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ABSTRACT

An IBM 650 sub-routine was programmed
to compute the following functlons:
sin x, cos x, sinh x, cosh x; Jn(x)

and In(x) for n = 0, 1, 2, and 3.

External Distribution according to
TID-4500 (9th Ed.)
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IBM 650 SUB-ROUTINES I
Circular and Hyperbolic Functions; Regular Bessel Functions

INTRODUCTION

In reactor computations employing the IBM 650, it is
desirable to have a sub-routine which will develop solutions to the

diffusion equation VEQ + BEQ = 0 1n various geometries, In slab
geometry, the solution to the equation is expressed in terms of
circular and hyperbolic functions. In cylindrical geometry, the
sclution involves Bessel functions. The sub-routine for Bessel
functions described in this report obtalns only the regular functions,
Jn(x) and In(x). The irregular Bessel functions Yn(x) andg Kn(x) are

obtalned by another sub-routine that will be published later.

SUMMARY

The sub-routine described here computes the functions sin X,
cos x, sinh x, cosh x, Jn(x), and In(x) by series, using a variable

number (N) of terms U,, such that the last term Uy Pecomes < 10'8. A

fixed decimal argument 1s used to provide both fixed and floating
decimal answers.

The prcgrams occupy a block of 150 storages. Most of the
programs are coded for minimum access time. The limitations on the
values of the arguments of the functions are listed.

Two sets of coding are given: the first ig a serles listing
for key-punching; the second is a detailed analysis for the individual
functions.




DISCUSSION

Each of the functions developed by this sub-routine may be
represented by a product A(x) gixg, where g{x) 1s the sum of an

infinite series in U, (x), and A(x) 1s defined as follows:
A(x) = x for sin x, sinh x
= 1 for cos x, cosh x
n n
=x +2n' for Jn(x), In(x).

Each U,(x) is obtained from the previous term, starting with

U, =1. Using vy = r;_, + 4r, the formation of g(x) is shown in the
t8ble:
Function Ui = New Term ry and Ar
Jn(x) -—(-}S-)2 U + r.(r. + n) 1
2 i-1 7 Tivi
T (x) £)2 v, . + 7 (r, +n) 1
n 2 i-1 ° iy i
Sin x -x° U + r,(r, + 1) 2
i-1 ° i1
Sinh x X U +r.(r, + 1) 2
i-1 ¢ Tivti -
Cos x _x° U + r.{r, - 1) 2
i-1 ° “ivi
Cosh x x° U + r.(r, - 1) 2
i-1 7 Tivi

=8 ,
If the new term 1s less than 10 ~, the series 1s completed.

Use of Sub-Routine

The sub-routine is ccded to occupy storages 0000 - 0149,
and if translated m positions (m should be even) will occupy storages
m - (0149 + m).

1. The argument of the function in the form Xx.XXXXXXXX
must be placed in storage (0004 + m).

-.'5_




2. A value of n must be placed in (0033 + m) in the form
000000000n.

5. An exlt Instruction must be placed in 0123, to return
control tc the main rcutine.

4. The fixed decimal answer wlll be found in the Lower
Accumulator in the form xx.xxxxxxxx, and the floating
decimal answer 1in the Upper Accumulator in the form
YYX.XXXXXXX, where yy 1s the exponent (base 10) plus 50.

Function n Point of Entry Range of Argument
sin x 1 0001 |x] < 100
cos x -1 0001 Ix] < 100
sinh x 1 0011 | |x] < 5.29
cosh x -1 0011 Ix] < 5.29
To(x) 0 | 0031 x < 6.32
Il(x) 1 0031 x < 6.52
Ig(x) 2 6031 - x < 6.77
I(x) 3 0031 x < 7.15
Jo(x) 0 0101 x < 7.82
Jl(x) 1 0101 X < 9.62
I, (x) 2 0101 x < B.ok
J3(x) 3 0101 x <‘7.82

The argument in 0004 and the value of n remain unchanged by
the sub-routine. Thus 1f one function is computed, additicnal
functions using the same argument or value of n do not require re-
storation of these quantities. The point of entry determines the new
function 1f both x and n are the same as previously used. Of course,
a new exit instruction must be inserted.

o

. . V /
%. V. Baxter

Theoretical Physics Division




PROBLEM: Sub-Routine 1in Storage Seguence

LOCATION oP. DATA INSTRUCTION REMARKS

0000 (00 | 0000 | 0000)

Q001 67 Q004 2009

Qo022 £9 0005 0008

0003 69 0108 061

000k (00 1 0000 | 0000)

0005 24 0069 0122

0006 00 0000 0002

0007 24 0013 0066
0008 24 0106 0003
0009 16 col2 0017

0010 3] 0001 011t

0011 69 0014 0018

0012 06 2831 8531

0013 (00 [ 0000 [ 0000)

0014 65 8003 0034

001H 31 0001 0040

0016 69 | _oook | o007

Q017 46 0020 0009

0018 24 0069 0016

0019 65 001% 0118

0020 15 0012 0067

0021 65 | 0013 [(0068)

0022 24 Q021 0002

Q023 (00 01010]0) 0000 )

0024 || 6h 0006 0010

0025 I+ 30 0007 0138

0026 60 8001 0082

0027 i5 0131 0137

0028 01 4000 0145

0029

0030 65 | 0033 | 0037

0031 69 0014 G107

0032 31 0001 G105

0033 (00 0000 0000)

0034 20 0039 G100

0035 20 0139 0143

0035 16 00G3 ook

0037 ' 46 0049 0050

0038 16 0041 0145

0039 (00 | 0000 | 0000)

0040 20 0045 0048

0041 00 0000 Q003

ook4?2 61 3002 0148

0043 %5 | 0001 | 0099

0044 25 0001 00h1

0045 (00 0000 Q000)

0046 60 0000 Q064

QCh7 45 0135 0136

Q048 65 0033 | 0038

QCN9 69 0052 0Gh5




PROBLEM: Sub-Routine in Storage Sequence (Contin_ued)

LOCZATION QP. DATA . INSTRUCTICN REMARKS

Q0”0 69 Q013 | 0055
0051 64 0006 Q01%~
0Q52 01 0000 0000
0053 11 0115 0027
0054 20 0120 | 0129
Q0R5 pL 0058 0021
0056 65 0023 | 0105
Q057 24 Q060 0063
0058 | (00 | 0000 | 0000)
Q059 20} 0013 | 0O0R6’
0060 Il (00 | 000G | 0000)
0061 24 0119 0030
0062 31 0008 0083
0063 24 0116 {0119
0064 10 0120 0065
0065 21 0120 QO74
0066 69 | 0019 0C22
0067 10 | Q004 0076
0068 35 0001 0024
0069 (66) 8003 | 0034
0070 15 0060 Q125
0071
0072 65 10037 | 0087
0073 69 Q080 | 008l
0074 60 | 0142 Q096
0075 | 65 0013 | 0068
0076 46 0088 0059
0077 15 0130 [ 0123
0078 24 0021 0073
0079
0080 ol 0069 0072
00831
0082 19 8001 0102
0083 45 0086 0091
CO8%4 24 0106 0111
0085 46 0140 Q042
0086 20 0116 Q070
0087 45 0090 0095
0088 11 0004 0141
0089 24 | o142 QU6
0090 16 0093 0097
0091 60 | 00R8 0114
0092 31 0008 0113
0093 00 | 0000 [ 0001
0094 60 | 8002 0104
0095 65 0052 0105
0096 10 | 0000 Q134
0097 5o 0036 0056
0098
0099 64 | 0006 | 00%2




PROBLEM: Sub-Routine in Storage Sequence (Contilnued)

LOCATION OP, DATA INSTRUCTION REMARKS

0100 69 0103 0106

0101 69 Q004 0109

0102 =5 0002 0069

0103 66 | 8003 | 0034

0104 19 0116 0062

0105 20 0058 0111

0106 2L [ 0069 |(0072)

0107 24 0069 0101

0108 60 0006 0147

0109 24 [ 0013 | 0021

0110 ol 0139 0094

0111 69 0052 0057

0112 60 0023 0127

0113 69 0117 0132

0114 19 Q060 0092

Q115 00 QC00 0051

0116 (00 0000 00G0)

Ql117Y 60 0093 0147

0118 20 0023 0026

0119 60 | (0093) | 0147

0120 (00 { 0000 [ 0000)

0121 7 Q126 | 0126

0122 63 0075 0078

0127% (00 0000 0000)

0124 20 0130 0133

0125 | 20 0060 | 0046

0126 21 0131 0085

0127 19 0045 0025

01206 31 Q001 0105

0129 €9 0033 0089

0130 (00 | 0000 [ 0000)

0131 (00 | 0000 [0000)
0132 2L | 0119 | 0124

0133 60 8002 0144

Q134 21 0142 0146

0135 67 00339 Qohh

0136 67 0039 0043

0137 | 31 Q002 Q149

0138 64 Q041 0128

0139 £ (Q0 .| QOO0 }0000)
0140 8002 | 0053

61
0141 66 | 8002 |00rG

0142 (00 0000 0000 )

0143 65 0039 G110

144 36 0000 0121

0145 45 0028 0ll2

0146 19 0120 00%5

0147 ol Q000 004

0148 10 0115 Q027

0149 60 8002 0077




PROBLEM:

LOCATION

Initial Steps for Jn(x)

oP,

DATA

INSTRUCTION

REMARKS

0101 69 0004 0109
0109 24 0013 0021 Put ¥ into 0013,
0021 65 0013 | (0068)
0068 25 0001 | o024
Q024 64 0006 0010
0010 =] 0001 | 0118
0118 20 Q0273 0026 X + 2
0026 60 H001 00E2
0032 19 5001 0102
0102 =5 0002 0069
0069 (66)] 5003 | 0034 -
0034 20 0039 | 0100 - (x + 2)°
0100 69 0103 0106
0106 2L 0069 [ (0072) Restore 0069.
Enter A(x) routine,
0006 00 0000 0002
0103 66 8003 0034 Constants
0004 {xx. XXXX | Xxxx) Argument
PROBLEM: Modifications for In(x)
LOCATION oP. DATA INSTRUCTION REMARKS
0032 69 | 0014 |olo07 Set up 0069 to give + (x = 2)°,
0107 24 0069 0101
Enter J (x} routine.
0014 65_| _800% | 003k Constant
~10-




PROBLEM: Form A(x) for Bessel Functions

LOCATION QoP, DATA INSTRUCTION REMARKS

Q072 65 0033 0087

0087 45 0030 0095 Is n 0?

1t

0095 65 Q0K 0105 Alx) 1

0105 20 0058 0111 Store A(x%) in 0058: enter g(x)

routine.

0090 16 0093 0097

0097 45 | 0036 | 0056 Isns= 1°9

0056 65 002% 0105 Alx) =x + 2
0036 16 | 0093 | 0047

00oh7 45 0135 0136 Is h = 29

0136 67 | 0039 | 0043

0043 25 | 0001 | 0099

€039 64 T 0006 | 0032 ]
0032 31| 0001 | 0105 Alx) = (§)5+ o

0135 67 0039 0044

004k 35 0001 0051

0051 64 0006 0015

0015 31 0001 0040

O0B0 {20 [ 00k5 | 0OXB [ store (2)°z 2! in OOkS.

0048 65 003% | 0038

0038 I 16 Qo441 0145

0145 45 0028 0112 Is n = 3% Stop if not.

0028 01 1000 0145

0112 60 0023 0127

0127 19 | 00L5 | 0025

0025 20 Q00T 0138

0138 64| ookl | 0128 A(x)

I
-
M|
K
|
)

0128 351 0001 0105

0093 00 0000 0001

0006 00 0000 0002 Constants

0041 00 0000 0003

Q033 QQ 0000 _|_000n

002% {00 | 0000 0000 ) X + 2

-11-




PRCBLEM:

LOCATION

Formation of g(x) and Fixed Decimal Answer

OP.

DATA

INSTRUCTION

REMARKS

F—
0111 69 | 0052 | Q0057
Q0”7 24 | 0060 | 0063 Initial sum = 01.00000000.
0063 o4 | 0116 | 0119 U, = 01.00000000.
0119 60 | (0093) | 0147 AP = 1 or 2
0147 24 0000 Q05KL to Q000
0054 20 | 0120 | 0129 Clear 0120,
0129 10 0033 | 0089
0089 24 | 01k2 [ 006 Lo+ 0 =1 %o 0142
0046 60 [ 0000 | 0064
0064 101 0120 | 0065
0065 21 0120 | 0074 r,
0074 60 | o1k2 | 0096 +
0096 10 | 0000 | 0134
0134 271 0142 0146 r, + n
0146 19 0120 | 0035 -
0035 20 | 0139 | 0143 r.(r. + n)
0143 65 | 0033 | 0110 -t
0110 64 | 0139 | 009k
009} 60 | 8002 | 0104
010k 19 | 0116 [ 0062
0062 =1 0008 0083 U,
0083, hs 1 0086 | 009] I3 U, = 02
0086 20 | 0116 | 0070 -
0070 15 | Q060 | 0125
0125 20 | 0060 | 00L6 % U_ stored in 0060
0001 60 | 0058 [ 011k
011% 19 0060 0092
0092 31 0008 | 0113 f(x) is left in L. Acc.
0113 69 | 0117 | 0132
0132 ok 0119 (0124 Restore 0119 to use Ar = 1,
Enter routine for floating decimal
answer.
0093 00 ] 0000 ] 0001
0006 00 Q000 0002 Constantg
0033 00 | 0000 | 000n o 5
0039 [ (00 [ 0000 [0000) [% L%)Cor + x°
-12-




PROBLEM:

LOCATION

Speclal Steps for Sin x, Cos x

OP.

DATA

INSTRUCTION

REMARKS

0001 67 | oook 1 0009

0009 16 | 0012 | 0017 lx] - om.

0017 46 1 0020 | 0009 If result is negative,

0020 15 | 0012 | 0067 add 27.

0067 10 | 0004 | 0076

0076 L6 | 0058 | 0059

0059 20 00173 Q066 Store reduced argument with gign.
0088 11 | o000k | 0141

014] 66 85002 0059

0066 69 | 001G | 0g2?

0022 o4 | 0021 | 0002 Set 0021 to skip divide x by 2.
0002 65 | 0005 | 0003

QQQ8 24 0106 | 0003 Set 0106 to skip A(x) routine.
0003 69 0108 ®061

0C6H1 ol 0119 0030 Set 0119 to use Ar = 2.

0030 65 | 00%3 | 0077

0037 bo 1 0049 [ 0050 :

Q050 59 | 0013 1 0055 Use Aflx) = x for sin X

0055 oh | 00”8 | 0021

coltg | 69 0052 | 0055 Use A(x) = 1 for cos x.

0021 | 65 | 001% | 0118

0116 20 0023 0026 Place x in x + 2 gtorage.

0026 60 8001 0082

0082 19 | 8003 0102 x<

0102 35 Q002 0069

0069 il {66)] 8003 | 0034

QQ%it 20 | 0039 | 0100 Qtare -x°

0100 69 | 010% | 0106

0106 24 | 006G [(0122)

0122 65 | 0075 | 0078

00706 2L 0021 0073 Restore 002]1 to divide x by 2.
Q073 69 | 0080 | 0084 Restore 0106 for A(x) routine;
008k 2L 1 0106 111 enter g(x)} rcutine.

001c | 65 1 0013 | 0118

0005_ [ 24 1 Q065 | 0122

0108 60 | 0006 | 0147

007H 65 0013 | 0068 Constants

0080 24 [ 0069 | 0072

0012 06 | 2531 | 8531

0052 01 | 0000 | 0000

0033 || _00 | 0000 | 000n

0004 (00 G000 0000 ) Argument

-1%-




PROBLEM:

LOCATION

Alterations for Sinh x, Cosh x

oP.

DATA

INSTRUCTION

REMARKS

0011 69 0014 0018 N
0018 24 0069 0016 Set 0069 to use + x—
0016 69 0004 | 0007
0007 24 | 0013 | 0066 Place unreduced x in Q013.
0066 69 0019 0022
0022 24 | 0021 0002 Set 0021 to skip divide by 2.
Continue in sin x, cos x ro.tine.
001h 65 | 80032 | 003k
0019 65 { 0013 {0118 Constants
o004 (00 | 0000 | 0000) Argument
®
-14.




PROBLEM: Converting f(x) to Floating Decimal
LOCATION oP, DATA INSTRUCTION REMARKS
F;
Q124 20 0130 0133 Store fixed decimal answer.
0133 60 |1 8002 T 014}
0144 36 0000 0121 Shift Left and count.
Q121 47 1 0126 | 0126 Br. Overflow if f(x) = O.
0126 21 0131 0085 Store shifted answer.
0085 46 0140 0042 Is answer negative?
0042 61 8002 0148
0148 10 [ 0115 | 0037 Positive: Add (51 - count)
0027 15 0131 0137 to shifted answer.
0137 31 Q002 0149
Q149 60 | 8002 [ 0077
0077 15 0130 0123 Exit to maln routine.
0140 61 8002 0053 Negative: Subtract (51 + count)
0053 11 0115 0027 from shifted answer.
0115 Q0 Q000 Q051 Constant,
0130 {Q0 0000 0000} Temparary Storage
0121 [ (oo | 0000 | 0000} 0 "
L
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