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ABSTRACT 

Equations are derived for the discontinuity 
stress in a cylindrical tank that is mounted vertically 
on a header and is open at the top. The analysis 
includes a derivation of equations for the prediction 
of the deflection and slope of the header by relating 
the strain energy in bending a circular plate to the 
strain energy in bending the header. The stresses 
that result from pressure and temperature are included 
in the analysis. 

External Distribution according to 
M-3679 (16th Ed.) 
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STRESS ANALYSIS OF THE SRP REACTOR TANK 

INTRODUCTION 

'l'hermal gradients and hydraulic loads distort the bottom 
shield and main tank of a reactor at the Savannah River Plant. Because 
the stresses that result from these loads cannot be measured directly, 
computational methods are necessary to determine the stresses from 
measurable deflections and temperatures. Radiation shielding, flow 
control, and other reactor design considerations require unusual shapes 
and supports for which the analyses of deflections and stresses are 
complex. This report presents an analytical method for computing the 
deflection of the bottom shield and for relating the deflection to.the 
discontinuity stress at the "T" jOint between the shield and the 
reactor tank. 

SUMMARY 

An analysis developed for prediction of the deflection of 
the bottom shield of a Savannah River reactor relates the strain energy 
in bending of unrestrained circular plates to that in bending of circu
lar plates reinforced by tubes. The resulting equations are applicable 
to the computation of the deflection of similar structures. 

It is estimated that the bottom shield deflects downward 
0.0017 inch for each pound per square inch of effective pressure on the 
shield. This deflection is in good agreement with the measurements of 
the actual deflection due to pressure. 

The bottom shield also deflects as a result of unequal 
temperatures of the top and bottom tube sheets. This upward deflection 
is estimated as 0.0022 ~T inch, when the top tube sheet is hotter than 
the bottom tube sheet by an amount ~ToC. 

The bending stress in the reactor tank was related to (1) the 
deflection of the bottom shield to which the tank is attached, (2) the 
difference in temperature between the tank and the shield, and (3) the 
pressure within the tank. The dependence of the stress upon the 
pertinent temperature differences and pressures is summarized in the 
following table: . 

BENDING STRESS AT THE "T" JOINT 

Source of Bending Stress 

Top tube sheet of shield hotter than 
tank wall at the "T" joint 

Top tube sheet of shield hotter than 
bottom tube sheet 

Static pressure in bottom of the tank 

Mean effective pressure on bottom shield 
including dynamic thrust of the coolant 
flow -5-

Coefficient of Stress 
2 

735 lb/in./oC 

2 
348 lb/in./pSi 

79 lb/in~/psi 



DISCUSSION 

DEFLECTION OF THE BOTTOM SHIELD 

The bottom shield of a Savannah River reactor is essentially 
a header. It is composed of two circular plates joined by approximately 
700 tubes that are three inches in diameter. Figure 1 shows the 
location of the bottom shield with respect to other reactor components. 
The dimensions and the features of construction that are important in 
the deflection analysis are shown in the accompanying diagram. 

Downward deflection of the shield results from the pressure 
(q). of the water in the reactor and from the weight of the supported 
members. An upward component of deflection of the shield occurs 
because the temperature of the top tube sheet (B) (see fi~ure below) 
is greater than the temperature of the bottom tube sheet (C) during 
reactor operation. The total shield deflection is obtained by super
posing the thermal deflection on the pressure deflection. 

673 LARGE TUBES IN 
TRIANGULAR LATTICE 

TANK WALL 

cf THE TUBES COMPLETELY 

O 0 
COVER THE TUBE SHEE T 
WITHIN THE TANK WAL 

B A 

TANK 
WALL 

o IT II 37" 39" 

0\..1::;::===::::lIW! ~'i ~===::=::;:::~~ 1 
TUBES WELDED TO EACH 

TUBE SHEET 

BOTTOM 
SHIELD PLAN 

C 

ELEVATION 

ALL MATERIAL IS STAINLESS STEEL 
TUBE SHEETS I INCH THICK 

TANK WALL 1/2 INCH THICK 
TUBE DATA: 

DIAMETER 3 INCHES 
MOMENT OF INERTIA 6.3 IN 4 

STRUCTURAL DETAILS OF THE BOTTOM SHIELD 

A knowledge of the magnitude of the bottom shield deflection 
is important in the analysis of stresses in a Savannah River reactor, 
since the deflection causes rotation and consequent bending stresses 
at location (A) in the tank wall. 
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DERIVATION OF THE EQUATIONS FOR PRESSURE DEFLECTION 

Consider a header, such as the bottom shield of the reactor, 
loaded uniformly and supported at its edge. The following figure 
illustrates the structure considered in this analysis. 

'if:-:l'N-....... -..l~--- UNIFORM LOAD 

___ -- CIRCULAR PLATE 

__ --TUBES 

( 
~RESTRAINT 

The header is assumed to be initially flat. The application of a load 
deflects the header downward until the upward restraining force equals 
the downward force. Under such a condition of stability, the change in 
potential energy of the load must equal the strain energy stored in 
the system. The deflection equation of the composite structure (two 
plates and N tubes) may be derived by application of this basic concept 
of the conservation of energy. 

Strain Energy in Bending a Circular Plate 

The total strain energy in the header is the sum of the 
energy in each part. For the particular header under consideration the 
energy is contained in the plates and in the tubes. The following 
symbols are employed in deriving the various expressions for the energy 
of strain: 

a Outside radius of plate, inches 
Eh3 

D = --=~~2- Flexural rigidity, in.-Ib 
12(1-fJ. ) 

Effective flexural rigidity of the header 

Young's modulus, lb/in~ 
Plate thickness, inches 

Length of tube, inches 
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r 

Bending moment, Ib-in. 

Specific radial bending moment, Ib-in./in. 

Specific tangential bending moment, Ib-in./in. 

Shear force at end of tube, Ib 

The mean effective pressure on the header, Ib/in~ 
Radius to any point, inches 

Radial curvature at radius r, inches 

Tangential curvature at radius r, inches 
Energy, in.-lb 

Strain energy in plate, in.-lb 

Potential energy of load, in.-lb 

Deflection, inches 

Angle, radians 

Poisson's ratio, dimensionless 

Angle, radians 

The expression for the strain energy in bending is 
V = 1/2M~ (1)(2)(4)(5) (1) 

Assume a circular plate loaded in a symmetrical manner and 
supported at its edge. Moments act on the sides of any element, as 
shown in the diagram below. It is necessary to relate the moments and 
angular deflection to the vertical deflection (w) in order to formulate 
a general solution of Equation 1. 

• 

rde 
(r + dr) d-& 

--t-- rt --~r>1 
Mt 

Mr + (:~r J dr 

1 
w h 
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Couples act on the circumferential and radial sides of the 
plate element. Each of these couples is equal to the bending moment 
times the length over which the moment acts. 

d2w 1 (4)(5) 
Radial curvature = - -:--2 = r (2) 

dr n 

d2w Corresponding angle = - --- . dr for small angles (3) 
dr2 

Tangential curvature 

Corresponding angle 

1 dw 1 
r ar = r t 
1:. • ~ • rdS r ur 

(4) 

(5 ) 

If r is taken as the mean radius of the element, the radial 
couples can be expressed as follows: 

Radial couple = Mr rdS 

Tangential couple = Mt dr 

The work done by these two couples equals the strain energy. 
tangential moment, 

dVt = - 1 M 
"2" t dr 

1 dw 
rar . rdS (refer to Equation 1) 

and for the radial moment, 
1 d 2w dV = - ~ M rdS • ~ • dr 

r c r dre 

The total strain energy for the element of the plate is 
1 dw d2 

dVp = - "2" (Mt ar + Mr r ~)drdS 
dr 

(6 ) 

(7 ) 

For the 

(8) 

(9) 

(10) 

The moments may be expressed in terms of the deflection and the plate 
constants as 

The energy of 
D 

dVp = "2" 

t[he plate el~ment ~s, ~herefore 2 J 
1 dw d w dw d.w ~ dw d w 

(r ar + ~ -:--2)ar + (-:--2 + r ar) r --:--:! 
dr dr dr 

- 9 -
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Verification of Derivation - Strain Energy in a Plate 

The strain energy in a circular plate (as shown by Equation 131 
is a function of the deflection of the plate and the physical properties 
of the plate. The strain energy in the plate must be equal to the 
change in potential energy of the load from the undeflected to the 
deflected position of the plate. This fact presents a simple method 
for estabHshing the validity of Equation 13_ The method may be outline 
as follows: 

(a) 

(b) 

(c) 

Assume a deflection curve for the plate subjected to a 
uniform pressure load. A convenient deflection equation 
is the one for a flat plate that is simply supported. 
Integrate the pressure-deflection curve over the entire 
plate surface. This integration yields the change in 
potential energy of the load. 
Substitute the required derivatives of the deflection 
curve and the physical constants into Equation 13. 
Integrate over the area of the plate and obtain the strai 
energy in bending for the plate. 

It will now be shown that the results of (b) and (c) are equal 
from which it follows that Equation 13 for the strain energy in bending 
a circular flat plate is valid. 

Assume that the plate is simply supported at the edge and is 
subjected to a uniform pressure load. The deflection equation for this 
case is 

_ g(a2_r2) (5 + eL 2 r2) (5) 
w - 64D 1 + eL a - (14) 

where a = outside radius of the plate 
The potential energy change due to the pressure (unit force) and the 

I----npl-ate-def:tect±on-(-d-rstance-j--r"'s---------------------; 

dVqw = ~r dr • wq 

= ~q f rw dr 
o 

(15) 

(16 ) 

Where the deflection equation is simple, such as Equation 14, 
the potential energy change as given by Equation 16 presents a convenien 
method for verifying the derived strain energy. The solution of 
Equation 13 must equal the solution of Equation 16 for the same con
ditions. Substitute Equation 14 in Equation 16 and integrate. The 
integration yields 

~g2 [a6f5 + 
Vqw = 64D 41 + 

or 
0.0146 ~g2a6 

Vqw = D 

~l -fJ (17 ) 

(18) 
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For the assumed loading, 
value of Equation 13 for 
a. From Equation 14 for 

Equation 18 must be equal 
the limits of e from 0 to 
the deflection 

to the integrated 
2rr and r from 0 to 

dw _ £.9.....( 6 2 or - - 32D 5.0 a- 2r2) 

d2w _.-SL 2 2 
~ - - 32D (5.06 a - 6r ) 
dr 

On substitution of these values in Equation 

dVp = l~ 4 ~ 102 D(51 .50a - 80.96a2r2 + 40r4 ) 

2~rq 4 40.48a2r2 12r 4 )] + 1024D(25.75a - + drde 

(19 ) 

(20) 

13, 

(21) 

The strain energy for the plate is determined by integration of 
Equation 21 between the limits of e from 0 to 2v and r from 0 to a. 

0.0146vq2a 6 
Vp = D (22) 

The calculation confirms the validity of Equation 13 for the strain 
energy of the plate, since Equation 22 is identical with Equation 18. 
The deflection equation may take any form required for the particular 
loading and successive derivatives may be substituted in the energy 
expression, so long as the plate is circular. . 

strain Energy in Bending the Tubes 

The strain energy in each tube may be expressed in terms of 
the slope of the plate at the radial position of the particular tube. 
It is assumed that the top and bottom plates have identical deflection 
and curvature because the tubes are extremely rigid longitudinally. 

TUBE AT RADIUS dw 
r __ -1~~::====~--L-~ 

----+-~~r =-i 
The above figure shows the relative deflections of the plates and 
tubes of the header. In order to illustrate the effect of distortion 
of the tube, a tube at radius r is shown in the following figure: 

-11-



~ 
~~~------JLdr 

9.~ 
dr 0 -L 

0 = 

<I> ~ dw sin <I> ~ tan dr 
dw 

L dr 

The linear deflection of the tube is given by the following 
equation: 

1 o =-
EI 

fL _ (M
A 

_ Px) x dx (3) 
o 

which may be equated to Equation 24 as 

(23 ) 

(24) 

(25 ) 

1----------------~1~-MA~~PL3----~d~w~-----------------------------------1 
o = - EI (2 - 3) = L Or (26 ) 

Since the sum of the moments in the tube is zero, 

or 

(28) 

The strain energy in the tube is 
L 

Vt 
1 II 2 (3 ) 

(29) =2 EI (MA - Px) dx 
0 

1 2 2MAPL2 p2L3 
(30) Vt = 2ET (MA L ~ 

2 
+ --) 

·3 
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By substitution of Equation 28 
M 2L 

A 
Vt = 6EI (31 ) 

Since the bending moment for the tube is directly related 
of the plate, the tube energy may be related to the plate 
combining Equations 26, 28, and 31. 

to the slope 
energy by 

2 
dw MAL 6EI dw 

L Or = -6EI or MA = + L Or 

_ L (6EI dw)2 
Vt - 6EI L dr 

The total energy for all the tubes connecting the plates is 

~. 6EI(dW)2 Vt = Lt LOrN 
o 

Where N is the number of tubes at any plate radius, r. 

Total Strain Energy of the Header 

(3 2 ) 

(33 ) 

(34 ) 

(35 ) 

The total strain energy of the header is the sum of the 
energies in the two plates and in the tubes, as given in Equations 13 
and 35. 

V = 2Vp + Vt 

r [1 dw d2w dw 
V = 21rD I (F Or + J-L dr2)Or + 

+ t 6~I(~~)2N 
o 

(36) 

Equation 36, whi~h is used to compute header deflections, is much 
simpler in application than in form. An outline of the method of 
solution may prove helpful. The steps are as follows: 

(a) 

(b) 

(c) 

Assume a reasonable deflection curve for the plates. 
Neglect the tubes in making the assumption. 
Calculate the plate energy and the tube energy for the 
assumed deflection curve from Equation 36. 
Neglect the tubes and calculate the plate deflection 
from the assumed deflection curve. 

-13-



(d) Multiply the calculated plate deflection by the ratio of 
the plate energy to the total energy. The result is the 
header deflection due to load. 

DERIVATION OF THE EQUATION FOR THE THERMAL DEFLECTION 

The top tube sheet of the bottom shield of a Savannah River 
reactor is hotter than the bottom tube sheet during operation. Most 
headers operate under a similar condition; consequently, the problem 
may be considered general. The thermal deflection must be added to 
the pressure deflection in order to obtain the total deflection. The 
following derivation for thermal deflection is general. 

Nomenclature 

a Coefficient of thermal expansion, in./in.-oc 

do Outside diameter of plate when cold, inches 
dl Outside diameter of plate when hot, inches 
H Header height, inches 

~T Mean temperature difference, top plate minus bottom plate, °c 
R Radius of curvature, inches 
~ Angle, radians 

o~T Thermal deflection at center of header, inches 

do = Original diameter 

dl = do + do a~T 

where ~T = (TB-TC) 

dl = do (1 + aTB-aTC) 

-14-
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do = RIP (40 ) 

di = (R + H) <!> = do (1 + a6T) (41) 

06T = R (1 - ;) ~ R<!>2 
(42) cos =8 

By eliminating Rand IP from Equation 42 through the use of Equations 40 
and 41, the deflection becomes 

[ 
doa6TJ 

1 - cos ( 2H) 
H = aLST (43 ) 

Equation 43 is general for thermal deflection of headers. 

TOTAL DEFLECTION 

The final relationship for the total deflection, 6, of a 
two-plate header joined by tubes and subjected to pressure and thermal 
loading is obtained by adding the pressure deflection to the thermal 
deflection. 

6 = Wq + 06T 

, r 
~ --TS 

I ! 
I 

T 
H 

1 
t TC t 

1-01 ~o--------- :0 -----~·I 
SAMPLE CALCULATION OF HEADER DEFLECTION 

6T = 

N = 
E = 
I = 

a = 

Number of tubes 
Young's modulus 
Tube area moment 
of inertia 
Coefficient of 
thermal expansion 

D = Flexural rigidity 
EI 

= -=,=-
(l_~2) 

(44) 

The pressure deflection of the bottom shield of the Savannah 
River reactors may be calculated by application of Equation 44. The 
essential data are: 

Material - Stainless steel 
Tube sheets - 1 inch thick 
No. of tubes - 673 
H = 39 inches 
a = 14.4 x 10-6 in./in.-oC 
E = 30 x 106 lb/in? (for tubes) 

-15-



L = 37 inchas (for tubes) 
I = 6.30 in. (for tubes) 
Shield outside diameter, do = 224 inches 
Tank radius = 96 inches 

The tubes are arranged on a triangular lattice. To simplify the 
calculations, it was assumed that the tubes are arranged in concentric 
circles at radial increments of five inches, and that each circle 
contains four tubes more than the preceding circle. Thus there are 
four tubes in the first circle, eight in the second, and so on. 
Although this procedure totals 684 tubes instead of the actual 673, 
the difference is insignificant. It was assumed that the deflection 
equation for the plates is reasonably represented by Equation 14 and 
that the bottom shield is simply supported at the reactor tank. The 
bottom shield is extensively reinforced from the edge of the plates 
to the reactor tank, and should experience negligible deflection beyond 
the tank radius. 

Calculation of Plate Energy 

The plate energy for the top and bottom tube sheet of the 
bottom shield is 

0.01461Tq2a 6 
Vp = D (per plate) (See Equation 22) 

In terms of the pressure, this energy is 
6 2 

0.0146 x 96 x 1Tq ( ) 
Vp = D per plate 

D = 2.56 x 106 

10 2 
I---------'V 7.22 x 10 q 8 4 2 

p.~ 2.56 x 106 = 2. 2 -x----TD (J: (for the two----p:l:-a-te-s-o+-) -----; 

Calculation of Tube Energy 

The calculation of the tube strain energy, which is the 
solution to Equation 13, is summarized in Table I on Page 31. From 
this table, 

16 2 4 2 
10874 x 10 ~ = 1660 x 10 q 

The results of the tube and plate energy calculations show 
that the bottom shield under hydraulic pressure deflects only 1/600 
times as much as the plates alone would deflect at the same pressure. 
To calculate the deflection of the bottom shield under pressure, the 
calculated free deflection of the two plates is divided by 600. 

The free plate deflection is assumed to be represented by 
the deflection equation of a circular plate that is simply supported 
at the edge. 

-16-



I 

wmax 
qa4 5 + ~ 

= 128D (1 + '~ ) 

(See Equation 14, P.lO) 

The deflection per unit pressure is 

'for two plates at r = 0 

964 x 5.3 
wmax = 8 6 6 = 1.05 in·/psi 12 x 2.5 0 x 10 x 1.3_ 

The bottom shield pressure deflection is 

= 1.05 x Vp 
Wq Vp + Vt = ~og5= 0.0017 in·/psi 

When Wq is positive, the deflection is downward. 

The calculation may also be performed by replacing the 
flexural rigidity, D, in the deflection equation of the plates with an 
effective flexural rigidity for the header, Do. The effective flexural 
rigidity is 

6 2 
Do = 2.56 x 600 x 10 Ib-in. 

I' Calculation of Thermal Deflection 

" , 
. 
" 

From Equation 
~ allT.do

2 

°llT = 8H 

43, the thermal deflection is 

-14.4 x 10-6 x 2242 ~ 
o II T ~ ~-'-'--'-'8~x=:3::-:9"----:':""::=':~ II T = -0 . 002 211T inc he s 

The negative sign signifies upward deflection for a positive llT. 

Total Deflection 

The total deflection of the bottom shield is equal to the sum 
of the pressure deflection and the thermal deflection. 

II = 0.0017q - 0.002211T 

The relationship between the deflection and the pressure and temperature 
is shown in Figure 2. 

-17-



REACTOR TANK STRESS 

The reactor tank, which is a cylindrical stainless steel 
vessel, is welded circumferentially to the top tube sheet of the bottom 
shield to form a "T" joint. The geometry of the reactor tank is shown 
in Figure 1. Bending stresses at the "T" Joint are caused by the 
static head of water in the tank, the thermal distortion of the tank 
wall, and the thermal and pressure deflection of the bottom shield. 
The following figure illustrates the "T" joint and shows the free-body 
diagram for the forces and moments. 

POINT 'AM 

"Tn JOINT 

DEFLECTIONS AND ROTATIONS AT POINT "A" 

L r -~~_1/2· PLATE 
I B 

C 

BOTTOM 
SHIELD 

PRESSURE DE FLECTION (p 1 THERMAL DEFLECTION (T B > TAl 

YAT 
~ = 0 
6T 

Yp 

~p = 0 

_.y- Mp 

PRESSURE SLOPE (q 1 
~q 

THERMALSLoprr-TB>~cl 

POINT "AII 
Yq = 0 POINT 

IIAII 

~"\' 
Y(T-Tl=O B C 

-p (TB-Tc 1 

DEFORMATION OF THE "T" JOINT 

Moments and Forces at the "T" Joint 

The bending stress at point "A" may be determined by super
position. The method is simply stated by the following relationships, 
in which MA is the total moment at point "A". 

h 
6MA MAc MA ~ 

--= -- = 
I bh3 h 2 

12 
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I 

I 

, 

~ 
l ,> 
, ' 

1-

The moments, M, are in Ib-in./in., and the stress rJA is in 
Ib/in~ 

PA = Pp + PllT + Pq + P(TB-TC) = Total shear force at point "A". 
The shear force units, P, are Ib/in. of circumference. 

The moments and forces may be calculated in terms of the 
temperatures and pressures, because the tank is a long cylinder subject 
to standard deflection and slope equations. 

The nomenclature in the derivation and solution of the 
equations for the bending stress is: 

= Shear force at the joint per inch of circumference, Ib/in. 
= Bending moment, Ib-in./in. 
= Flexural rigidity = Eh3 

12£i-J.l.2) 
= Young's modulus, Ib/in. 
= Bottom shield height, inches 
= Poisson's ratio, dimensionless 

= ~3(~_~2) ; r = tank radius, inches 
r h 

y = Radial deflection, inches. Positive toward center of tank 
x = Longitudinal dimension 
YP = Pressure deflection, inches 
YllT= Thermal deflection, inches 
ct 
T 
P 

= Coefficient of expansion, in./in.-oc 
= Temperature, °c 
= Static head, pSig 

dy = ax Slope of tank wall = dw of the bottom shield at the joint Or 

Derivation of Moments and Forces at the "T" Joint 

Timoshenko(4) shows that the deflection of a long cylinder is 
represented by the following equation: 

y =, e-/3x [PA cosr3x - r3MA (cos r3x - sin r3x)] (45) 
2r33D 

The deflection and slope at the "T" joint are determined 
substituting x = 0 into Equation 45 and into the derivative of 
Equation 45. 

PA-r3MA 
Y = ~~~ at x = 0 

2r33n 
PA - 2r3MA 

2r3 2D 

dy 
- =- at x = 0 
dx 

-19-
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The deflection of the tank wall at x = 0 is a known function 
of the pressure on the tank wall and the temperature difference between 
the wall and the top tube sheet. Equation 46 then contains two 
unknowns, the shear force and the bending moment. The slope of the 
tank wall at x = 0 was assumed equal to the slope of the bottom shield 
at r = a. Because the slope of the tank wall is a known function of 
the pressure on the bottom shield and the temperature difference 
between the top tube sheet and the bottom tube sheet, Equation 47 
contains the same two unknowns as Equation 46. The shear force and 
bending moment may be de·termined from these two equations containing 
two unknowns. 

Deflection at the "T" Joint 

For an unrestrained cylinder in the form of an open tank, 
the membrane stresses caused by pressure are: 

crx = 0 (5) where crx = Stress along the cylinder (48) 

Oy = p; (5) where cry = stress around .the cylinder (49) 

The radial displacement of the cylinder is determined from the 
circumferential strain, Ey • 

The circumferential strain is equal to the radial strain, 
f':,.r 
r 

By substitution of Equations 48 and 49 in Equation 52 
2 

f':,.r = hE 

(50 ) 

(51 ) 

(52 ) 

(53 ) 

The radial displacement caused by the pressure is completely restrained 
at x = 0 by the top tube sheet of the bottom shield. Because of this 
restraint, a positive pressure deflection exists at x·= o. 

pr2 
YP = f':,.r = + ~ (54 ) 

The thermal distortion also results in radial wall displacement at 
x = O. The thermal displacement must be added to the pressure 
deflection. 

(55 ) 

The sign is negative for all values of TB > TA, indicating that the 
wall of the tank is displaced outward at x = 0, if the top tube sheet 
is hotter than the tank wall. 

-20-



,. 
I .. 

y = yp + y/::,T 
pr2 

y = nz- - ra (TB-TA) at x = 0 

By Equation 45 at x = 0, 

y = ~ (p -~M ) 
2W'D A A 

therefore, 
pr2 
nz- -

the deflection equation is 
1 

ra (TB-TA) = 3 (PA-~MA) 
2~ D 

Slope at the "T" Joint 

(56 ) 

(57 ) 

(58 ) 

(59 ) 

The radial pressure deflection and the thermal deflection 
result in zero change in the slope of the tank wall at x = O. The 
slope of the shield at the "T" joint is, therefore, equal to the slope 
of the tank wall at x = O. The slope of the tank wall at x = 0 is 

dy _ dw ~ _ 3.06r 3g doa/::,T 
- dx - dr + 2 - - 32D +- 2H (60) 

" .. ' . 
(see Equations 41 and 19) 

The algebraic sign of the slope is fixed by noting that pressure 
deflection of the bottom shield rotates the lower end of the tank wall 
through a positive angle. The reverse is true for the thermal de
flection when the top of the shield is hotter than the bottom. The 
following equations were presented in the analysis of deflection of 
the bottom shield. 

~ doa (TB-TC) 
+ "2 = 2H 

~ 
+"2"= 0.355 x 10 

dw 3. 06r3 g 

= :::.1::..9:::..2 ....:x.:......::l:...:4..:.. -::-4....:x:.:..· ....,:1;..::0:...:-_6..1..( T..-lBo!...-_T-",C:..L) 
2 x 39 

-4 
(TB-TC) 

3.06 x 963q 
- = - - - 32 x 600 x 2.560 106 = dr 32Do 2 x x 

where Do = Effective flexural rigidity. (See p. 17.) 
The slope at x = 0 is 

(61 ) 

-4 
-0.273 x 10 q 

(62) 

dy -4 -4 
dx = - 0.355 x 10 (TB-TC) + 0.273 x 10 q (63) 

By combining Equations 47 and 63 

- 0.355 x 10-4(TB-TC) + 0.273 x (64 ) 
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Moment at the "'r" Joint 

From substitution of 65 

[ 
~r2p 

-MA = 2~D - hE + 

59. 

in 64 the bending moment, MA, is 

-6 
r~a(TB-TA) + 35.5 x 10 (TB-TC)-27.3 x 

(65 ) 

-6 ] 10 q 

(66) 

All coefficients in the temperature and pressure terms are functions 
of the geometry of the tank wall and the properties of the material. 

Constants in Bending Moment Equation 66 

r = 96 inches 
h = 0.5 inch 
~ = 0.3 
E = 28 x 106 lb/in~ 

-6 / a = 14.4 x 10 in. in.-oC 

Al~.temperatures are in °C; pressure units are psig 

4~ 2 4 3(1-~) ~ 3 x 0.91 
~ = 2 2 = 2 2 = 0.1854 

r h 96 x 0.5 

Eh3 28 x 106 x 0.53 
D = 12(1-~2)= 12 x 0.91 = 0.321 x 106 

2~2Dra = 2 x 0.18542 x 0.321 x 96 x 14.4 = 30.6 

2~D x 27.3 x 10-6 = 3.3 

2~D x 0.355 x 10-4 = 4.22 

Equation 66 with the constants substituted is 

The bending stress at the "T" joint is computed by the following 
equation: 

6MA 
<JA = - ~ = 24 

h 

-22-

(67 ) 
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, , 

The importance of the deflection equations for the bottom 
shield is emphasized by Equation 68. The third and fourth terms occur 
in the stress equation because the bottom shield bows as it deflects 
vertically and bends the tank wall. The relationship between the 
stress at the "T" joint and the pressures and temperatures is shown 
in Figure 3. 

Sample Calculation of Stress at the "T" Joint 

The following example illustrates the application of 
Equation 68 to the calculation of the stress at the "T" joint. Assume 
the following data: 

p = Static head = 7 psig 
TA = 57°C 
TB - 82°C 
TC = 4PC 
Z = Dynamic pressure above each tube in the bottom shield 

= 22 pSig 
q = Mean effective pressure on the bottom shield 

Z x tube area + p area of the shield - the area of the tubes 
q = area 0 e s 
Tube 
Area = Area per tube x number of tubes (N) 
N = 673 tubes 

1Td2 

r 

Ap 

q 

q 

area = -4- x 673 
diameter = 3 inches 

"--r-~6..;.7.:...3i n ~ = 4800 in~ 

= Plate area = 1Tr2 = Total area of tube sheet of bottom shield 
= Tank radius = 96 inches 
= 1T x 962 = 29,000in~ 
= 22 lb!in? x 4800 + 7 lb!in? (29,000- 4800) in? . 2 -

29,000 in. 
= 105,500 + 169,100 = 9.5 (mean pressure) 

29,000 
By Equation 68 

0A = 24 [-14.5 x 7 + 30.6(82-57) + 4.22(82-41) - 3.3 x 9.5J 
0A = + 19,300 lb!in~ 

The stress at point "A" is tension in bending for the assumed 
operating data. 

ii·&: ~~ 
J. W. Walker 
Pile Engineering DiviSion 
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Symbol 

A 

a 

b 

B 

c 

c 

h 

H 

L 

P 

q 

R 

r 

NOMENCLATURE 

Definition 

Position of weldment between the tank wall and the 
tube sheet (called the "T" joint) 

Outside radius of plate 

Width of strip of cylinder = 1 inch 

Top tube sheet location 

Distance from neutral axis to extreme fibre for 
plate 

Bottom tube sheet location 

Flexural rigidity 

Outside diameter of the plate when hot 

Outside diameter of the plate when cold 

Young's modulus 

Plate thickness 

Header thickness 

Tube length 

Bending moment 

Bending moment on end of tubes 

Radial bending moment on plate 

Tangential bending moment on plate 

Number of tubes in header 

Shear force on tube 

Mean "effective pressure on top tube sheet 

Radius of curvature of shield 

Radius to any point 

Radial radius of curvature 

Tangential radius of curvature 

-25-

Units 

inches 

inches 

inches 

inches 

in.-lb 

inches 

inches 

Ib/in? 

inches 

inches 

inches 

Ib-in. 

Ib-in. 

lb-in./in. 

Ib-in./in. 

lb 

Ib/in? 

inches 

inches 

inches 

inches 



NOMENCLATURE (Continued) 

Symbol Definition 

T,TA, •.. Temperature 

v 

w 

wmax 

a 

strain energy 

Plate strain energy 

Potential energy of load 

Tube strain energy 

Deflection 

Vertical deflection of a free plate 

Pressure deflection of the header 

Relative deflection of tube ends 

Vertical thermal deflection at center of shield 

Total deflection of header 

Mean temperature difference, top plate minus 
bottom plate 

Coefficient of thermal expansion 

Units 

in.-Ib 

in.-Ib 

in.-Ib 

in. -lb 

inches 

inches 

inches 

inches 

inches 

inches 

1 ____ ~e~---~A~n~g~l:.:e~--'-----------------------lrad±ans 
Poisson's ratio 

Angle radians 

Reactor Tank Wall 

MA Bending moment at the "T" joint lb-in./in. 

~ Bending moment at "A" caused by the static head lb-in./in. 

MT Bending moment at HAll caused by thermal deflection 
of the header lb-in./in. 

Mq Bending moment at "A" caused by pressure 
deflection of the header lb-in·/in. 

~B-TC Bending moment at "A" caused by the thermal 
deflection of the tank wall lb-in·/in. 

h Thickness of the tank wall inches 

-26-
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I 
f. 

Symbol 

p 

p 

r 

y 

c 

E 

a 

(J 

--- ---- --------------------------

NOMENCLATURE (Continued) 

Definition 

Shear force at "A" (subscripts have the same 
meaning as the moment subscripts) 

Static pressure 

Radius of the tank 

Radial deflection at the tank wall (same 
subscript meaning) 

Units 

lb/in. 

lb/in~ 

inches 

inches 

Distance from neutral axis to extreme fibre = h/2 inches 

Moment of inertia of a one-inch wide strip of 
wall plate 

Strain 

Coefficient of expansion 

Stress (subscripts have the same meaning as the 
moment subscripts) 

-27-
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In. 

i -I n. 

in·/in. 

, I' °C In, In.-

lb/in? 
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FIGURE 2 

----PRESSURE ON THE BOTTOM SHIELD (q). PSIG----
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FIGURE 3 
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~ 
PRESSURE STRESS 
CAUSED BY (q) 

...... 

"" ~ 
~. """ ,., EXAMPLE 

TA' 30°C 

TC' 20° C 

P , 5 PSIG 

Ta' 40° C '" q , 9PSIG 

~ erA = erl + CT2 + ""3 + <r4 

= 7400 + 2100 - 740 - 1700 = + 7160 Ib / in.2 

I I 
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---------- PRESSURE, PSIG----------
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TABLE I 

SOLUTION OF EQUATION 13 

(1) (2) (3 ) (4) (5) (6 ) !(n 
dw 
-= dr Yt = 

6EI 1', ~2 ~umber of E3.....( 2 2 (~) 2 
T in. in~ Tubes, N 320 5.06a -2r ) (1)x(4)x(6) 

~06 x 107 5 25 4 7.27 x 103q/O Q..53 x 108q2/02 0.7 x 1016q2/02 

3.06 x 107 10 100 8 14.51 x 103q/0 2.11 x 108q2jD2 5.2 x 1016q2/02 

3.06 x 107 15 225 12 21.62 x 103q/0 4.69 x 108q2/D2 17.2 x 1016q2/02 

3.06 x 107 20 400 16 28.61 x 103qjD 8.20 x 108qj202 40.1 x 1016q2/02 

3.06 x 107 25 625 20 35.40 x 103q/0 12.52 x 108q2/02 76.6 x 1016q2/02 

3.06 x 107 30 900 24 42.00 x 103q/D 17.61 x 108q2/02 129.5 x 1016q2jD2 
1 3.06 x 107 35 1225 28 48.20 x 103q/O 23.25 x 108q2jD2 199.0 x 1016 q2jD2 

LV 
1-' 

3.06 x 107 40 1600 54.10 x 103q/0 29.30 x 108q2/02 286.5 x 1016q2/02 1 32 

3.06 x 107 45 2025 36 59.90 x 103q/D 35.80 x 108q2/D2 400.0 x 1016q2/D2 

3.06 x 107 50 2500 40 65.00 x 103q/D 42.20 x 108q2/D2 519.0 x 1016q2/D2 

3.06 x 107 55 3025 44 69.90 x 103q/O 48.70 x 108q2/o2 655.0 x 1016q2/02 

3.06 x 107 60 3600 48 72.00 x 103q/O 51.90 x 108q2/D2 760.0 x 1016q2/D2 

3.06 x 107 65 4225 52 77 .50 x 103q/o 60.00 x 108q2/D2 956.0 x 1016q2/02 

3.06 x 107 70 4900 56 80.50 x 103q/D 64.90 x 108q2/D2 1111.0 x 1016q2/D2 

3.06 x 107 75 5625 60 82.80 x 103q/D 68.50 x 108q2/D2 1260.0 x 1016q2jD2 

3.06 x 107 80 6400 64 84.40 x 103qjD 71.30 x 108q2/D2 1409.0 x 1016q2/D2 

3.06 x 107 85 7225 68 85.40 x 103q/D 72.90 x 108q2/D2 1550.0 x 1016q2/D2 

3.06 x 107 90 8100 72 85.60 x 103q/D 73.40 x 108q2/D2 1499.0 x 1016q2/D2 

Ntota1 = 684 Sum = t ~(~)2N = 10874 q2/02 

0 

, 

l ______ _ 
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