profiles. All voltages were measured with respect to 
a bare copper wire running vertically from the surface to the 
bottom at r = O. 

To measure velocity profiles in the model it was necessary 
to select tracer particles that were neutrally buoyant, i.e., 
they must neither rise nor sink, but rather follow the natural 
convective patterns set up in the fluid. They also had to be 
inSOluble, chemically inert, possess a different refractive 
index than the model fluid, and reflect light well. 

Several ion exchange resins, plastics, etc. were tried, but 
anthracene (C1 4H10) seemed to work best. Particles in the range 
of 20 to 50 mesh were large enough to be tracked individually on 
photographic film, but were slightly buoyant, and would rise to 
the surface in 20 to 30 minutes. However, particles ground and 
sieved to <100 mesh were found to stay in SOlution for several 
days or more, and being slightly soluble, would eventually dis­
appear. Particles this small could not be distinguished individu­
ally on film, but rather appeared (in sufficient concentration) 
like a small cloud. No effect of the anthracene on the physical 
properties of the model fluid could be measured, presumably because 
of its presence only in relatively small quantity. 

Anthracene was prepared for injection into the model by 
mixing about 20 grams of <100 mesh particles in 250 mL of the 
model fluid. A 1/2 in. 00 polyethylene tube was inserted through 
the top of the model down to the desired injection pOint and filled 
with the tracer mixture up to a level equal to that of the model 
fluid in the tank. After the tracer mixture in the tube reached 
thermal equilibrium with the model fluid, approximately another 
5 to 10 mL of additional tracer mixture was added to the tube, 
which forced an equal amount out of the bottom of the tube into 
the model fluid. This resulted in a small spherical puff at the 
bottom of the injection tube whose movement could then be followed 
as a function of time. Alternatively, a line source of tracer 
particles was sometimes injected by slowly withdrawing the injection 
tube as the tracer mixture oozed out its bottom. 
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Movfment of the tracer particles was recorded using a 
Polaroid MP-4 camera and Po1aroidt Type 55, ASA 50 film. It was 
necessary to completely darken the room, except for the vertical 
light sheet passing up through the model from the light box. Film 
exposure time was generally 10 to 30 seconds, while particle 
velocities were on the order of inches/hr. 

t Trademark of Polaroid Corp. , Cambridge, MA. 
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