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ABSTRACT

A one-dimensional, one-group modal analysis treatment
of xenon spatial oscillations is presented. The one-
dimensional, one-group diffusion theory flux distribution
equation and the equations for the rates of formation of
iodine and xenon are solved with the usual linearization
technique. Time derivatives are eliminated by assuming
that the perturbations vary exponentially with time.

The sclution yields threshold reactor-average fluxes
(if any} and corresponding oscillation periods at threshold,
periods for oscillations (if any; whether growing or
decaying), perturbation flux amplitude ratios, and damping
factors at any specified reactor-average flux levels.
Centrally flattened (to any extent) fundamental fluxes,
sinusoidal for the axial case or Jg for the radial case,
are permitted, and the effect of a temperature coefficient
may be included.
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INTRODUCTION

Two types of xenon oscillation are possible. The fundamental
instability, which occurs when the reactor power rises or falls
everywhere as a function of time, is of no concern in this report.
But a second type of instability can arise even when the reactor
is operated at constant total power: a large thermal reactor
operating at a sufficiently high flux level is subject to spatial
oscillations in the power distribution that are associated with a
periodic redistribution of xenon poison.

If, for example, some perturbation raises the flux near the
top of the reactor and depresses the flux near the bottom, the
xenon will burn out more rapidly at the top than at the bottom,
whereas the local rates of formation by iodine decay remain nearly
constant for some time. The reactivity therefore increases at the
top and decreases at the bottom, amplifying the flux tilt. The
power peak at the top is limited by the control devices that
maintair constant total power and by the amount of reactivity that
can be added by burning out the xenon. Ultimately, the reactivity
distribution is reversed by the growth of xenon from the iodine
that is now forming more rapidly at the top than at the bottom,
and by the decay of xenon at the bottom; consequently, the power
now peaks at the bottom of the reactor. At sufficiently high
flux levels, these oscillations may persist or grow unless damped
out by appropriate control rod movement,

These spatial oscillations can occur only at such high flux
levels that the rate of xencn burnout is important relative to
the xenon decay rate, and in large reactors in which small local
reactivity changes cause extended changes in the power distribution.

Control of such oscillations requires instrumentation adequate
to detect changes in the power distribution, and a control system
with sufficient flexibility to suppress local peaking.

T3%%e is produced mainly by the 6.7-hr decay (about 30% to the
1355e ground state, 70% to the lé-min isomer) of 1351 (which
results from the 29-sec decay of the primary fission product
135Te), and to a lesser extent as a direct product of fission;
subsequently !¥%Xe decays with a 9.2-hr half-life to '*°Cs or
is burned out as a result of its enormous thermal neutron cross
section (about 3 x 10° barns).
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By assuming power distributions proportional to the funda-
mental solution of the boundary value problem associated with the
shape of the reactor, Ward! devised a perturbation method for
computing the threshold flux for xenon spatial oscillations.

St. John and Randall extended Ward's approach to reactors with
axial? and radial® power distributions, which may be flattened in
the middle to any extent. This report reviews the modal analysis

treatment in significantly greater detail than was presented in
the literature.”s?
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SUMMARY

Solutions for the equations describing the departure from
equilibrium flux shape are expanded in terms of the eigenfunctions
of the boundary value problem for the unperturbed buckling dis-
tribution. These modifications allow estimation of thresholds
for practical cases in which the effect of a power (temperature)
coefficient of reactivity is included,

The following assumptions and features are basic to the
present treatment:

e One-energy-group diffusion theory.
e One dimension only (axial or radial}.

e First harmonic only, no higher perturbation modes considered.

¢ Centrally flattened (to any extent) sinusoidal or Jo
fundamental flux; saddle-shaped or humped flux shapes
not considered.

e Temperature coefficient allowed.

e Flux-shape (rather than reactor geometry) eigenvalues used,
e Direct fission formation of !%°Xe included.

e Limited to small perturbations.

Solution yields:

e Threshold reactor-average fluxes (if any) and
corresponding oscillation periods.

e Periods of decaying, steady, or growing oscillations
{(if any) at any specified reactor-average flux levels.
Perturbation flux damping factors and amplitude ratios
of successive perturbation flux peaks are also computed
for each specified reactor-average flux.

This calculational technique has been incorporated into a
computer code, XENO-1747, that operates on the IBM 360/65. The
computer code, although available, is not described in this
Teport. : .

One-dimensional calculations, of which this modal analysis
is one form, are limited in accuracy because of uncertainty in
the neutron flux distribution required to represent the three-
dimensional reactor.



DISCUSSION

FUNDAMENTAL EQUATIONS

Since xenon oscillations are most likely to occur in large
thermal reactors, the distribution of thermal flux is treated to
a good approximation by one-group diffusion theory

V3¢ + B% = 0 (1)

where ¢ is the neutron flux [(n/(cm? sec)l, and B? is the space-
and time-dependent material buckling (cm™°) of the hot, poisoned
reactor. Equation 1 implies that the oscillations are slow
compared with the effects of the delayed neutrons, so that at any
time the flux shape is determined primarily by the spatial
distribution of B?.

The equations governing the concentration of 13%¥e at any
point in the reactor are

dI _ . )
dx
T - AL v YIS - AKX - o Xé (3)

for the net rates of formation of precursor '3°I and !3°Xe,
respectlvely In Equations 2 and 3, I and X represent the
atoms/cm® of '?°I and '3®°Xe, yj and y, are the respective
fractional flSSlOn yields, A1 and A, are the respective decay
constants (sec™ '}, o1 and Ox are the respectlve microscopic
thermal neutron cross sections (cm?), and Ly is the macroscopic
thermal neutron fission cross section of the fuel material in the
reactor.

The steady-state concentrations of 1351 and !3%Xe are given by

Y. Z.4°
0 1°f
I = "—7\-1—_ (for UI¢I << YII) — (4)
A 10+ v 00 ,
X0 = 1 X (5)
kx + Gx¢



Eliminating Io,

(vp *+ ¥ )Zp0°
x0 - I b'e i (6)
A+ 0.0
X X

The equilibrium concentration of !'?°Xe at very high flux levels
is then

Ory * v, )%

o
= (7)
sat Oy
Then defining
. o
i= I/Xsat
_ o
x = X/Xsat
Y= v/ O+ v
Yo = Y/ O+ Yy (8)
Equations 2 and 3 become
di - .
“a-f' = YIUX¢ - )\Il (9)
9X o Ai+ 506 - Ax -0 xb (10)
dt I X X X x

PERTURBATION SOLUTION

Small perturbations are assumed, and Equations 9 and 10 are
linearized. The effect of the power coefficient ap is included,
and the solutions are expanded in terms of the eigenfunctions of
the boundary value problem for the actual buckling distribution
corresponding to fundamental flux profiles of any degree of
flatness (i.e. from cosine or J. to totally flat axially or
radially). For small perturbations (primed) about steady-state
conditions (starred),

*

¢ =0 + ¢
B? = B2* + aT¢' + axx'
X =X + X

i=it 4 (11)



Here ap and a, are coefficients that express the dependence of
buckling on changes in flux and '3°Xe concentration. Substituting
Equations 11 into Equations 1, 9, and 10 results in

V2¢* + V2T + BT + apd”' + a,d x' + B¢

+ ard'? + a,x'¢’ =0 (12)
di' di* _ = * - ' . % .
ral R LR AR e (13
dx' Qﬁf = Ai* + Ai' + Yo ¢* + YO $' - A x* - A x!
dt dt "I I X X Yx7x s X

- **- *'_ '*_ Vi
o X ¢ o .x ¢ oX o} o X o) (14)

These equations are linear for small perturbations, for which
x'¢' = ¢'? = 0, Subtracting the original unpertgrbed quations
[i.e., Equations 1, 9, and 10 with 1 =i, x=x, ¢ = ¢, and

B® =

B2*] from Equations 12, 13, and 14 leads to

V29" + B*M¢' + agd™e’ + ayd’x' = 0 (15)
di' _ - .

E% - YIOX¢' _ All' (16)
X it v T o - Ax -6 X -0 x (17)
dt I X X X b’y X

The time derivatives are eliminated by searching for solutions

of the form'

o' = ¢n ewt
x' = x" emt
iv o= g ewt (18)

Substituting Equations 18 into Equations 15, 16, and 17 yields

V2¢” + BZ*¢" + ax¢*xn + aT¢*¢n =0 (19)
0 LI 7]

wi" = YIUX¢ 111 . “ (20)
"o_ " s "o_ * .7 * o

wx" = Yx0x¢ + 111 lxx Ux¢ X Gxx ¢ (21)

¥ Tdentical results are obtained by taking Laplace transforms of

Equations 15, 16, and 17,

- 11 -



FLUX-SHAPE EIGENFUNCTION EXPANSION

The perturbation amplitudes ¢”, i”, and x" can be expanded
in terms of the orthonormal eigenfunctions g; of the boundary
value problem which has the unperturbed flux shape! as its
fundamental solution:

=2, A8 i=0,1, 2, ... (22)
i
=2 X8 i=0,1,2, ... (23)
i
(VZ+B2*)g. + u?g. = 0 i=0,1,2, ... (24)
i i®1

Here “1 is the added uniform buckling necessary to produce the ith
mode; uo 0; and g, is the fundamental flux eigenfunction. The
corresponding A, is taken equal to zero, in accord with the usual
way of controlling a reactor at constant total power level. T

Eliminating the iodine terms between Equations 20 and 21 yields

A0 ¥ 4"
- " I"'x'1 " * Ot * 1t
wx = 'YxO'xfI) + W - ?\xx - Ox¢) X - OXX ol (25)
Substituting Equations 22 and 23 into Equation 19 gives

2, p2% * * _
zij (VEeB*M)A g, + apd ; Ag, +ad gxigi =0

so that by Equation 24,

? [ -HiA g+ apdTAg; 4 axq’*xigi] =0 (26)

1~ See Appendix for expansion in terms of reactor-geometry modes.

t+ If Ay, were not zero, we would be dealing with the "ordinary"
xenon instability in which the flux changes everywhere in the
same direction with time.
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Substituting Equations 22 and 23 into Equation 25 results in

A YO
- I'I°x * _
2 [("xYx Yavag 0 Nt VA - (00 2 v o8t) xigi] =0

(27)

The unknown coefficients A; and Xj may be determined (within
an arbitrary normalizing constant) by multiplying Equations 26 and
27 by g%' (j =0,1,2,...) and integrating’ over the reactor volume:

h

taking the integral of the infinite sum equal to the sum of the
integrals,

Z[f(adb*—uz)Agng+fa¢*ngdV]=0

T T 1/ 715185 x" "i%i%j

A y.O
- ['I'x * - :l =
%[f(chx o . e )Aigigjdv f(w A 0x¢*) Xigig.‘idv =0

Rearranging, then using the orthonormat properties

j}igjdv = 0 for i#j
=1 for i=j
and defining
* 2 - o, -
cdV = ¢. .g.dvV = ¢. .
forgtav = &, [o g g5av = 3,
(28)
* 2 - * -
X gidV = x, .g.dv = x..
f & j fx B8; *1j

these two sets of equations are reduced to

[ardy - 121a; + [adlx, + 3 {aT€>iin + 2}, .X ] =0 (29)

i#j 131
. . Moy
[Gxxj 9% T T e XI]Aj * [w *Ax * Crx¢j:]Xj
- I - ) (30)
* 2 ["x"iin > °x¢’ijxi] 0
1#j
T Assuming and a_ do not vary with position; it may be neces-

sary to compute a%eraged values of the related quantities
O, and Oy«
- 13 -



If the summation is cut off at n terms (n values of j), there
are 2n linear equations (Equations 29 and 30) in the 2n unknown
expansion coefficients Aj; and X3. For these homogeneous equations
to have & nontrivial solution, éramer's rule requires the determinant
of the coefficients to be zero; the resultant polynomial equation
of degree 2n determines possible values of w. Since the cross
terms ¢;; and Xjj are small because of the orthogonality of the
gi's (belng actually equal to zero if the unperturbed flux dis-
tribution is flat), they can be ignored. For n = 1, possible
values of w are given by

(apd, - u}) (a,8))
- =0
A_Y.O
- - I'I'x -
(Oxxl S0 T W AI ) (m * Ax * Ux¢1)
Thus
w? + Cw + Gy = 0 (51)
where L _
_ aod ¢ (x -vY)
C1 = AI + A+ 0, - xx1 ! X (32)
X x'1 - 2
aT¢1 - My
andT
a o & (1 - x,)
_ - X X1
C, =X lx + o b, ¢ (33}

aph; - “i

If w is real or complex with a real part, any perturbation will
either grow or decay, with or without oscillation as described
on page 30. If w is a pure imaginary, oscillations of constant
amplitude are possible, as discussed below,

The threshold for sustained oscillations 1s given by the
condition that the damping term C,w is zero. For C, to be zero,
5 .z
uy = 8T51 - ax{xl ) sz
I+ (A /5.3,

[\

i

arh, - 4, £@,) (34)

T After replacing ?I by 1-§x



in which x; can be approximated by the steady-state value of
xenon for the average flux ¢, (Equation 6 divided by Equation 7):

% s —L1 (35)

L+ Ao,

This is a good approximation because éj and ij are averages taken
over the same weighting functions.

The eigenvalues w? defined in Equation 24 depend only on the
flux shape and reactorisize. First-harmonic values of u2 have
been derived for axial and radial oscillations, as discussed on
pages 18 and 21. Combining factors that depend ,upon a partlcular
reactor, and substituting ay = ay/M?, ap = op/M?, and A, = 12 /B

) M2 o M?B2A, o
f(%1) = - = +&_¢1________&5__ a—“b (36)
X X X

where a, is the negative reactivity change due to saturated xenon,
ar is the power (temperature) coefficient in terms of react1v1ty
change per unit flux, B2 is the geometric buckling, and M? is the
migration area. This eXpression, which can be written as

L1
T T %2
1+ a/d,

1+ ay/¢,

= ay - ash;

is a cubic in the unknown threshold flux, viz.

aséi * [l'az"au+as(al+aai]¢€

+{%]aaas-alaz—alak—asaé}$1- aaa =0 (37)
Here
a, = lx/cx
4, " ?x
a, = (AI+Ax)/dx
s, - - Wi/,
ag = - aT/ux

- 15 -



If ar = 0, this reduces to the quadratic

2 & —
[1 -a- ]¢ [-alaz—alau-a3a;]¢l -aaa = 0 (38)

Solution of Equation 37 or Equation 38 determines all real
(positive or negative) and complex (if any) threshold flux roots.
When oaT 2 0, these equations can yield only one real, positive
value for ¢1, but if ar < 0, there will in general be two real,
positive values of the threshold flux, representing lower and
upper bounds on the region of instability. The upper bound arises
because xenon burnout saturates with increasing flux while the
effect of the power coefficient does not.

Figure 1 shows a plot of ¢ versus

l -
-—-n.-—u—.—.—.—-——_-—--Y
) 1+ X /od, x | (39)

£(¢,) = -
Y1 anseg,

for Ay = 2.94 x 1075 sec™ !, A = 2.10 x 1075 sec™!, Y = 0.0586,
Yi = o 003 (i.e. ¥, = 0.0487), and o, = 3.08 x 10'% cm®. £(¢,)
is negative for real, positive flux levels less than ¢;,, where,
for these values,

ALY
4
¢mi = XX - 3.5 x 10*! n/ (cm? sec) (40)
n Gx(l-Yx)

at which the burnout of xenon just equals the rate of direct fission
formation (i.e. second and fourth terms equal on the right-hand side
of Equation 10, with x = il and ¢ = ¢,, so that x, = ?x). Below
this flux level, xenon oscillations of constant or increasing
amplitude cannot occur in a reactor of any size; only decaying xenon
transients (steady or oscillatory, as discussed later) are possible.
The value of f(¢ ) increases monotonically with 1ncrea51ng flux
level and saturates at high flux level to the value (1 - Yx)’

i.e. about 0.95.

The error involved in using Equation 35 in the expression for
f(¢ ), i.e. Equation 39, solid line of Figure 1, rather than
x, = [x* fdv {which yields the dashed line for a sine fundamental
and the same solid line for a flat fundamental) is discussed on
page 36.

- 16 -
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EVALUATION OF AXIAL FLUX-SHAPE EIGENVALUES

Equation 24 for the axial direction of a reactor which is
radially infinite and uniform is

B2* is taken regionwise constant and such as to produce a centrally
flattened symmetric fundamental flux shape as shown in Figure 2.

If the series solution is truncated after the first harmonic, as
discussed following Equation 30 and on page 36, then u? can be
computed as a function of fundamental flux flattening (H-a)/H.

Flux shapes ranging from a pure sine to a perfectly flat funda-
mental are considered.

Region I Region 11 Region II Region I
*
11
*
% ———
~T ~
// do_t\
7 ot IT N
// ' \\
3 |\ \
(. \
0
a \ /
\
- H \ /
- > — \ ”/
N -
\___.__’/
z=0 Reactor Height z=H

FIGURE 2 Postulated Axial Flux Shapes
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The fundamental flux in Regions I and II is described by
¢; = A" sin mz/a
(41)
¢;I = A" = constant
and the corresponding superimposed perturbation flux is given by
1
6y = A sinf(r/a)? » uf]zz (42)

¥

b1 = c' sin “1(%" z) (43)

where 0 € z £ reactor height H, a is the axial distance over which
the fundamental is sinusoidal, and uf represents the additional
uniform buckling in cm™? (Equation 24) required to produce the
first axial flux harmonlc g, The perturbation flux buckllng is

thus B2 = BZ" + ni = (n/a)2 + p% in Region I, and B = Bi; +

Ul = ul in Region II.

Applying boundary conditions ¢I = ¢II and d¢ /dz d¢}I/dz
at z = a/2, and defining n = a/H as the fraction of the reactor
height over which the fundamental flux is curved, lead to

H
&in /m? 4 (ulnHJZ] . [cos E%— (l-n)} +
1+( u ) . singﬁ(l—n) e | cos L /M2 + nH)2J=O' (44)
W, nH 2 2 1
For a pure sine fundamental, n = 1, so that sin %./ﬂz + (uiH)2 = 0

and. /m% + (u H)? = 2mm; taking m = 1 yields the lowest positive root,
pi = 3(m/H)%, or A, = 3.

ra| =

For a perfectly flat fundamental, n = 0, and Equation 44 yields
an indeterminate expression. Succe551ve appllcatlon of L'Hospltal >
rule leads to p;H/2 = m7/2, m = 1,3,5..., so that “1 (m/H?), or A

Values of “1 for 0 < n < 1 were obtalned by numerlcal solution
of Equation 44. Computed values of A, = ul/(ﬂ/H) for this axial
case are plotted in Figure 3, together with values of the geometric-
mode axial eigenvalue A,', discussed in the Appendix, and the radial
flux-shape eigenvalue, discussed next,

- 19 -



Added BZ/Bgz

{sine or dg)

Axial Reactor-Geometry
Eigenvalue A,'
s (Appendix)

Axial Flux-Shape
Eigenvalue A,

Radial Flux-Shape
Eigenvalue A,

| i | | |

0 0.2 0.4 0.6 0.8 1.0
’ {flat)

Central Flux Flattening, 1-n

FIGURE 3 Axial and Radia]ingenvalues as a Function of
Flux Flattening
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EVALUATION OF RADIAL FLUX-SHAPE EIGENVALUES

Equation 24 for the radial direction of a reactor which is
axially infinite and uniform is

32 19 1 92 1 2 2
[Brz *raw §7'5§5] g * 77 (B +ug) gy =0 (45)

Separating the angular dependence yields a solution

gi = Gj sin nb

For this illustrative case, the phase angle 80 has been set equal
to zero. Equation 45 reduces to

3 3 P
rzﬂg—z +r g;-] Gy + [(B 2+ ui? - nz] Gi = 0

T

which has a solution

Gi = Jnlin,i T/R)

where R is the outer boundary.

A variety of radial-azimuthal oscillations are possible, a
few of which are shown in Figure 4 for selected zeros j, ; of the
Bessel function of the first kind and order n, J,{(ij .4 r/R). The
flux may be considered to be increasing in the shaded regions,
decreasing where not shaded, and vice versa a half-period later.
Sketch A illustrates "ordinary' xenon instability, where the flux
rises or falls everywhere at the same time, the increase or decrease
being a maximum at the center and falling off to zero at the
circumference, But it is Sketch B that will be considered in this
study, i.e. as on page 18, only the first harmonic is retained.
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Jo,1 = 2.405 i, = 3.832 J2,1 = 5.136

Jo,2 = 5.520 Ji1,2 = 7.016 jz,2 = 8.417

FIGURE 4 Radial-Azimuthal Oscillations

The fundamental flux shape is assumed to have a region of
constant flux in the center (Region II, Figure 5) and a region of
uniform buckling giving a J,,Y  flux shape in the outer radial
region (Region I, Figure 5). egrees of fundamental flux flatness
all the way from a pure J, shape to a completely flat profile
are considered.

Region II
¢ * Region 1
- - II-- -
]
= . =]
1 S Rl
’/’,/ s
/
. ’
0 |~ 7
/,,r" /" Reactor
. / Radius
; .
r =0 /’ - gT'n)R r=R
p =20 P o= ]

FIGURE 5 Postulated Radial Flux Shapes
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The fundamental flux in Regions I and II is described by

¢; = K*Jc(Br) + C*Yo(Br)
= K*J _(bp) + C*Y_(bp) (46)
¢;I = A* = constant (zero buckling)

where r is the radial distance from the center of the reactor

{r = 0) to the edge of the reactor (r = R), B? is the buckling of
the unperturbed flux in Region I, and where for convenience,
p=1r/Rand b = RB (p and b dimensionless).

The corresponding superimposed perturbation flux is given by

' ! /2 2, 'v. [ /B2 2,
¢; = C Jl( BT+ ) r) + D Yl( B® + 1) r)

C'J, (@p) + D'Y, (ap) A (47)

It

brp = AU (1) = AT, (Bp) (48)

where ui represents the additional uniform buckling in cm"z,

Equation 24, required to produce the first harmonic g;, and where
for convenience,f = u,R and o = R + Y =+/b? + B* (o and B
dimensionless).

The quantity p; is obtained as a function of n, the fraction
of the radial distance over which the fundamental flux is curved,
by applying the boundary conditions on ¢* and ¢' and solving the
resulting equations. Applying the boundary conditions

* #* 1 ]
. ' at p = 1-n
ad T L}
__.I. = 0 and —.—.£ = —-—}i
ap ap ap

*
¢r =0 and ¢1 =0 at p =1
leads to

Jy[b(1-n)] Y [b(1-n)]

i (49)
3, [b] Y_To]
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and

LeGm] o HIBA-m] [Tolecm]  Yolatt-m| oo
J1la) B JolB(1-n)] Ji[a] Yi[a] ‘f
Equation 49 is solved for b as a function of n; uslng a? = b2 + 62,

Equatlon 50 is then solved for o and R; flnally, “1 = (B/R)?
Ay =l /B =y /(2 4048/R)? = (B/2.4048)%2

When n = 1, C* = 0 and D' = 0; then «
2.9831, 4, = B/R = 2,9831/R cm™ ', and A,
1.5388.

3.8317, B =./u2-b?

(2.9831/R)%/(2.4048/R)?

i u

nn

When n =20, Ji(Bp) is a maximum at p = 1, so that B = 1.8412;
also B? in Reglon I becomes infinite, so that b = o = «. Hence
= (B/2.4048)% = 0.5862.

Values of this radlal flux-shape A; are plotted in Figure 3,
together with A, and A} (Appendix) for the axial case.
Figure 6 shows 8 (% = B% in units of R?) as a function of
fundamental flux flattening. For comparison, the corresponding
axial elgenvalue is shown for a right-cylindrical reactor (H = 2R):
since Ay = u?/B§, then A1R = u} r/ (2. 4048/R)? for radlal osc1llat10ns
or U;rR = 2. 4048/K~— T ax1a1 osc111at10ns Aip = ul /(m/H) %,
so that iy = (ﬂ/H)ﬁhlz = (M/2R)VA1z, or U R = (n/z)wﬁ“‘. For
example, for n = 1.0, w;gp = 2.4048/1.5388 = 2,9831 and u zR =
(n/2)}W3 = 2.7207. In this manner, axial A, values for all
0 £ n< 1,0 have been multiplied by m/2 to obtain an axial uj; in
units of R for a cylindrical reactor with a core diameter cqual
to the core height. It is apparent from Figure 6 that more
buckling must be added to excite the first radial harmonic than
to excite the first axial harmonic, assuming core properties such
as the temperature coefficient are the same for both axial and
radial perturbations; under these conditions, then, the threshold
flux for radial oscillation is higher than that for axial oscillation.
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[ l
.8 —]
L6F— _—
A ]
. 3— . ]
Radial U1R =
2.4048 /Radial A,
N ]
.a— —
Axial U1R =
-6 % VAxial Ay ]
for H = 2R
4 | | | | |
0 0.2 0.4 0.6 0.8 1.0
(sine Central Flux Flattenina, 1-n {flat)
or JO)
FIGURE 6 Comparison of Axial and Radial Eigenvalues for a

Right-Cylindrical Reactor
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REACTOR-AVERAGE FLUXES
Flux thresholds for both axial and radial oscillations are

calculated in terms of the actual reactor-average flux ¢ by
dividing the not-quite-identical ¢; by the ratio

f¢ gId\/fgde
f¢ d\yfdv

For axial oscillations,

o

T -

fa/2 /w_z,_z » H/2 | L ol
[7;1n -—-—] [A sin (.5-) * U z] dz +fa/2A*[C sin UJ(E-)} dz
fa

QJ. _ a
$

/2 )

'sln/:)2+uf Z]zdz +f [' smu(H z)] dz

a/2

“aj?
[f A* sin 2= dz + A* dz f
o

If the fundamental flux is flat, a = 0, and ¢;/¢ = 1. If the
fundamental is sinuscidal, a = H, and successive integration by

parts leads to ¢,/¢ = 16/15 = 1.0667. For intermediate values of

n = a/H, define k = u;H = /] = constant for a given n, € = V1 + (1k)
and recall that by the boundary conditions discussed on p 23, A' and

C'" are related by

v e JEF A () i)

Then analytic integration yields

31 . %{% "% [:”-‘ e2 el } 1511:»1 Ezﬂ [siiiiéirﬁ)/z]z[k(l'm - sin k(l"n'}]
PR ALk et o - o)
(51)

For radial oscillations,
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[ gav =fl_nA*[A'J1(Bo)]2pdo )

o

fl [K*Jofbp) + C*Yo(bD)J [C'Jl(ao) + D'Yl[of.p)]z odp

1-n
1-n 1
fgde =-/; [A'Jl(Bo)]z odp +.{_n [C'Jx(ao) + D'Y1(0£D)] % pdp
l-n
fqb*dv =f A pdp + fl [K*Jo(bp) * C*Yo(bp)]pdp
o 1-n
de =flpdp =%.

o

where, as before, f# = y,R and b = BR, o = >+ g%, p = r/R; and
where the coefficients are related by the boundary conditions

follows:
. Jo bl .
A" = K, lbam] - v;ﬁ"o[b(l-nﬂ}: F1K
* *

by CbI = ¢II at Q = 1-7'1
J, [b]

C* = - K* =~ = F,K* b * = 0 at =1
Yo[b] 2 Y ¢‘I o

p' = - ¢ 3l =k by sl =0atp =1
Yilal 3 I
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Al _ C!{J;[a(l"n)] _ Jifa] , Yiloe(i-n)] = F.C'
- TBE-m]  Yilel JiBA-my1J T ¢
by ; = ¢’iI at p = 1-n
Then ¢,/¢ can be written as
1 (Is + Is)}/(Iy + I3)
Rl T oD
where
, 1
I = - f 3, (bo)pdp
1-n
2F, A
I, = ;,-1—'/' Yo (be)pdo
1-n
1-n ,
I, = [Jl(eo)} odp
/
1

1 F3 2
Iy =[ [ﬁ- Jy(ap) + g;;h(ao)] pdp
-n

; ‘ 2
- 1 ikd 1 F3
Is -f [F]JO(bp) *E Yo(bp)MFqu(ao) t Y;(mp)] pdp
I-n
If the fundamental flux is flat, n = 0 and ¢,/% = 1. If the

fundamental flux has a pure J, shape, n =1, a = 3.8317, b = 2.4048,
and ¢;/¢ reduces to

1

1
f o 0] [3:(00] * pép/ ,[ '[Jl(ao)]z odp
1

o)

= 1.3621  (53)

2 a/' 3o (bp)dp
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$, /1

by numerical integration.

Values of ¢,/¢ as a function of flux flattening are plotted
in Figure 7, Those for axial oscillations were obtained by
computer evaluation of Equation 51. Those for radial oscillations
were calculated from Equations 52 and 53 with a double-precision
numerical integration code based on the exact Weddle rule’ using
double-precision Bessel function routines.

T i T T | T
1.4 — —
1.3 g
Radial

1.2 — —]
1 / Axtal 1
1.9 | | | | | | | |

o] 0.1 0.z 0.1 0.4 0.5 n.6 0.7 0.8 0.% 1.0
[jgs?;e) Central Flux Flattenina, 1-n (frat)

FIGURE 7 Ratio of ¢, to Reactor-Average Flux as a Function

of Flux Flattening

T x +6bx ,

f ydx = %{T [41}/0 + 216y, + 27y, + 272y3 + 27y, + 216ys + 41y5]

X5 '

applied twice per integral Ii
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OSCILLATION PERIODS AND PERTURBATION FLUX TRANSIENTS

For the first harmonic in ¢" and x", a quadratic in w,
Equation 31, is obtained, whose roots w; and w, determine the time
dependence of the perturbation flux according to Equation 18:

¢| - ¢newt - ¢n(eb.)1t N ewgt) (54)

If w; and wz are real, the perturbation grows steadily with
time if either or both roots are positive, or decays steadily if
both roots are negative. The roots are given by

C /C Cy /C
w1=-—2l+ -%_-Cz,wz":“?- —4'—-C2 (55)

If w; and w; are complex, the perturbation will show
oscillations which decay, remain constant, or grow according to
the sign of the real part of the root. For the roots

Ll &

w; = 5 + 30, wy = 5-j0, j = V-1

where
C, c?

se-f, o= for - (56)
Equation 54 becomes

o = 865t [eI0T 4 3O]
which reduces to T

¢ = 2¢"e5tl}os Ut} = 2¢''eSt cos[ggg} {57}
The oscillation period T (sec) is thus

The envelope of these oscillations is clearly proportional to eSt,
so that

A

if Rew = s 0, the oscillation decays;
0, the oscillation has a constant amplitude;

0, the oscillation grows.

von

. +9 . .
+ Using e*JX = cos x * j sin x and cos x = cos (x+2m).
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A perturbation amplitude ratio may be defined as the
amplitude of a perturbation peak divided by the amplitude of the
preceding perturbation peak; thus

L)

n+l

max o'
¢n

max ¢

A

1.0 for decaying oscillations (s<0};

1.0 for steady oscillations (s=0, i.e. at threshold);
> 1.0 for growing oscillations (s>0).

The behavior of this perturbation amplitude ratio is shown
schematically in Figure 8 as a function of the nature of the

roots of Equation 31. As long as both roots are real (wy; = 51,

wy = $,), the perturbation varies monotonically with time; but

as soon as these roots become complex, oscillatory behavior occurs.
Figure 8A illustrates an inherently stable reactor condition, in
which any perturbation initiated by some spatially asymmetric Ak
kick will spontaneously die away. Figure 8B shows the single
threshold possible when the temperature coefficient ar is zero or
positive. It should be noted that in the region of steady growth,
it is not necessary for both roots to remain positive, as shown;

if either one remains greater than zero, the perturbation will
grow steadily. Figure 8C illustrates the case when or < 0, so

that two flux thresholds can occur; if the reactor is made more
stable, as by decreasing the degree of fundamental flux flattening,
the max ¢'n+l/max ¢, curve will be lowered, so that the two flux
thresholds approach each other and, as a special case, become
equal; further stabilization would push the entire max ¢ﬂ+1/max ¢ﬁ
curve below 1.0 and these would be no threshold at all, as in
Figure 8A.

For nonsteady oscillations, the damping factor A (positive for
decaying oscillations) and the perturbation amplitude ratio follow
from Equation 57:

A = -Rew = -s (sec” ') (59)
max 9

Ml st 8 (60)
max ¢n

where the logarithmic decrement § (positive for decaying oscillations)
is defined as : -

max ¢’
§ = 1n -—*——J}— = -Ts = T4 ' {(61)
max ¢

n+1
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A. No Threshold B. Single Threshold C. Double Threshold
(No restriction on u.T) (O,T > 0} {ap < 0)

Steady Decay Oscillatory Decay Steady Growth D Oscillatory Growt

FIGURE 8 Schematic Representation of the Behavior of the
Perturbation Amplitude Ratio and the Roots of the
Time~Dependent Perturbation Flux Equation



Modal analysis can furnish no information about the actual
magnitude of the perturbation flux ¢' or the perturbed flux
¢*+¢'. Relative magnitudes as a function of time can be obtained
by Equation 37, or more generally from Equation 57 applied to
times t, and t,, so that ¢'' cancels out:

¢: at ta _ s(ty-t1) (cos Zﬂtz/‘r_) (62)
¢' at t, cos 27ty/T

But to actually solve Equation 57 requires a value for ¢', i.e,
for the A; of Equation 22, which are unavailable because it is
possible to obtain only the ratios of the unknowns A; and X; from
the linear, homogeneous! Equations 29 and 30.

This is physically reasonable, because the amplitude of the
resultant perturbation clearly depends on the magnitude of the
disturbance (some asymmetrically located temperature or reactivity
change) that caused it. The modal analysis treatment tells only
whether or not the system is inherently stable without regard to
the nature of the particular incident that upsets it. Perturbation
amplitudes can be computed only if some experimental observation
(as local total flux change or local change in effluent coolant
temperature at a particular time) is available. Otherwise recourse
must be had to some numerical space-time approach which utilizes
various specific disturbances as input.

In general, oscillations can occur at flux levels not equal
to a threshold value, but they will grow or decay with a period
2n/0, where @ is a function of C; and C», Equation 56. Just at
a threshold, C; = 0, and sustained oscillations of constant
{but not calculable!) amplitude can occur. In this case, s = 0
and ¢ = vC;, C,>0 always, so that Equation 58 becomes

o 2T (63)
th /EZ

+ In such a set, the equations are not all independent, and Cramer's
rule says only that if a non-trivial solution exists, the
determinant of the coefficients must be zero; it is powerless to
Ffind that solution.
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which results from substituting ag®, - u? from Equation 34 into
Equation 33, Clearly C; th in Equation 64 depends only on the
physical constants A, Ay, UXT, and Y, (recall Equation 35 defining
X1), and not on the reactor properties H (or R), M?, n, ar, or o,.
Hence the oscillation period at threshold, plotted in Figure 9 as

a function of threshold flux, is independent of reactor properties.
Figure 9 thus applies for any degree of flatness, and for both
axial and radial oscillations,

t Actually Tty depends on the produet 0yx$, ¢n; Tecalling that f£(é,)
also varies with oy only through the roduct Ox®, ths where ¢, h
is determined by solving £f(9,) = -Mzul/ax (iteratively correctéd,
if ar # 0, by adding ar$,/ay to -M?ui/oy, Equation 36), it is
clear that $1,th varies inversely with oy. Consequently T¢h is
independent of 0, itself. Since Tth is plotted a§ainst ¢, tp in
Figure 9 for the particular value oy = 3,08 x 107'% cm?, rather
than against Ux¢1.th' that curve will be shifted up or down if
some other value 0, =G, smaller or larger than 3.08 x 107'°% cm®
is specified. Figure 9 may be used, however, to estimate Tth
when a threshold flux ¢¢h has been calculated using this other
cross section Gx (and the same values of Ay, Ay, Y1, and Y.}, by
computing $, th = Oxd¢n/3.08 x 107'° and then reading off the
corresponding value of Tth.
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FIGURE 9 Oscillation Periods Versus Threshold 3,
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APPROXIMATIONS
Equilibrium Xenon
x, is calculated by Equation 35, whereas its true value is

defined in Equation 28. For a sine fundamental, this true value
is

H 1 a
X =fx*g?1“dv = [1 . Ax :|[‘/-I-_12—- sin leT-z-:| dz
a, ¢*
X
o]

Inserting ¢* = A" sin mz/H and letting £ = #z/H reduces this to

m

sin g . 2
'/. [sin £ + (Ax/oxA*)}{}ln 2%] de

o]

%1
n
ERLY

Numerical 1ntegrat1on followed by substitution in f(¢ ) = [x -yx)/
[1 + (Ag+ry )/0y$, 1,7 over a range of values of b, y1e1d5 the dashed
curve of Flgure 1. Corresponding values of ¢, itself are 0.7% low
at ¢, = 1012 and 4.0% low at ¢, = 10'",

The error vanishes when the fundamental flux is flat, in which
case the solid curve shown in Figure 1, calculated by Equation 37,
is exact. For flat flux,

X, —fx gidv = x fgzd\l x”

and §; = $ = ¢° = A*¥ = constant, so that the use of Equation 35 is
precisely correct in this limit.

Truncation

Only the first terms are used in the expansions of ¢" and
x", Equations 22 and 23, so that the cross terms are necessarily
neglected (¢ and x : do not exist for i = j = 1). Just as for
the equ111br1am xenon approximation, neglecting cross terms
introduces no error for a flat fundamental (93 = So*g;gsdV =
¢*/gig,dV = 0 and Xxjj = [x*g;gydV = x*/g; ngV = 0 when ¢*, and
hence X*, is not a function of p051t10n)

+ As defined by Equation 34,
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The effect of these two approximations was investigated for
a reactor having a sinusoidal flux distribution by carrying two
terms in Equations 22 and 23, evaluating the cross terms by
numerical integration, determining the X5 by numerical integration
rather than by 1/(1+A /Gx¢ ), solving the resulting fourth-degree
equation in w for several values of $,, and interpolating to
Rew = 0 to obtain the threshold flux ¢ = 5 [#1JRew = - Table I
compares threshold fluxes and periods for ' two typical axial cases.
Clearly the combined effect of these approximations is not great,
and a single term in the expansions for ¢" and x' is adequate for
the calculation of the first-harmonic threshold.

TABLE I

Axial Thresholds for Sine Fundamental Using One versus Two Expansion Terms
a = 0.03682, ap = 0
X

Threshcld Flux, n/{cm® sec) Oscillation Period at Threshold, hr

H2 /M2 One Term Two Terms One Term Two Terms

1250 5.3 x 10'* 5.0 x 10%® 22.0 22.1

2500 1.60 x 10'* 1.52 x 10'? 29.9 29.4
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APPENDIX: REACTOR-GEOMETRY EIGENFUNCTION EXPANSION

The computation is considerably simpler if the perturbation
amplitudes are expanded in eigenfunctions of the reactor geometry
rather than in eigenfunctions of the unperturbed flux shape. Only
the axial case is treated here, for illustrative purposes.

In this case, Equation 22, 23, and 24 are written as

o = 0 AES (A-1)
i
1]
X" = Z X; £, (A-2)
1
2 2
v fl + Klfl = 0 (A-S)

where, in the axial direction,

<2 (i+1)2(-}’})2 (A-4)

2 . . TZ 2 .
f. =\/[—;s1n (i+1) T =,\/H——51n KyzZ (A-5)

50 that Jrfifjdv

g for i
1 for i

It ™.,

J
j

Substituting Equations A-1 and A-2 into Equation 19 yields

LVAA(E; + (B« agd”) L A{F; + axe” LX{fj = 0 (A-6)
1 1 1

so that by Equation A-3,

2,0 2 ¥ * ! ! _ A-7
Llkia s v (BPT ¢ apd A f; + axd Xifi| = 0 (A-7)
1

Substituting Equations A-1 and A-2 into Equation 25 gives

ALY O
- I'T " x .1 *x 1
%[(Ox‘fw M e R L SR SR N )Xifi} 0
(A-8)
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As before, the unknown coefficients A and X{ may be deter-
mined (within an arbitrary normalizing constant) by multiplying
Equations A-7 and A-8 by fj and integrating over the reactor
volume:

2% * 2 1 *ot _
Z [f(B + aTq'J - Ki)AififjdV +fax¢ xififjdv:l =

1

ZU IYI *)A.£.£.dV -f( £ A+ ¢*)x'ffdv]—o
Ca )\_Oxx itit W Ay T OIS

which become

1 * * *
B2 f2dv f £24v - ?ff?va A [IBZ £ £.dv
A [f P WA “1J t; 2 i

it]

* 2 ! * .2
+ ancb fifjdv Ki_/‘fifjdV:I + Xjaxf¢ fjdV

+ i)%:j ax[ X;L f¢*fifjdv:| =0

and

ArY

T -

A.[(UY . leffdv-ofxfzd\/}
j X'Xx w4+

A y.0
+ 2 A, [(Gx_x + al—:i)-\-&)ffif.dv -3 A;oxfx*fifjdv

if] I ) if]

~xf(w+>\)'/'f?dv-xfo fcp*f?dv- S X(m+?\}fffdv
j x J*; i%x j 5

f %
- i;j xiqxfcp £,£,dV =
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Recalling the orthonormality of the'fi and defining

* 2 - * <t
24V = ¢! £.£.dV = &, .
qu fJ qbJ f¢ ij %
fx*f:’-dv = X fx*f.f.dv = x,.
j j i ij
th*f?dv - BZ j-BZ*f.f.dV = B2,
j j i7j ij

these two sets of equations are reduced to

a.d' + B? - K?] A+ [a _f} X!
[TCbJ j il 3 xq)J j

52 - ¥ 1 -1 ' _ _
v 2 [(Bij voapd Ayt axd’iniJ =0 (A-9)
i£]
L] A ‘? O L]
E} X, - oy - 11 x} AL+ [w + A+ 0.0 ] X,
X j X'X W+ AI X'J 3
+ Ej [Oxxiin " Ox‘bijxi} = 0 (A-10)

As with Equations 28 and 29, the requirement that the deter-
minant of the coefficients be zero determines possible values of
of w. If the fundamental flux shape does not differ too much
from the fundamental geometric mode,* cross terms can be neglected
and only one term carried in Equations A-1 and A-2, yielding

1 t
w?+ Cw+C,=0 (A-11)

X (A-12)

T If the fundamental flux shape is equal to. the fundamental geometric
mode, Equations A-11, A-12, and A-13 are identigal to Equations 31,
32, and 33. However, for a flat flux shape, B? is large near the
edge of the reactor and small near the center, so that the cross
terms E;‘ become increasingly important. More terms in the expan-
sion of the perturbation shape must be carried with Equations A-1
and A-2 than with Equations 22 and 23 for similar accuracy.
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' =1 axcx@;(l - il) (A 13)
Cp = Ap| A * o * 3 $' + B2 - k2
T 1 1 i
analogous to Equations 31, 32, and 33. At the oscillation
threshold, C) = 0,
a (X} -v)
2 52 =1 x- 1 X _ -1 -t
KT - BY = a ¢, - — = a.¢ - a_f(¢. )
1 T
1 TV 14 (A; + N )/o b, T X a1y
corresponding to Equation 34. Defining A = (K; - E;)/B;,
) M2B2 ap _,
1y g at bt
£(¢;) = - o A+ o, ¢, (A-15)

like Equation 36.

Numerical values of the axial geometric-mode eigenvalues are
necessary in order to compute the oscillation threshold flux by
Equation A-15. For the first harmonic, by virtue of Equation A-4,

: Kf - Ef (2m/H)? - Ef B?
A = = = 4 - -
1 Bg (TT/H)2 ('TT/H)Z (A-16)

where _B% = fBz*ffdz/ffzdz = [B2*f2dz in consequence of the
orthonormality of the perturbation flux eigenfunctions. Assuming
the same axial flux shapes as earlier (Figure 2),

B2*

{n/a}? in Region I

B2* = 0 in Region II

then

[e-]]
Lol oM
1l
(28]
]
~—
[\
e

H/f2
T 2 g.ZTrz2 f ﬁ.mzz
E) Q¢/€;51n “ﬁ_) dz + 2 a/2 (0( ij sin _ﬁ_) dz

SENECE K
o]
- (D) (5 - in e
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As before, n = a/H = the fraction of the reactor length over
which the unperturbed flux is sinusoidal, with the result that

(s +]}
Lol N}

() (- 25

For a pure sine fundamental, n = 1, so that

2

(%} by Equation A-17

RZ
BI

'
1

[

s A 3 by Equation A-16

For a perfectly flat fundamental, n = 0, and Equation A-17
becomes indeterminate. Rewriting it as

52 = (E)z(ZﬂnQ - N sin Zﬂﬂ)
1 H 2Trn3

and applying L'Hospital's rule three times leads to

- 2 3 2
Linit B2 = (1) (ELI.gos 2. o
0 H 127
X A; = 4 by Equation A-16
Values of A; computed by Equation A-16 and A-17 are plotted,
together with A,, in Figure 3.

A, and A; are not very different for 0.6 < n < 1.0, so that
the geometric-mode expansion is valid provided the unperturbed
flux is no more than about 40% centrally flattened. For a sine
fundamental, B** = (n/H)? = constant, the added buckling required
.to excite the first harmonic is 3(n/H)Z, and f, is identical with
g,- But as the fundamental is progressively flattened, the
geometric-mode approach breaks down: f; becomes an increasingly
poor harmonic of the fundamental ¢*, because it is a function of
reactor geometry only and does not change shape as the fundamental
gets flatter., Thus if ¢' is to be represented by a geometric-mode
expansion, more and more terms must be employed; clearly when
n =20, ¢' cannot be represented by a sine series with a small
number of terms.
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A and A; refer to the same physical quantity, namely, the
ratio of the added buckling required to excite the first harmonic
to the geometric buckling. They are calculated differently be-
cause a continuous function is available for the geometric-mode
perturbation eigenfunction (Equation A-5), so that its buckling
can be calculated directly (Equation A-4); no such single continuous
function is available over the whole reactor for the flux- shape-
mode perturbation elgenfunctlon {except of course when n =1, in
which case g, = £, and A, = Al identically).

EQN:jh:sc
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